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Algebraic Geometry codes are defined w.r.t. curves in the affine and
projective space. Let I be a field, the n-dimensional affine space
A"(IF) over F is just the vector space F"

A"(F) = {(x1,x2,...,xn) | x; € F}.
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Algebraic Geometry codes are defined w.r.t. curves in the affine and
projective space. Let I be a field, the n-dimensional affine space
A"(IF) over F is just the vector space F"

A"(F) = {(x1,x2,...,xn) | x; € F}.
Let x,x' be two elements in F™1\ {0}, they are equivalent x = x’

if there is a A € F such that x = Ax’. The n-dimensional projective
space P"(IF) over I is

P"(F) =F"!/ =.
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The equivalence class (projective point) containing x =
(x1,X2,...,Xn+1) Will be denoted by x = (x1 @ x2 : ... © Xpt1)
(homogeneous coordinates). Thus projective points are 1 dimen-
sional subespaces of A"1(TF).
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The equivalence class (projective point) containing x =
(x1,X2,...,Xn+1) Will be denoted by x = (x1 @ x2 : ... © Xpt1)
(homogeneous coordinates). Thus projective points are 1 dimen-
sional subespaces of A"1(TF).

If PeP"(IF) and P =(x1 : X2 :...: Xp+1 = 0) then it is called point
at infinity, those points not at infinity are called affine points and each
of them can be uniquely represented as P = (x1 : x2 : ... : Xpg1 = 1).
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Affine space, projective space

The equivalence class (projective point) containing x =
(x1,X2,...,Xn+1) Will be denoted by x = (x1 @ x2 : ... © Xpt1)
(homogeneous coordinates). Thus projective points are 1 dimen-
sional subespaces of A"1(TF).

If PeP"(IF) and P =(x1 : X2 :...: Xp+1 = 0) then it is called point
at infinity, those points not at infinity are called affine points and each
of them can be uniquely represented as P = (x1 : x2 : ... : Xpg1 = 1).

Any point at infinity can be uniquely represented as with a 1 at its
right-most non-zero position P =(x; :xp:...:x;=1:0:...:0).
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The projective line and the projective plane
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Instituto de Matematicas Afﬁne Space, projective space
The projective line and the projective plane

Exercise

Let F = FFq, prove that
» P"(F) contains >."_, g points.
> P"(F) contains 3.~ g’ points at infinity.

Note: Please, try even the trivial exercises.
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Affine space, projective space
Let F[xq, x2, ..., xn] be the set of polynomials with coefficients from
F. A polynomial f € F[x1, x2, ..., x,] is homogeneous of degree d if

every term of f is of degree d.
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Affine space, projective space
Let F[xq, x2, ..., xn] be the set of polynomials with coefficients from
F. A polynomial f € F[x1, x2, ..., x,] is homogeneous of degree d if

every term of f is of degree d.

If f € F[x,x2,...,Xp] is not homogeneous and f has maximum de-
gree d we can homogenizate it adding a variable as follows
H d X1 X2 Xn
f (X1,X2,...,Xn,Xn+1):Xn+1f( , s .
Xn+1 Xn+1 Xn+1
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Clearly fH(xq,x2,...,xp,1) = f(x1, X2, ...,X,). Moreover, if we start
with and homogeneous polynomial g(x1,x2,...,Xn, Xn+1) Of degree
d,

g(x1,x2,. .., Xxn, 1) = f(x1, %2, ..., Xn),

d—k
them f has degree k < d and g = x| fH.
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Affine space, projective space
Clearly fH(xq,x2,...,xp,1) = f(x1, X2, ...,X,). Moreover, if we start
with and homogeneous polynomial g(x1,x2,...,Xn, Xn+1) Of degree
d,

g(x1,x2,. .., Xxn, 1) = f(x1, %2, ..., Xn),
them f has degree k < d and g = xs’;lka.

Thus there is a one-to-one correspondence between polynomials in n
variables of degree d or less and homogeneous polynomials of degree
d in n+ 1 variables.

s o
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Let g(x1, X2, ..., Xn, Xnt+1) be an homogeneous polynomial of degree
d overFF.
1. Ifa € F then
glaxy, axa, ..., axy, axpr1) = ag(x1, X2, - . oy Xny Xnt1)-
2. f(x1,...,x,) =0 if and only if f7(xq,...,x,,1) = 0.
3. Mf(xuixi. i Xpq1) = (XX 0. X, ) then
g(x1, .., Xn, Xnt1) = 0 ifF g(xq, . .. ,x,’,,x,’,+1) =0.

D e
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Theorem above implies that the zeros of f in A"(F) correspond pre-
cisely to affine points in P"(IF) that are zeros of £/’ and the concept
of a point of P"(F) being a zero of a homogeneous polynomial is well
defined.
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Some classical codes

For k > 0 let P, C Fq[x] be the set of all polynomials of degree less
than k. Let a be a primitive n-th root of unity in Fq (n = g — 1),

then the code
C={(f(1),f(a),....f(a72) | f € Py} (1)

is the narrow-sense [n, k,n — k + 1] RS code over F4.
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Some classical codes

For k > 0 let P, C Fq[x] be the set of all polynomials of degree less
than k. Let a be a primitive n-th root of unity in Fq (n = g — 1),

then the code
C={(f(1).f(a),-...F(a®2%) | f € P} (1)
is the narrow-sense [n, k,n — k + 1] RS code over F4.

RS codes are BCH codes
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For k > 0 let P, C Fq[x] be the set of all polynomials of degree less
than k. Let a be a primitive n-th root of unity in Fq (n = g — 1),
then the code

C={(f(1).f(a),...,f(a972) | f € P} (1)
is the narrow-sense [n, k,n — k + 1] RS code over F4.

RS codes are BCH codes
C can be extended to a [n+ 1, k,n — k + 2] code given by

C={(f(1),f(a),...,f(a972),f(0)) | f € Pk} (2)

s s
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Exercise

Show that if f € Py with k < g then

> f(B)=o0.

BeF,

Clue: ¢>2 > gcp B=0.

D s
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Some classical codes

Exercise

Show that if f € Py with k < g then

> f(B)=o0.

BeF,
Clue: ¢>2 > gcp B=0.

Thus C results from adding an overall parity check to a RS code and
the minimum weight increases.

D s
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Some classical codes

Let n be an integer 1 < n < gq, and v = (70,...,Vn—1) @ n-tuple of
distinct elements of Fq, and v = (v, ..., vs—1) a n-tuple of non-zero
elements of IF’;. Let k be an integer 1 < k < n, then

GRSk(7,v) ={(wf(10),-- - va—1f(vn-1)) | F € Pk}t (3)

are the Generalized Reed-Solomon codes over Fg.
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Some classical codes

Let n be an integer 1 < n < gq, and v = (70,...,Vn—1) @ n-tuple of
distinct elements of Fq, and v = (v, ..., vs—1) a n-tuple of non-zero
elements of FZ. Let k be an integer 1 < k < n, then

GRSk(7,v) ={(wf(10),-- - va—1f(vn-1)) | F € Pk}t (3)

are the Generalized Reed-Solomon codes over Fg.

GRS codes are [n, k,n — k + 1] MDS codes

D e



UVa .
Some classical codes

Let n be an integer 1 < n < gq, and v = (70,...,Vn—1) @ n-tuple of
distinct elements of Fq, and v = (v, ..., vs—1) a n-tuple of non-zero
elements of FZ. Let k be an integer 1 < k < n, then

GRSk(v,v) = {(vf(70)s-- s va—1f(yn-1)) [ F € Pk} (3)
are the Generalized Reed-Solomon codes over Fg.
GRS codes are [n, k,n — k + 1] MDS codes

Note that both, the narrow sense RS code and the extended RS code
can be seen as Generalized Reed-Solomon codes.

D e
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Since there is a one-to-one correspondence between Lj_; the homo-
geneous polynomials in two variables of degree k—1 and the non-zero
polynomials of Py, let P; = (v; : 1) € P}(F,), we can redefine the
code GRSk(, V) as follows

{(vog(Po),---,vn-18(Pn-1)) | & € Lk—1}- (4)

D e
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Some classical codes

Let t = ordg(n) and /3 a primitive n-th root of unity in Fg:. Choose
6 > 1 and let C the narrow sense BCH code of length n and designed
distance 9, i.e.

c(x) €Fx]/(x"—1)isinCe c(f)=0, 1<j<é6-—1.
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Let t = ordg(n) and /3 a primitive n-th root of unity in Fg:. Choose
6 > 1 and let C the narrow sense BCH code of length n and designed
distance 9, i.e.

c(x) €Fx]/(x"—1)isinCe c(f)=0, 1<j<é6-—1.

Note that
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Let t = ordg(n) and /3 a primitive n-th root of unity in Fg:. Choose
6 > 1 and let C the narrow sense BCH code of length n and designed
distance 9, i.e.

c(x) €Fx]/(x"—1)isinCe c(f)=0, 1<j<é6-—1.

Note that
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Some classical codes

Because ¢(8') =0, 1 </ <6—2, LHS in (5) is a polynomial
with lowest degree term al least 6 — 1, thus RHS can be written as
p(x)x°~1 with p(x) € Fye[x].
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Some classical codes

Because ¢(8') =0, 1 </ <6—2, LHS in (5) is a polynomial
with lowest degree term al least 6 — 1, thus RHS can be written as
p(x)x°~1 with p(x) € Fye[x].

c(x)ecC
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Some classical codes

Because ¢(8') =0, 1 </ <6—2, LHS in (5) is a polynomial
with lowest degree term al least 6 — 1, thus RHS can be written as
p(x)x°~1 with p(x) € Fye[x].

(X)xafl
x"—1

n—1
Ci P
C(X)€C<:>§X_6_I.—
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Some classical codes

Because ¢(8') =0, 1 </ <6—2, LHS in (5) is a polynomial
with lowest degree term al least 6 — 1, thus RHS can be written as
p(x)x°~1 with p(x) € Fye[x].

=g p(x)x°1
c(x)EC@ZX_ﬁ_I. =

i=0

n—1 c: (6)

Zx—lﬁ*" =0 mod x*!
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Some classical codes

Because ¢(8') =0, 1 </ <6—2, LHS in (5) is a polynomial
with lowest degree term al least 6 — 1, thus RHS can be written as
p(x)x°~1 with p(x) € Fye[x].

U p(x)x°1
c(x)EC@ZX_ﬁ_I. =

i=0

n—1 c: (6)

Z ' =0 mod x!

i=0 X ﬁ :

This equivalence means that if the LHS is written as a rational
function Zg; then the numerator a(x) will be a multiple of x°~!

(b(x) = x" —1).

D e
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Some classical codes

Following the discussion above, fix an extension IF gt of Fy (t =
ordg(n) no longer needed). Let

L= {707’717 cee 7’7n71} - qu

and let G(x) € Fqe[x] with G(;) # 0 where ; € L.
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Some classical codes

Following the discussion above, fix an extension IF gt of Fy (t =
ordg(n) no longer needed). Let

L= {707’717 s 77”*1} - th

and let G(x) € Fqe[x] with G(;) # 0 where ; € L.

The Goppa code I'(L, G) is the set of vectors (co,...,cn-1) € Fy

such that
n—1

Ci
X =i

9 =0 mod G(x). (7)
i=0
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This again means that if the LHS is written as a rational function then
the numerator is a multiple of G(x) the Goppa polynomial. Note that
G(7i) # 0 guarantees that x — v; is invertible in F:[x]/ (G(x)).
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Since

mod G(x) (8)

X = G(vi) x—ni
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Some classical codes
Since ) 160 6(y)
xX)— S

= _ mod G(x 8

X = G(vi) x—ni (x) (8)

Substituting in eqn. (7) we have (¢,...,ch—1) € I'(L, G) iff

Z c,-MG(%)*1 =0 mod G(x) (9)
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Suppose deg G(x) = w and

w
G(x) = Zgjxf, g € Fqt.
=0

G(X)z : ’i(%) G(’)/,')_l

s e



UVa .
Some classical codes

Suppose deg G(x) = w and

w
G(x) = Zgjxf, g € Fqt.
Jj=0

ji—1

609 =600 11 _ )13 g5 g1

X —
i j=0 k=0

s e
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Suppose deg G(x) = w and

w
G(x) = Zgjxf, g € Fqt.
Jj=0

X =i

MG(%‘)_1 =G(m) ! ijgf Jz_:xk“ﬂ:_l_k
=0 k=0
(10)

= G(’Yi)flixk ( i gjwflk) )

j=k+1

s e
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From (9) setting the coefficients of x¥ to 0 in the order k = w —
1L,w—2,...,0 we have that c € I'(L, G) if Hc™ =0, where H is

hogw e hn-18w
ho(gw—l + gW’YO) cee hn—l(gw—l + gw'Yn—l)
: : : (11)
hoX g o hel Xl g

with h; = G(’y,')fl.

s e
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H can be reduced to the matrix H’

G(w) ™t . Glyer)
G('Vo)‘lw = G(’Yn—l-)_l'Yn—l 12)
G(v0)~ 176” Lo Gye) T,

s s
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Note that the parity check matrix H’ is the generator matrix of the
GRSw(v,v) over Fge where v = (G(y0) ..., G(yp—1) 1), ie. we
have that

M(L, G) = GRSw(v,v)" |5,

Since GRS, (7,v)* is also a GRS code then classical Goppa codes
are subfield subcodes of GRS codes.

s e
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The Goppa code T(L, G) with deg(G(x)) = w is an [n, k,d| code
where k > n— wt and d > w + 1.

s s
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Proof.

The entries of H" are in Fg:. By choosing a base of Fg:|Fy each
element of F4¢ can be represented by a t X 1 column vector, and if we
replace each entry in H' by the corresponding vector we get a matrix
H" with entries in Fy such that H’c” =0, c € (L, G).
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Some classical codes

Proof.

The entries of H" are in Fg:. By choosing a base of Fg:|Fy each
element of F4¢ can be represented by a t X 1 column vector, and if we
replace each entry in H' by the corresponding vector we get a matrix
H" with entries in Fy such that H’c” =0, c € (L, G).
The rows of H” may be independent thus k > n — wt.
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Some classical codes

Proof.

The entries of H" are in Fg:. By choosing a base of Fg:|Fy each
element of F4¢ can be represented by a t X 1 column vector, and if we
replace each entry in H' by the corresponding vector we get a matrix
H" with entries in Fy such that H’c” =0, c € (L, G).

The rows of H” may be independent thus k > n— wt. If 0 # c €
(L, G) has weight < w then when the LHS of (7) is written as a
rational function the numerator has degree < w — 1, but it has to be
a multiple of G(x), which contradicts the fact deg(G(x)) = w.

» Up to here the first session (29/8)

s e
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Let R be the vector space of all the rational functions f with coeffi-
cients in Fg: such that

1. f= % where a, b are relatively prime.

2. The zeros of a(x) include the zeros of G(x) with at least the
same multiplicity.

3. The only possible poles of f (i.e. the zeros of b(x)) are
Y0, V1, - - - s Yn—1 With multiplicity at most one.

s e
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Some classical codes

Let R be the vector space of all the rational functions f with coeffi-

cients in Fg: such that
1. f= % where a, b are relatively prime.
2. The zeros of a(x) include the zeros of G(x) with at least the
same multiplicity.

3. The only possible poles of f (i.e. the zeros of b(x)) are
Y0, V1, - - - s Yn—1 With multiplicity at most one.

f € R has a Laurent series expansion about ~;
F= 3 filx—Y (13)
j=—1

where f_1 # 0 if f has a pole at ; or _1 = 0 otherwise.
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The residue of f(x) at 7; denoted as Res,,f is the coefficient f_;
above. Let

Cres(G,7) = {(Resy,f,...,Res,, ) | f € R} (14)
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Some classical codes

The residue of f(x) at 7; denoted as Res,,f is the coefficient f_;
above. Let

Cres(G,7) = {(Resy,f,...,Res,, ) | f € R} (14)

Exercise

Show that Cres(G,7)|r, = (L, G).
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Let m > 0, n = q"
m(q—1) and Fg[xq,..

or less.

Some classical codes

and {Pl»"-apn} = Am(Fq) Let 0 < r <
., Xm]r the set of polynomials of total degree r
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Some classical codes

Let m > 0, n = q" and {P1,...,Pp} = AM(Fy). Let 0 < r <
m(q—1) and Fg[x1, ..., Xm]r the set of polynomials of total degree r
or less.

The r-th order generalized Reed-Muller code of length n = g™ is

Rq(r,m) ={(f(P1),....f(Pn)) | f € Fglx1,..., Xmlr} (15)

D e
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Note that since 89 = f for all 5 € F, if we note Fg[x1,...,xm]}
the set of polynomials of total degree r or less with no variable with
exponent g or higher we have

Rq(r,m)={(f(P1),...,f(Pn)) | f € Fg[x1,... ., xm]|;} (16)
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Some classical codes

Note that since 89 = f for all 5 € F, if we note Fg[x1,...,xm]}
the set of polynomials of total degree r or less with no variable with
exponent g or higher we have

Rq(r,m)={(f(P1),...,f(Pn)) | f € Fg[x1,... ., xm]|;} (16)

Fqlx1,...,xm]; is a vector space with a basis
m
%—{X61X62 xgm0<e < Z<}
= 1 2 Am -~ 1 q; el — r
i=0

s e
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Clearlythe words {(f(P1),...,f(Pn))|f € B} spand the code
Rq(r, m).

Exercise

Prove that {(f(P1),...,f(Pn)) | f € B} are independent.

s e
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Algebra IC curves

An affine plane curve X is the set of affine points (x,y) € A%(F)
denoted as X¢(F) such that f(x,y) =0, f € F[x, y].
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Algebra IC curves

An affine plane curve X is the set of affine points (x,y) € A%(F)
denoted as X¢(F) such that f(x,y) =0, f € F[x, y].

A projective plane curve X is the set of projective points (x : y : z) €

P2(IF) denoted (also) as X¢(FF) such that f(x,y,z) =0, f € F[x, y, Z]
an homogeneous polynomial.
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Algebra IC curves

An affine plane curve X is the set of affine points (x,y) € A%(F)
denoted as X¢(F) such that f(x,y) =0, f € F[x, y].

A projective plane curve X is the set of projective points (x : y : z) €
P2(IF) denoted (also) as X¢(FF) such that f(x,y,z) =0, f € F[x, y, Z]
an homogeneous polynomial.

If f € F[x,y] then X¢u(F) is called the projective closure of X¢(IF)
(i.e. we add the possible points at infinity).

s e
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Algebra IC curves

Iff =5 a;jx'yl € Fx, y] the partial derivative f, of f w.r.t. x is

of i1
ﬁ(:&:zlaﬁx v

i

The partial derivative f, of f w.r.t. y is defined analogously.
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Algebra IC curves

Iff =5 a;jx'yl € Fx, y] the partial derivative f, of f w.r.t. x is

of i1
&:&:zla’jx v

ij
The partial derivative f, of f w.r.t. y is defined analogously.

A point (xo, yo) of X¢(IF) is singular if f.(x0,0) = f,(x0,y0) =0. A
point of X¥(IF) is nonsingular or simple if it is not singular.

A curve that has no singular point is called nonsingular, regular or
smooth. Analogous definitions hold for projective curves.

s s
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Algebraic curves

The Fermat curve F,(Fy) is a projective plane curve defined by

f(x,y,z) =x"+y"+2z"=0.
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Algebraic curves

The Fermat curve F,(Fy) is a projective plane curve defined by

f(x,y,z) =x"+y"+2z"=0.

f, = mx™ L f, = my™ 1 f, = mzm1

points if ged(m, q) = 1.

, thus it has no singular
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Algebra IC curves

The Fermat curve F,(Fy) is a projective plane curve defined by
f(x,y,z) =x"+y"+2z"=0.

f, = mx™ L f, = my™ 1 f, = mz™ 1, thus it has no singular
points if ged(m, q) = 1.

Exercise

» Find the three projective points of F3(F2).
» Find the nine projective points of F3(IF4).

s s
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Let g = r? where r is a prime power. The Hermitian curve H(Fq) is
a projective plane curve defined by

f(x,y,z) =x"T —y"z—yz" =0.

Exercise

s s
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Let g = r? where r is a prime power. The Hermitian curve H(Fq) is
a projective plane curve defined by

f(x,y,z) =x"T —y"z—yz" =0.

Exercise

» Show that (0: 1:0) is the only point at infinity of #,(Fg).

s s
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Let g = r? where r is a prime power. The Hermitian curve H(Fq) is
a projective plane curve defined by

f(x,y,z) =x"T —y"z—yz" =0.

Since r is a multiple of the characteristic then ,(Fg) is non singular.

Exercise

» Show that (0: 1:0) is the only point at infinity of #,(Fg).

s s



UVa .
Algebra IC curves

Let g = r? where r is a prime power. The Hermitian curve H(Fq) is
a projective plane curve defined by

f(x,y,z) =x"T —y"z—yz" =0.

Since r is a multiple of the characteristic then ,(Fg) is non singular.

Exercise

» Show that (0: 1:0) is the only point at infinity of #,(Fg).
» Find the eight affine points (x : y : 1) points of Hy(FF4).

s s
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There are r® affine (x : y : 1) points in H,(Fg).
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There are r® affine (x : y : 1) points in H,(Fq).

z = 1 implies x"™! = y" + y = Try(y) where Tr, is the trace map
from F,> to F,.
Try(y) is F,-linear and surjective, so its kernel is a 1-dim. F,-subspace
of F,2, thus has r values with Tra(y) that leads to r affine points on
H,(Fq) of type (0:y :1).
(Cont. ...)
O

s e
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There are r3 affine (x : y : 1) points in H,(Fy).

Proof.

(Cont. ...)
If x € F,2 then x"t1 € F,, as r> — 1 = (r + 1)(r — 1) and the non
zero elements of I, in IF,2 are those satisfying 871 = 1.
When y is one of the r? — r elements in F,> with Tra(y) # 0, there
are r + 1 solutions x € F,2 of Tra(y) = x"*1. Thus there are (r? —
r)(r +1) = r® — r more affine points on H,(F,), and the theorem

follows.
O

s e
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The Klein quartic IC4(F4) is a projective plane curve defined by

f(x,y,z) =x3y +y3z+23x =0.
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The Klein quartic IC4(F4) is a projective plane curve defined by

f(x,y,z) =x3y +y3z+23x =0.

Exercise

» Find the three partial derivatives of f and show that if
char(Fg4) = 3 then KC4(Fq) is non singular.

» If (x: y:z) is a singular point in K4(Fq) show that
x3y = —3y3z, 23x =9y3z and 7y3z = 0.

» Show that if char(Fy) # 7 then IC4(F) is non singular.

s s



UVa .
Algebraic curves

The degree of a point in a curve depends on the field under considera-
tion. Let g = p" (p prime) and m > 1, the map o4 : Fgm — Fgm given
by o4(a) = a9 is an automorphism of Fym that fixes Fy (04 = 0},

where o, is the Frobenius map).
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The degree of a point in a curve depends on the field under considera-
tion. Let g = p" (p prime) and m > 1, the map o4 : Fgm — Fgm given
by o4(a) = a9 is an automorphism of Fym that fixes Fy (04 = 0},
where o, is the Frobenius map).

If P = (x,y)or P=(x:y:2z)in Az(qu) or Pz(qu) denote

by 0g(P) = (0g(x),04(y)) and a4q(P) = (0q(x) : aq4(y) : 04(2))
respectively.
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The degree of a point in a curve depends on the field under considera-
tion. Let g = p" (p prime) and m > 1, the map o4 : Fgm — Fgm given
by o4(a) = a9 is an automorphism of Fym that fixes Fy (04 = 0},
where o, is the Frobenius map).

If P = (x,y)or P=(x:y:2z)in Az(qu) or Pz(qu) denote

by 04(P) = (04(x),04(y)) and o4(P) = (0q(x) : oq(y) : 04(2))
respectively.

Exercise

» Show that that o4(P) is well defined if P € P?(F,).

» Show that if f € Fq[x, y] (or homogeneous in Fy[x, y, z]) then
f(P) = 0 implies f(c4(P)) = 0 (P € A%(Fgm) or P?(Fgm)
respectively).
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Algebra IC curves

From exercise above if P € X¢(Fgm) then {0 |/>O} c
X¢(Fgm), and there are at most m distint points in the set since
og =1d.
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From exercise above if P € X¢(Fgm) then {0 |/>O} c
X¢(Fgm), and there are at most m distint points in the set since
og =1d.

A point P on Xf( q) of degree m over I is a set of m distinct points

={Po,...,Pm_1} with P; € X¢(F m) and P =0 (Po) We will
denote the degree of P over F, as deg(P). Notice that points of
degree m over g are fixed by o4 just as the elements of [F, that's
why they are cosidered to be on X¢(Fg).

D e
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From exercise above if P € X¢(Fgm) then {0 )|i>0} C
X¢(Fgm), and there are at most m distint points in the set since
og =1d.

A point P on Xf( q) of degree m over I is a set of m distinct points

={Po,...,Pm_1} with P; € X¢(F m) and P =0 (Po) We will
denote the degree of P over F, as deg(P). Notice that points of
degree m over g are fixed by o4 just as the elements of [F, that's
why they are cosidered to be on X¢(Fg).

The points of degree one on X¢(IFy) are called rational points or Fg-
rational points.

D e
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Consider the elliptic curve defined by

f(x,y,z) = 34+ xz2+ 23 —l—yzz—l—yz2 € Falx, y, z].
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Consider the elliptic curve defined by
f(x,y,2) = x> +x22 + 22+ y?z + yz° € Fa[x, y, 2].

A point at infinity satisfies z = 0, thus x3 = 0, therefore there is only
one point at infinity P, = (0:1:0) and is F»-rational.
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Consider the elliptic curve defined by
f(x,y,2) = x> +x22 + 22+ y?z + yz° € Fa[x, y, 2].

A point at infinity satisfies z = 0, thus x3 = 0, therefore there is only
one point at infinity P, = (0:1:0) and is F»-rational.

When considering the affine points we can assume z = 1, thus x> +
x+1=y?+y. If x,y € F, then

BHx4+1=1£0=y>+y

thus the only Fy-rational point is Py.
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Consider now x,y € F4. If y =0,1then 0 = y?> +y, but x3 + x+1
has no solution in Fj4.
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Consider now x,y € F4. If y =0,1then 0 = y?> +y, but x3 + x+1
has no solution in Fj4.

If y = w,& are the roots of y2+y =1, thus x3 + x = x(x+1)2 = 0.
Therefore the points of degree 2 are

Pr={0:w:1),(0:@: 1)}, P,={(1:w:1),(1:0:1)}

s e
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Algebra IC curves

When defining AG codes we will need to compute the points in the
intersection of two curves and the multiplicity at the point of inter-
section.
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Algebra IC curves

When defining AG codes we will need to compute the points in the
intersection of two curves and the multiplicity at the point of inter-
section.

We will not define it because the definition is quite technical. Instead
of it we will show with the following example how can we compute
multiplicity similarly to the way multiplicity of zeros is computed for
one variable polynomials.

s e
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Consider the elliptic curve defined by

f(x,y,2) = x> +x22 + 22 + y?z + yz° € For[x, y, 2].
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Consider the elliptic curve defined by
f(x,y,2) = x> +x22 + 22 + y?z + yz° € For[x, y, 2].

Intersection with x = 0:
We have either z = 0 or z = 1. In the first case we get Py, and in
the latter (0:w:1),(0:&: 1) € P3(Fy).
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Consider the elliptic curve defined by
f(x,y,2) = x> +x22 + 22 + y?z + yz° € For[x, y, 2].

Intersection with x = 0:
We have either z = 0 or z = 1. In the first case we get Py, and in

the latter (0:w:1),(0:&: 1) € P3(Fy).
We can see this in two ways:
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Consider the elliptic curve defined by
f(x,y,2) = x> +x22 + 22 + y?z + yz° € For[x, y, 2].

Intersection with x = 0:
We have either z = 0 or z = 1. In the first case we get Py, and in

the latter (0:w:1),(0:&: 1) € P3(Fy).
We can see this in two ways:
> The curve and x = 0 intersect at three degree 1 points in
P2(IF4) with intersection multiplicity 1.
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Consider the elliptic curve defined by
f(x,y,2) = x> +x22 + 22 + y?z + yz° € For[x, y, 2].

Intersection with x = 0:

We have either z = 0 or z = 1. In the first case we get Py, and in
the latter (0:w:1),(0:&: 1) € P3(Fy).

We can see this in two ways:

> The curve and x = 0 intersect at three degree 1 points in
P2(IF4) with intersection multiplicity 1.

» The curve and x = 0 intersect at two points in P?(F,), one
with degree 1 and the second with degree 2, both with with
intersection multiplicity 1. (Notice that there are more points
of higher degress)

s e
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Intersection with x2 = 0:
Notice that x2 = 0 is the union of the line x = 0 with itself. Thus

any point at x> = 0 and the elliptic curve occurs twice as frequently
as it did at x = 0. Thus
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Intersection with x2 = 0:
Notice that x2 = 0 is the union of the line x = 0 with itself. Thus

any point at x> = 0 and the elliptic curve occurs twice as frequently
as it did at x = 0. Thus
» The curve and x? = 0 intersect at three degree 1 points in
P2(IF4) with intersection multiplicity 2.
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Intersection with x2 = 0:
Notice that x2 = 0 is the union of the line x = 0 with itself. Thus

any point at x> = 0 and the elliptic curve occurs twice as frequently
as it did at x = 0. Thus
» The curve and x? = 0 intersect at three degree 1 points in
P2(IF4) with intersection multiplicity 2.
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Intersection with x2 = 0:
Notice that x> = 0 is the union of the line x = 0 with itself. Thus
any point at x> = 0 and the elliptic curve occurs twice as frequently
as it did at x = 0. Thus
» The curve and x? = 0 intersect at three degree 1 points in
P2(IF4) with intersection multiplicity 2.
» The curve and x = 0 intersect at two points in P?(F), one
with degree 1 and the second with degree 2, both with with
intersection multiplicity 2.
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Intersection with z = 0:

We have seen that there is only one point Py, of the elliptic curve
with z = 0. P has degree 1 over any extension field of Fo. When
we plug z = 0 in the equation of the elliptic curve we get x3 = 0,

thus P, occurs with multiplicity 3.
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Intersection with z = 0:

We have seen that there is only one point Py, of the elliptic curve
with z = 0. P has degree 1 over any extension field of Fo. When
we plug z = 0 in the equation of the elliptic curve we get x3 = 0,
thus P, occurs with multiplicity 3.

Intersection with z? = 0:
As in the case x> = 0 we double the multiplicities obtained above,
thus P, occurs on the intersection with multiplicity 6.

s s
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Intersection with y = 0:
z =0 is not possible (= x = 0), so z = land we have

xX34+x+1=0.




UVa .
Algebra IC curves

Intersection with y = 0:
z =0 is not possible (= x = 0), so z = land we have

xX34+x+1=0.

The solutions to this equation occur in g and give us the points

(:0:1), (a?:0:1), (*:0:1) € P(Fg)
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Intersection with y = 0:
z =0 is not possible (= x = 0), so z = land we have

x>+ x+1=0.
The solutions to this equation occur in g and give us the points
(:0:1), (a?:0:1), (*:0:1) € P(Fg)

Threfore over g there are 3 points in the intersection, each of them
of degree 1 and multiplicity 1. Over Fy they combine in a single
degree 3 point P3 with intersection multiplicity 1.
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We have seen that there is a "“type” of uniformity when counting
properly the number of points in the intersection of two curves, where
properly means take into account both degree and multiplicity. This
was stated in the following theorem
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We have seen that there is a "“type” of uniformity when counting
properly the number of points in the intersection of two curves, where
properly means take into account both degree and multiplicity. This
was stated in the following theorem

Theorem (Bézout)

Let f,g be homogeneous polynomials in F[x,y, z] of degrees dr, dg
respectively. Suppose that f and g have no common nonconstant
polynomial factors. Then X and X intersect at drdg points counted
with multiplicity and degree.

s e
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Algebra IC curves

A divisor D on X over F is a formal sum

D=> npP, (17)

where np is an integer and P is a point of arbitrary degre on the curve
X, with only a finite number of np being nonzero.
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A divisor D on X over F is a formal sum

D=> npP, (17)

where np is an integer and P is a point of arbitrary degre on the curve
X, with only a finite number of np being nonzero.

The divisor D is efective if np > 0 for all P. The support supp(D)
of the divisor D is the set {P | np # 0}. The degree of the divisor is

deg(D) = _ npdeg(P). (18)
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If X1 and X, are two projective curves then their intersection divisor
over [ denoted by X1 N X2 = > npP where the sumation runs over
all the poins both in A7 and X5 and np is the multiplicity of the point
in the intersection of the curves.




UVa .
Algebra IC curves

If X1 and X, are two projective curves then their intersection divisor
over [ denoted by X1 N X2 = > npP where the sumation runs over
all the poins both in A7 and X5 and np is the multiplicity of the point
in the intersection of the curves.

If X1 and X5 are defined by homogeneous polynomials of degrees
dr, dg respectively with no common nonconstant polynomial factors
then

deg(?(l N Xz) = dfdg. (19)
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Consider the elliptic curve defined by

f(x,y,2) = x>+ x22+ 22+ y?z + yz° € Fa[x, y, 2].
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Consider the elliptic curve defined by

f(x,y,2) = x>+ x22+ 22+ y?z + yz° € Fa[x, y, 2].

» Intersection with x = 0: Py, + P1.
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Consider the elliptic curve defined by

f(x,y,2) = x>+ x22+ 22+ y?z + yz° € Fa[x, y, 2].

» Intersection with x = 0: Py, + P1.
» Intersection with x2 = 0: 2P, + 2P;.
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Consider the elliptic curve defined by

f(x,y,2) = x>+ x22+ 22+ y?z + yz° € Fa[x, y, 2].

» Intersection with x = 0: Py, + P1.
» Intersection with x2 = 0: 2P, + 2P;.

» Intersection with z = 0: 3P.
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Consider the elliptic curve defined by

f(x,y,2) = x>+ x22+ 22+ y?z + yz° € Fa[x, y, 2].

» Intersection with x = 0: Py, + P1.
» Intersection with x> = 0: 2P, + 2P;.
» Intersection with z = 0: 3P.

» Intersection with z2 = 0: 6P.

s o
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Consider the elliptic curve defined by

f(x,y,2) = x>+ x22+ 22+ y?z + yz° € Fa[x, y, 2].

» Intersection with x = 0: Py, + P1.

» Intersection with x2 = 0: 2P, + 2P;.
» Intersection with z = 0: 3P.

» Intersection with z2 = 0: 6P4.

>

Intersection with y = 0: Ps.

s o
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Algebraic curves

When finding the minimum distance of an AG code it will be con-
nected to the genus of a curve. This is related to a topological concept
of the same name but quite offtopic in this course. We will just show
Pliiker's formula that will serve in our case as a definiton for the genus.
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When finding the minimum distance of an AG code it will be con-
nected to the genus of a curve. This is related to a topological concept
of the same name but quite offtopic in this course. We will just show
Pliiker's formula that will serve in our case as a definiton for the genus.

Theorem (Pliiker's formula)

The genus of a nonsingular projective plane curve determined by an
homogeneous polynomial of degree d > 1 is

g="—5o7""" (20)

» Up to here the second session (30/8)

s e
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Algebraic Geometry codes

In the classical examples we have shown all codes were function eval-
uation of “points” where the fucntion runs through a certain verctor
space. For AG-codes we start with the definition of such functions.
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In the classical examples we have shown all codes were function eval-
uation of “points” where the fucntion runs through a certain verctor
space. For AG-codes we start with the definition of such functions.

Let p(x,y,z) an homogeneous polynomial that defines a projective
curve X over F. We define the field of rational functions on X over
F as

g,h homogeneous,

F(X) = ({i |same degree, p { h} U {0}) /=x. (21)

where f/g =y /g’ if fg’ — f'g is a multiple of p(x, y, z).

s e
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Exercise

Show that F(X) is a field containing IF as a subfield. Notice that the
class of 0 is precisely when g is a multiple of p(x, y, z).
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Exercise

Show that F(X) is a field containing IF as a subfield. Notice that the
class of 0 is precisely when g is a multiple of p(x, y, z).

Let f = £ € F(X) such that f Zx 0. Then the divisor of f is

div(f) = (X' N X,) — (X N &) (22)

s sy
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Exercise

Show that F(X) is a field containing IF as a subfield. Notice that the
class of 0 is precisely when g is a multiple of p(x, y, z).

Let f = £ € F(X) such that f Zx 0. Then the divisor of f is
div(f) = (X NAg) — (X N Ap) (22)
By Bézout theorem deg (div (f)) = dpdy — dpdy, = 0. Since f is an

equivalence class remains to proof that div(f) is well defined. This is
true but we will not prove it.

s sy
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Exercise

Let X the elliptic curve

f(x,y,2) = x> +x2> + 22 + y?z + yz° € Fx, y, z].

/

where char(F) = 2. Let f = £ and f' = & where g = x? + 22,
h=2% g =2z +y?>+yzand h = xz. Let P, = (0:1:0) and
Po={(1l:w:1),(1:@:1)}.

» Show that f ~y f'.

» Show that div(f) = 2P, — Px.

» Show that div(f") = 2P, — Px.

s e
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Algebraic Geometry codes

Given two divisors on a curve we will say

D= npP=D => npP

provided that np > n/, for all the points. (l.e. D is effective if D = 0).
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Given two divisors on a curve we will say

D= npP=D => npP
provided that np > n/, for all the points. (l.e. D is effective if D = 0).

Given a divisor D on a projective curve X over I let

L(D) = {f e F(X) | f #x 0, div(f) + D= 0} U{0}.  (23)

s e



UVa .
Algebraic Geometry codes

Given two divisors on a curve we will say

D= npP=D => npP
provided that np > n/, for all the points. (l.e. D is effective if D = 0).

Given a divisor D on a projective curve X over I let

L(D) = {f e F(X) | f #x 0, div(f) + D= 0} U{0}.  (23)

Exercise

Prove that L(D) is a [F-vector space.

s e
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Let D be a divisor on a projective curve X. The following statements
hold:
» [/fdeg(D) < O, then L(D) = {0}.
» The constant functions are in L(D) if and only if D = 0.
» [f P is a point in X with P ¢ supp(D), then P is not a pole in
any f € L(D).

D o
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» If f € L(D) with f %x 0 then div(f) + D > 0, i.e.
deg(div(f) + D) > 0, but deg(div(f) + D) = deg(D), which is
a contradiction.
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» If f € L(D) with f %x 0 then div(f) + D > 0, i.e.
deg(div(f) + D) > 0, but deg(div(f) + D) = deg(D), which is
a contradiction.

» Let f %x 0 a constant function. If f € L(D) then
div(f) + D > 0. But div(f) = 0 (is constant), thus D > 0.
Conversely, if D = 0 then div(f) + D = D > 0.

s s
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» If f € L(D) with f %x 0 then div(f) + D > 0, i.e.
deg(div(f) + D) > 0, but deg(div(f) + D) = deg(D), which is
a contradiction.

» Let f %x 0 a constant function. If f € L(D) then
div(f) + D > 0. But div(f) = 0 (is constant), thus D > 0.
Conversely, if D = 0 then div(f) + D = D > 0.

» If Pisa polein f € L(D) with P ¢ supp(D) then the
coefficient of P in div(f) + D of X is negative, contradicting
f e L(D).

O

s s
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Let p(x,y,z) an homogeneous polynomial that defines a projective
curve X over Fy. Let D be a divisor on X and choose a set
P = {P1,...,Pp} of n distinct Fg-rational points on X" such that
supp(D) NP = (. If we order the points in P consider the evaluation
map

evp: L(D) — Fg

£ evp(F) = (F(P),....F(Py) (24)
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Let p(x,y,z) an homogeneous polynomial that defines a projective
curve X over Fy. Let D be a divisor on X and choose a set
P = {P1,...,Pp} of n distinct Fg-rational points on X" such that
supp(D) NP = (. If we order the points in P consider the evaluation
map

evp: L(D) — Fg

£ evp(F) = (F(P),....F(Py) (24)

Exercise

Is evp well defined?
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If f € L(D) then P; is not a pole of f, however if f is represented
by £ then h may have P; as a zero occurring in X N X}, and it will
occur at least so many times in X' N X;. If we choose % to represent
f then f(P;) = 3, we must avoid this situation. It can be shown that
for any f € L(D) we can choose a representative £ with h(P;) # 0.
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If f € L(D) then P; is not a pole of f, however if f is represented
by £ then h may have P; as a zero occurring in X N X}, and it will
occur at least so many times in X' N X;. If we choose % to represent
f then f(P;) = 3, we must avoid this situation. It can be shown that
for any f € L(D) we can choose a representative £ with h(P;) # 0.

Suppose now that f has two such representatives £ ~ %,l where
h(P;) # 0 # W (P;). Then gh’ — g’h is a polynomial multiple of p and

/

p(P,') = O ThUS g(P,)h,(P,) = g/(P;)h(P,'), |e %(P,) = %(P,)

D o
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Exercise

Prove that evp is a F4-linear mapping.
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With the notation above we define the algebraic geometry code asso-
ciated to X, P and D to be

C(X,P,D) = {evp(f) | f € L(D)}. (25)
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In order to get some information on the dimension and minimum dis-
tance we will use the following version of the Riemann-Roch’s Theo-
rem.

Theorem (Riemann-Roch)
Let D a divisor in a nonsingular projective plane curve X over Fg of
genus g. Then

» dim(L(D)) > deg(D)+1—g.

» Furthermore, if deg(D) > 2g — 2 then

dim(L(D)) = deg(D) + 1 — g.

s e
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Let D a divisor in a nonsingular projective plane curve X over F, of
genus g. Let P a set of n distinct F4-rational points on X' such that
supp(D) NP = (). Assume that

2g —2 < deg(D) < n.
Then C(X,P, D) is an [n, k, d] code over F, where

k =deg(D)+1—g.

Y



UVa
Instituto de Matemticas Geometrlc Reed Solomon COdeS

In order to check k = deg(D) + 1 — g by Riemann-Roch theorem we
just need to show that evp has trivial kernel. Suppose that evp(f) =
0, then f(P;) = 0 for all i, i.e. is a zero of f, since P; ¢ supp(D) we
have div(f) + D — (3_;_; Pi) = 0. Therefore f € L(D — (31, Pi)),
but deg(D) < n, thus deg(D (>-71 Pi)) < 0 and we have L(D —

(3271 Pi)) = {0} and f = 0.

s e
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In order to check k = deg(D) + 1 — g by Riemann-Roch theorem we
just need to show that evp has trivial kernel. Suppose that evp(f) =
0, then f(P;) = 0 for all i, i.e. is a zero of f, since P; ¢ supp(D) we
have div(f) + D — (3_;_; Pi) = 0. Therefore f € L(D — (31, Pi)),
but deg(D) < n, thus deg(D — (3°7_; Pi)) < 0 and we have L(D —
(30, P)) = {0} and f = 0.
Suppose that evp(f) has minimum weight d. Thus f(P;) = 0 for
n—d indices {i; | 1 <j<n—d}. Thusf e L(D— (Zj";ld P;)) and
therefore deg(D — (Zj";ld P;)) > 0. Hence deg(D) — (n — d) > 0.
O

D e
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Geometric Reed Solomon codes
As a corollary of previous theorem we have that if {fi,...,f} is a
basis of L(D) then a generator matrix of the code C(X', P, D) is

A(P1) A(P) ... A(Py)
H(P1) f(P») f(Pp) (26)
f(P) fi(P) .. (P
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Consider the projective curve X’ over [F; given by z = 0. The points
in the curve are (x : y : 0). Let P, =(1:0:0), Pp=(0:1:0) and
P1,...P4_1 the remaining rational points. For narrow sense RS codes
we will let n =g —1and P = {P1,... Pg_1} and for the extended
narrow-sense RS codes n =g and P = {Py,... Pg_1}.
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Consider the projective curve X’ over [F; given by z = 0. The points
in the curve are (x : y : 0). Let P, =(1:0:0), Pp=(0:1:0) and
P1,...P4_1 the remaining rational points. For narrow sense RS codes
we will let n =g —1and P = {P1,... Pg_1} and for the extended
narrow-sense RS codes n =g and P = {Py,... Pg_1}.

Fix k (1 <k <n)andlet D= (k—1)Psx (D =0 when k =1). We
have that supp(D) NP = () and X" is non singular of genus g = 0.
Also k—1 = deg(D) > 2g—2 thus dim(L(D)) = deg(D)+1—g = k.

D e
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2 k—1
93:{1,X,X,...Xk_l}
yy y
is a basis of L(D).

First div(x//y/) = jPy — jPso, thus div(x//y/) + D = jPy — (k — 1 —
J)Pso which is effective since 0 < j < k — 1.
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2 k—1
93:{1,X,X,...Xk_l}
yy y
is a basis of L(D).

First div(x//y/) = jPy — jPso, thus div(x//y/) + D = jPy — (k — 1 —
J)Pso which is effective since 0 < j < k — 1.

Consider a linear combination of elements of B

k—1 J
f=Y a~~~x0
=

f = g/h and by definition of =y g must be a multiple of z, clearly
this multiple should be 0 since z does not appear on f, therefore
a; = 0 for all /.

66,85
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Using B, any nonzero element f € L(D) can be written as

f(X,y,Z)Zg(X)’/Z’Z), g(x.y,z ngf -

with gg # 0 and d < k — 1.

R e
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Using B, any nonzero element f € L(D) can be written as

f(X,y,Z)Zg(X)’/Z’Z), g(x.y,z ngf -

with gg # 0 and d < k — 1.

Notice that g(x,y, z) is the homogenization in Fg[x,y] of m(x) =
Zj‘!:o gjx’ thus there is a 1-1 relation between the elements of L(D)
and those of Py C Fq[x].

s e
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Moreover, if 5 € g, then m(8) = f(53,1,0) and additionally
f(5,1,0) = f(xo, Y0, 20) where (5:1:0) = (XO Yo 20).
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Moreover, if 5 € g, then m(8) = f(53,1,0) and additionally
f(5,1,0) = f(xo, Y0, 20) where (5:1:0) = (XO Yo 20).

Let o a primitive element of F, and order the points P; = (o' : 1: 0)
for 1 < i < n. The discussion shows that the following sets are the
same

{(m(1), m(c), ..., m(a" 1)) | m(x) € Py}
{(f(P1),f(P2),...,f(Pn) | f€L(D)}

and by R-R theorem deg(D) +1—-—g =k —-1+14+0=k, d >
n—deg(G) = n— k + 1, hence by Singleton Bound d = n—k+1
and they are MDS. O
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As an exercise show that Generalized Reed-Solomon codes are AG
codes using the discussion above and using the following steps:
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As an exercise show that Generalized Reed-Solomon codes are AG
codes using the discussion above and using the following steps:

» Let vy =(70,...,7n—1) a n-tuple of distinct elements of Iy, and
v=(vo,...,Vn1) € Fg. Compute the polynomial given by the
Lagrange Interpolation Formula

ZVIHX_”

i=0 1751

» Let X be the curve defined by z =0 and h(x, y) the
homogenization of polynomial p(x) of degree d < n—1. We
will assume that the v;’s are noncero, thus h # 0.
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> Let u(x,y,2) = "9 € Fo(X) and P = {Py, P,,..., Py} such
that P, = (-1 :1:0). Px=(1:0:0) and
D = (k — 1)Pyx — div(u).

» Prove that u(P;) = vj_1.

» Prove that supp(D) NP = (.

» Since the divisor of any element in Fq(X') is cero then
deg(D) = k — 1.

» Prove that a basis of L(D) is

» Prove that GRS(v,v) = C(X,P, D)
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Let X = F3(IF4) the Fermat curve over Fy4 given by the eqn.

X +y +22=0




Instituto de Matematicas

Geometric Reed Solomon codes

Let X = F3(IF4) the Fermat curve over Fy4 given by the eqn.
X +y +22=0

It has nine projective points given by

Q|PL| P | P3| Ps|Ps|Ps|Pr|Psg
00| 0|1l ]|aja|l|la|a
lla|la|0|0|0|1|1]1
11,111,100/ O0

where @ = a2 =1+ a.

s e
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By R-R’s theorem dim(L(3Q)) = 3. The functions

X y
"x+y'y+z

are regular outside @ and have a pole of order 2 and 3 respectively.
They are a basis of L(D).

» Up to here the third session (31/8)
72/85
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Geometric Reed Solomon codes
By R-R’s theorem dim(L(3Q)) = 3. The functions

X y
"x+y'y+z

are regular outside @ and have a pole of order 2 and 3 respectively.
They are a basis of L(D).

A generator matrix of C(X,P, D) is

1111 1111
G = 0 01l a a1l o «
a o 00 01 1 1

and by R-R d > 5 but having a look to G clearly d = 5.

» Up to here the third session (31/8)
72/85
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Let V be a vector space over F(X). An F-linear map D : F(X) — V
is called a derivation if it satifies the product rule

D(fg) = fD(g) + gD(f).
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Let V be a vector space over F(X). An F-linear map D : F(X) — V
is called a derivation if it satifies the product rule

D(fg) = fD(g) + gD(f).

Let X' be the projective line with funtion field F(x). Define
D(F) = " iajx'~! for a polynomial F =Y a;x’ € F[x] and extend
this to quotients by

5 <F> 3 GD(F)G;FD(G)

Then D : F(x) — F(x) is a derivation.

s s
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The set of all derivations D : F(X') — V will be denoted by Der(X, V)
(or Der(&X) if V = F(X)). Notice that Der(X,V) is a F(X')-vector
space.
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The set of all derivations D : F(X') — V will be denoted by Der(X, V)
(or Der(&X) if V = F(X)). Notice that Der(X,V) is a F(X')-vector
space.

Let X be a projective variety and P be a point on X'. Then a rational
function f is called regular in the point P if one can find homogeneous
polynomials F and G same degree, such that G(P) # 0 and f is the
coset of F/G.

The set of all the regular rational functions at P will be denoted by
Op(X), the local ring at P and indeed it is a local ring, i.e. it has a
unique maximal ideal, given by

Mp = {f € Op(X) | f(P) = 0} (27)

s e
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In P2(F) consider the parabola X’ defined by XZ — Y2 = 0. now
with It has one point at infinity P, = (1:0:0). The function x/y
is equal to y/z on the curve, hence it is regular in the point
P=(0:0:1).

e
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In P2(F) consider the parabola X’ defined by XZ — Y2 = 0. now
with It has one point at infinity P, = (1:0:0). The function x/y
is equal to y/z on the curve, hence it is regular in the point
P=(0:0:1).

(2}/)(22:;22)) is regular in P and this function is equal to
therefore also regular in Py.

(2x+2)
(x+2)

and

e
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Let see that Mp is generated by a single element (i.e. is a principal
ideal). Let X' be a smooth curve in A?(FF) defined by the equation
f =0, and let P = (a, b) be a point on it.

Mp = (x—a,y—b) and
f(P)(x —a) + f,(P)(y = b) =0 mod Mj




(UAVE] .
Instituto de Matematicas Geometrlc Goppa COd es

Let see that Mp is generated by a single element (i.e. is a principal
ideal). Let X' be a smooth curve in A?(FF) defined by the equation
f =0, and let P = (a, b) be a point on it.

Mp = (x—a,y—b) and
f(P)(x —a) + f,(P)(y = b) =0 mod Mj

The F-vector space ./\/lp//\/l% has dimension 1 and therefore Mp has
one generator. Let g € F[x] be the coset of a polynomial G. Then g
is a generator of Mp if and only if dpG is not a constant multiple of
dpf, where

dpf = f(a, b)(x — a) + Fy(a, b)(y — b).

s e
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Let < t >= Mp, and z € Op(X), then it can be written in a unique
way as

z=ut",

where u is a unit and m € Ng. The function t is called a local
parameter or uniformizing parameter in P.

If m > 0, then P is a zero of multiplicity m of z. We write m =
ordp(z) = vp(z). (vp(0) = c0).

s s
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Let < t >= Mp a local paramenter for t, then there exist a unique
derivation
D; :F(X) = F(X) s.t. Di(t) =1, (28)

Moreover, Der(X) is one dimensional over F(X') and D is a basis
element.
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Theorem

Let < t >= Mp a local paramenter for t, then there exist a unique
derivation
D; :F(X) = F(X) s.t. Di(t) =1, (28)

Moreover, Der(X) is one dimensional over F(X') and D is a basis
element.

A rational differential form or differential on X" is an F(X') linear map
from Der(X) to F(X'). The set of all rational differential forms on X
is denoted by Q(X).
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Consider the map d : F(X) — Q(X) given by for each f € F(X)
the image df : Der(X) — F(X) is defined by df(D) = D(f) for all
D € Der(&X'). Then d is a derivation. and provides to Q(X’) a vector
space structure over F(X).
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Consider the map d : F(X) — Q(X) given by for each f € F(X)
the image df : Der(X) — F(X) is defined by df(D) = D(f) for all
D € Der(&X'). Then d is a derivation. and provides to Q(X’) a vector
space structure over F(X).

Theorem

The space Q(X) has dimension 1 over F(X) and d; is a basis for
every point P € X with local parameter t.

s e
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That is, for each differential we have a unique representation w =
fpdtp , where fp is a rational function at point P. We can not
evaluate P at w as by w(P) = fp(P) since it depends on the choice
of tp.
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That is, for each differential we have a unique representation w =
fpdtp , where fp is a rational function at point P. We can not

evaluate P at w as by w(P) = fp(P) since it depends on the choice
of tp.

Let w € Q(&X). The order or valuation of w in P is defined by
ordp(w) = vp(w) := vp(fp). It is called regular if it has no poles.
This definition does not depend on the choices made.
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That is, for each differential we have a unique representation w =
fpdtp , where fp is a rational function at point P. We can not
evaluate P at w as by w(P) = fp(P) since it depends on the choice
of tp.

Let w € Q(&X). The order or valuation of w in P is defined by
ordp(w) = vp(w) := vp(fp). It is called regular if it has no poles.
This definition does not depend on the choices made.

The canonical divisor (w) of the differential w is defined by

W=(w)=> uvpw)P. (29)

pPex

If D is a divisor, Q(D) = {w € Q(X) | (w) — D > 0}.
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Let P € X and t is a local parameter, let w = fd; a differential form
, f =) a;t', then the residue at point P is defined as

Resp(w) = a_1.
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Let P € X and t is a local parameter, let w = fd; a differential form
, f =) a;t', then the residue at point P is defined as

Resp(w) = a_1.

As usual, Let D be a divisor on X’ and choose a set P = {P1,..., Py}
of n distinct Fg-rational points on X’ such that supp(D) NP = 0.

The linear code C*(P, D) of length n over Fg is the image of the
linear map a* : w(>_ P; — D) — Ty defined by

a*(n) = (Resp, (1), Resp,(n), ..., Resp, (n)). (30)



(UAVE] .
Instituto de Matematicas Geometrlc Goppa Cod es

The code C*(P, D) has dimension k* = n — deg(D) + g — 1 and
minimum distance d* > deg(D) — 2g + 2.

The proof follows from Riemann-Roch’s theorem and the isomorphims
between L(W — D) and Q(D).
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Theorem
The code C*(P, D) has dimension k* = n — deg(D) + g — 1 and
minimum distance d* > deg(D) — 2g + 2.

The proof follows from Riemann-Roch’s theorem and the isomorphims
between L(W — D) and Q(D).

Theorem
The codes C*(P, D) and C(P, D) are dual codes.

The proof follows from the residue theorem that states ) 5, Resp(w) =

0.
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Let X be a curve defined over Fy . Let P = {P1,...,Ps} rational
points on X. Then there exists a differential form w with simple poles
at the P; such that Resp,(w) =1 for all i. Furthermore

C*(P,D) = C(P,W + ) _P;—D)

for all divisors D that have a support disjoint from P, where W is the
divisor of w.
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