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A composition on a set G is a map

o:GxG — G
(9.h) = o(g.h)=goh

A pair (G, o) consisting of a set G and a composition
o:Gx G— Gisagroup if it satisfies:

@ The composition is associative: for every s;, S5, 53 € G
S10(82083) = (8108) 083

© There is a neutral element e € G: forevery s € G
eos=soe=Ss

© For every s € Gthereis an inverse element t € G such
that

Sot=tos=¢e )
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A group is called abelian or commutative if for every g, h € G:

goh=hog

Aring is an abelian group (R, +) (the neutral element is 0) with
an additional composition - called multiplication which satisfies
(forevery x,y,z € R:

Q@ (x-y)-z=x-(y-2)

© There existsanelementi1 e Rst. 1 - x=x-1=x

Qx (y+z)=x-y+x-zand(y+z)- x=y-x+2z-x.

R is called commutative if xy = yx for every x,y € R. |
An element x € R is called a unit if there exists y € R s.t.

xy = yx = 1. In this case we say x~' = y is the inverse of x.
The set of units in R is denoted R*.
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Aring R with R* = R\ {0} is called a field. )

Another way to say it:

Afield (F,+, ) is a set F with two compositions +, - which
satisfies (for every x,y,z € R):

@ The + is associative: x + (y +2) = (x + y) + z.

©Q Thereexits0 e R,st. 0+x=x+0=x

© Thereexists —x € R, s.t. x+ (—x) = (—x)+x=0

©Q The + is abelian: x +y = y + x.

Q (xy)z=x(y2)

O Thereexists 1 € Rst. 1-x=x-1=x

Q@ x (y+z2)=x-y+x-zand(y+2z)- x=y-x+2z-x.

©Q Thereexists y € Rs.t. x-y = y-x = 1. In this case we

say x~' = y is the inverse of x. ]
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Some finite fields

A finite field (F, +, -) is a field such that | F |< oo. J

Some fields that we already know: Fields with | F |= p, with p J
prime.

(Fp=2/pZ,+, ), where

X=y&eplx—ysSxremp=yremp< x =y (mod p)

X-y=X-y
Are the compositions well defined?
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Is (Z/pZ,+,-) afield?

@ How do we guarantee that every element has an inverse?
@ Even better: How do find the inverse of every element?

Answer: Extended Euclidean algorithm
Since ged(x,p) =1,forx € {1,...p— 1}, thereexist A,y € Z
such that

AX +pup =1

Then x—' = A.
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Is (Z/pZ,+,-) afield?

Letn=abwitha,b#1,n.Is (Z/pZ,+,-) afield?

Proposition

Let F be a field. Then F is a domain (a ring R # {0} with no
zero divisors).

Proof:
@ Suppose x,y € F,x #0and xy = 0. Is y =07??
@ Since x # 0, there exists x .
@ Hence, 0 =x10=x"T(xy) =y

What about the Extended Euclidean Algorithm?
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Computing the gcd: The Euclidean algorithm

Proposition

Let m,n, € Z. Then,
® gcd(m,0) =mifme N
® gcd(m, n) = ged(m — gn, n), for every g € Z.

Letm>n>0
@r_y=mandrp=n
@ If iy, = 0then ged(r_1, ry) = ry. Otherwise define
remainder ry:
r-1=qih+n
@ We have gcd(r_1,ry) = ged(ro, r1) and r—q > ry > ry
We iterate this process
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Computing the gcd: The Euclidean algorithm

Letm>n>0
@ry=mandrp=n
® If iy, = 0then ged(r_1, ry) = ry. Otherwise define
remainder ry:
r-1=qi +

@ We have ged(r_1,rp) = ged(ro, r1) and r—q > ry > ry
We iterate this process if (r; # 0):

@ Define remainder r>:
nh=qirn + 12

@ We have gcd(ry, r1) =ged(ry,re)andr-q >rp>r > 1r

We will get ry = 0 for some step N. Why??? J
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Extended Euclidean algorithm

Am+ pun = ged(m, n)

am+ bin=r;

Start:

@ea1=1b_1=0

@ ay=0by=1
First step:

@ n=r1-—0qi0

@ aj=a+—qay by =b_1—qibo
i-th step:

@ i =Tri—2—Qjli-1

@ a=aj_2— qiaj—1, bj=bi_2 — qibj_1
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Repeated squared Algorithm

How to compute the remainder of 12! divided by 217
@ Exercise 1.3: [xy] = [[x][y]]
@ abaf = gbte

o (ab)c — gbe

Allow us to have the repeated squared algorithm:

o s G | ) R
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Multiplicative group

Proposition

F;, =TFp \ {0} is a cyclic group (with the multiplication), i.e.
there exists g € IF,, \ {0} (primitive element) such that

Fo={¢".9g"....g° 2} U {0}

Notation: (g) = {g% g'.....g? 2} ={g': i € Z}

There are ¢(p — 1) generators of F, \ {0} (but the proof is not
constructive).

How to find such a g7, there is no efficient algorithm. Try
random element. What is the probability of picking a generator?

But if you find one generator, you can computed the others
easily.
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Characteristic of a field F

The characteristic of a field F is the is the least positive integer
n such that nx = 0 for every xinF. If no such positive integer
exists then we say that the characteristic of the field is 0.

The finite field IF, has characteristic p.

Proposition
A finite field has prime characteristic

Proposition: Freshman’s dream

Let R be a ring of prime characteristic, then

(a+b)P" =a" + b
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Polynomials

Let F be a field, a polynomial over F is
a+aiX+---+apX" e F[X]
X € F and it is consider an indeterminate over F

F[X] ={)_aX': a = 0 excepting a finite number of them}

i>0

F[X] is aring:
Y ax +Y biX' =Y (a+b)X
YaxX' Y bX' =Y cX,

Ci = 2 ajbk

k=i

where
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@ 0 is the neutral element for the sum.
@ 1 = X0 is the neutral element for multiplication.
@ F[X]is a domain (it has no zero divisors).

F[X] is aring but it is not a field: X~1?
ac FX]*<=ac F\{0}

Concepts: Term, coefficient, degree, leading term, leading
coefficient, monic polynomial.

| N\

Proposition
Let f,g € R[X] \ {0} then

deg(fg) = deg(f) +deg(g)
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Let d be a non-zero polynomial in R[X]. Given f € R[X], there
exist unique polynomials q, r € R[X] such that

f=qd+r

and either r = 0 or deg(r) < deg(d).
r is called the remainder of f divided by d.

Having division we can extend:

® ged(f,9)

@ Extended Euclidean Algorithm.

@ We say that F[X] is an Euclidean domain.
We used prime numbers for dividing, what shall we use
here?
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Irreducible polynomials

A polynomial f € F[X] is said to be irreducible in F[X] if p has
positive degree and if f = gh implies that g or h are in F.

prime <— irreducible

@ F[X]is a UFD (Unique Factorization Domain).
@ Let firreducible, f | ghthen f | gorf | h.

How do we know that a polynomial is irreducible?

@ If deg(f) = 1 then fis irreducible.

@ If fisirreducible and deg(f) > 1 then f does not have any
roots.

© Ifdeg(f) is 2 or 3 then f is irreducible if and only if f has no
roots.

Q X*+ X2 +1 € T, does not have any roots but it is not
irreducible.
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Finite fields that are not prime

Let 7 be an irreducible polynomial of degree n:

Fpr = FolX]/(f) = (g € Fp[X] : deg(g) < )

| For |[=p"
g=h&f|lg—hsgremf=hremf< g=h(modf)
g+h=g+h
Are the compositions well defined?, Do we have a field?
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Multiplicative representation

Let « be root of an irreducible polynomial
f=ay+aX+---anX" € IFp of degree n.

a & Fp
xe FDOF,

Actually, « € [Fpn, since “a is like x”
a+aa+---an” =0

and
Fp \ {0} = {IX ..... P 2},

if we consider some particular irreducible polynomials
(primitive) that we will see in lecture 2.
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