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Aring is an abelian group (R, +) (the neutral element is 0) with
an additional composition - called multiplicaton with satifies (for
every x,y,z € R):

Q@ (xy)z=x-(y 2)

© There exists anelement1 € Rst. 1-x=x-1=x

Q@ x (y+z)=x-y+x-zand (y+z)- x=y-x+2z-x.

An ideal in aring R is a subgroup / of (R, +) such that Ax € |
forevery A € Rand x € /

An equivalent definition of ideal: An ideal / of R is a subset
I C R such that:

Qo0oc/
Qlfx,yelthenx+yel
©Q lfxe/land A € R, then xA € .
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Anideal /in R that can be generated by one element is called a
principal ideal (that is, there exists d € R s.t. | = (d). J

A domain in which every ideal is a principal ideal is called a
principal ideal domain. J

Proposition 3.1.10
The ring Z is a principal ideal domain.
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Quotient Rings

@ Let / C Ranideal. In particular, I C R is a subgroup for +

@ We can consider left cosets [x] = x 4 [ and the set of left
cosets
R/I={[x]:x € R}

@ Recall: R/Iis an abelian group (for “+"), [x] = [y] if and
only if x — y € I (see Lemma 2.2.6, page 63).

We can make R//into aring (for [x], [y] € R/I):
X+ Iyl =[x+

Xyl = vl

R/1is the quotient ring of R by / and has [0] and [1] as neutral
elements for + and -.

We have that [x] = [0] if x € ???
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@ One should proof that quotient ring of R by /is well
defined: the proof is exactly the same as proposition 1.3.4.

@ Example in Z.

Proposition 3.2.2

Let d € IN, d # 0, the group of units of (Z/dZ)* is an abelian
group with ¢(d) elements.

Proof: [x] = x + dZ is a unit if and only if gcd(x, d) = 1.
@ If gcd(x, d) = 1 we use Euclidean algorithm: Ax + ud = 1.
® Then, [Ax + ud] = [A][x] = [1], hence x is a unit
@ If [x] is a unitin Z/dZ then there exists [A| € Z/dZ s.t.
(Allx] = 1.
@ Then, Ax —1 € dZ and thereis y s.t. Ax —1 = ud. And
therefore ged(x, d) = 1 (exercise 1.14).
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An element x € R is called a unit if there exists y € R s.t.
xy = yx = 1. In this case we say x~' = y is the inverse of x.
The set of units in R is denoted R*.

An element x € R is called a zero divisor if there exists
y € R\ {0} st xy=0o0ryx=0.

Aring R with R* = R\ {0} is called a field. )

A domain is aring R # {0} with no zero divisors. J
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Proposition 3.2.3

Let n € IN, then Z/nZ is a field if and only if nis a prime
number. If nis a composite number then Z/nZ is not a
domain.

For a prime number p, the field Z/pZ is denoted FFp.

Proof:

@ Forn=0, Z/nZ is isomorphic to Z

@ Forn> 0, we have |(Z/nZ)*| = ¢(n) (by previous th.)

@ However, |Z/nZ| = n. Therefore, Z/nZ. is a field if and
only if ¢(n) = n—1, thatis, if nis prime.

@ If n = ab composite (1 < a, b, < n), we have [a][b] = [0]
but [a], [b] # [0]. Therefore it is not a domain.
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Let / C R, with / # R, anideal. If xy € limplies x € lory € |
(or both), for every x, y € R, we say that / is a prime ideal.

Proposition 3.2.6
Anideal I C R is a prime ideal if and only if R//is a domain.

Proof:

@ If / is prime, exercise 3.21 will show that R//is a domain

@ If R/Iis adomain, then R/l # 0 and [x][y] = 0 implies
[x] =0o0r[y] =0,thatis,x € lory € I.
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Let I C R, with | # R, anideal. If for J C R ideal with / C J
implies J = R, we say that / is a maximal ideal.

Proposition 3.2.7

Anideal | C Ris a maximal ideal if and only if R/ is a field.
(Every maximal ideal is prime, because a field is a domain)

Proof (assume R/ is a field):

@ Then R/1 # 0 and for [x] # 0, there exists [y] s.t.
(X]ly] = [1].

@ Thatis: for every x ¢ I there exists y € R such that
xy—1e€l

@ Suppose J is anotherideal s.t. IC JC R. If x € J\ I, we
may findy ¢ Ist. xy —1 el CJ.

@ But x € J and therefore xy € J, hence
1=—(xy—1)+xyed.So,J=R
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Proof (assume / C R is a maximal ideal):

@ If [x] € R/Iis non-zero, is it a unit?. We know that x ¢ /.
® Thesubset |+ Rx ={i+rx:icl re R}isanidealinR.

@ Since | C I+ Rx, we have that / + Rx = R and therefore
1el+ Rx

@ So,1=m+rxforsomeme land r € R.

@ In R//this means: [1] = [r][x], and hence [x] is a unit in
R/l
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Example Z
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Amap f: R — S between two rings R and S is called a ring
homomorphism if:

@ Itis a group homomorphism from (R, +) to (S, +).
Q f(xy) =f(x)f(y), forevery x,y € R
Q f(1)=1

A bijective ring homomorphism is called ring isomorphism. If
f: R — Sis an isomorphism, we say that R and S are
isomorphic, R = S

Example: A surjective ring homomorphism

R — R/I
ro— |r]

Ker(f) ={re R:f(r) =0} is anideal of R
The image f(R) is a subring of S
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Proposition 3.3.2

Let R, Sberings and f : R — S a ring homomorphism with
kernel K = Ker(f). Then:

f:R/K — f(R)
r+K —  f(r)

is a well defined map and a ring isomorphism

Proof:
@ We know that f is well defined and it is an isomorphism of
abelian groups (theorem 2.5.1).
@ F(x+K)(y+K))=Fxy + K) = f(xy) = F()f(y) =
f(x+K)f(y+K)
@ f(1+K)="r(1)=1
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A relation Ron aset Sisasubset R C S x S. We say xRy to
mean (x,y) € R.

Arelation Ron Sis
@ reflexive if xRx forevery x € S
@ symmetric if xRy = yRx forevery x,y € S
@ transitive if xRy and yRz — xRz for every x,y,z € S

R is called equivalence relation if it is reflexive, symmetric and
transitive.

Example: | C R anideal in a ring. We define the relation:
x=y(mod /)<= x—yel
@ Reflexive: 0 € /

@ Symmetric: x € | = —x €|
@ Transitive: x,y € | = x+y € l.
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Let “ be an equivalence relation on a set S. Given x € S, set
x]={seS:sx} CS

This subset is called the equivalence class containing x and x
is called a representative for [x|.
The set of equivalence classes {[x] : x € S} is denoted S/ ~.

Example: In the previous example R/ = is equal R//

Compare page 225 and Lemma 2.2.6 (page 63). )
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