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Greatest common divisor

div(n) ={d e N:d | n}

o

Lemma 1.4.2 (Euclid)

Let m, n € Z. There exists a unique natural number d € IN
such that

div(m) N div(n) = div(d)

d is called the greatest common divisor of m and n and
denoted by
ged(m, n)

Exercise 9: greatest common divisor is really the greatest
among these with respect to the usual ordering of Z.
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Computing the gcd: The Euclidean algorithm

Proposition 1.5.1

Let m,n, € Z. Then,
® gcd(m,0) =mifme N
® gcd(m, n) = ged(m — gn, n), for every g € Z.

Letm>n>0
@r_y=mandrp=n
@ If iy, = 0then ged(r_1, ry) = ry. Otherwise define
remainder ry:
r-1=qih+n
@ We have gcd(r_1,ry) = ged(ro, r1) and r—q > ry > ry
We iterate this process
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Computing the gcd: The Euclidean algorithm

Letm>n>0
@ry=mandr=n
@ If rp = 0 then ged(r_q, ro) = ry. Otherwise define
remainder ry:
r-4=qih+n

@ We have ged(r_1,rp) = ged(ro, r1) and r—q > ry > ry
We iterate this process if (r; # 0):

@ Define remainder r>:
lh=aqin + 1

@ We have gcd(ry, r1) =ged(ry,re)andr-q >rp>r > 1r

We will get ry = 0 for some step N. Why??? )
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Extended Euclidean algorithm

Am+ pun = ged(m, n)

am+ bin=r;

Start:

@ea1=1b_1=0

@ ay=0by=1
First step:

@ n=r1-0qi0

@ ay=a.1—qag, by =b_1—qiby
i-th step:

@ i =Tri—2—Qjli-1

@ ai=aj_o2—qiaj—1, bj=bi_2 — qibj_1
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Assuming that
@ 3 1M+ bji_1n=r1
@ a_om+bion=ri»

We have

am+ bin= (aj_2 — qiai_1)m+ (bj_2 — qibji_1)n
= aj_om+ bj_on— qj(a_1m+bj_1n)

=Tli2 = Qqifi, =T
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Lemma 1.5.7
Let m,n € Z. Then there are integers A, u € Z such that

Am+ un = ged(m, n)

Two integers a, b € Z are called relatively prime if

ged(a b) =1

Exercise 14: If there are A, u € Z such that Am + un = 1 then
a and b are relatively prime.

Corollary 1.5.10

Suppose that a | bc, where a, b, c € Z and aand b are
relatively prime. Then a | c.
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Lemma 1.5.7

Let m, n € Z. Then there are integers A, u € Z such that

Am+ un = ged(m, n)

Corollary 1.5.11
Leta,bceZ
@ If aand b are relatively prime, a| ¢, b| cthen ab | c.

| A

@ If aand b are relatively prime and a and c are relatively
prime then a and bc are relatively prime.
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