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Greatest common divisor

div(n) = {d ∈N : d | n}

Lemma 1.4.2 (Euclid)
Let m,n ∈ Z. There exists a unique natural number d ∈N

such that
div(m) ∩ div(n) = div(d)

d is called the greatest common divisor of m and n and
denoted by

gcd(m,n)

Exercise 9: greatest common divisor is really the greatest
among these with respect to the usual ordering of Z.
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Computing the gcd: The Euclidean algorithm

Proposition 1.5.1
Let m,n,∈ Z. Then,

gcd(m,0) = m if m ∈N

gcd(m,n) = gcd(m− qn,n), for every q ∈ Z.

Let m ≥ n ≥ 0
r−1 = m and r0 = n
If r0 = 0 then gcd(r−1, r0) = r1. Otherwise define
remainder r1:

r−1 = q1r0 + r1

We have gcd(r−1, r0) = gcd(r0, r1) and r−1 > r0 > r1

We iterate this process
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Computing the gcd: The Euclidean algorithm

Let m ≥ n ≥ 0
r−1 = m and r0 = n
If r0 = 0 then gcd(r−1, r0) = r1. Otherwise define
remainder r1:

r−1 = q1r0 + r1

We have gcd(r−1, r0) = gcd(r0, r1) and r−1 > r0 > r1

We iterate this process if (r1 6= 0):

Define remainder r2:

r0 = q1r1 + r2

We have gcd(r0, r1) = gcd(r1, r2) and r−1 > r0 > r1 > r2

We will get rN = 0 for some step N. Why???
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Extended Euclidean algorithm

λm + µn = gcd(m,n)

aim + bin = ri

Start:
a−1 = 1,b−1 = 0
a0 = 0,b0 = 1

First step:
r1 = r−1 − q1r0

a1 = a−1 − q1a0, b1 = b−1 − q1b0

i-th step:

ri = ri−2 − qi ri−1

ai = ai−2 − qiai−1, bi = bi−2 − qibi−1
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Assuming that
ai−1m + bi−1n = ri−1

ai−2m + bi−2n = ri−2

We have

aim + bin = (ai−2 − qiai−1)m + (bi−2 − qibi−1)n
= ai−2m + bi−2n− qi(ai−1m + bi−1n)
= ri−2 − qi ri1 = ri
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Lemma 1.5.7
Let m,n ∈ Z. Then there are integers λ, µ ∈ Z such that

λm + µn = gcd(m,n)

Two integers a,b ∈ Z are called relatively prime if

gcd(a,b) = 1

Exercise 14: If there are λ, µ ∈ Z such that λm + µn = 1 then
a and b are relatively prime.

Corollary 1.5.10

Suppose that a | bc, where a,b, c ∈ Z and a and b are
relatively prime. Then a | c.
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Lemma 1.5.7
Let m,n ∈ Z. Then there are integers λ, µ ∈ Z such that

λm + µn = gcd(m,n)

Corollary 1.5.11
Let a,b, c ∈ Z

If a and b are relatively prime, a | c, b | c then ab | c.
If a and b are relatively prime and a and c are relatively
prime then a and bc are relatively prime.
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