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Abstract

Modern digital communication systems often face the challenge of data corruption due to
noise, leading to discrepancies between transmitted and received symbols. Error-correcting
codes guarantee reliable and fast transmission of information in such systems by adding
redundant symbols. Algebraic Coding Theory plays an important role not only in many
different aspects of communication but also in cryptography and quantum computing.
This is because the additional algebraic structure of algebraic codes allows us to derive
further properties of them. Since these properties characterize the performance of the code
for certain applications, we can consider or design codes that are suitable for each setting.
In particular, in this thesis we are interested in using tools from Commutative Algebra to
derive properties of linear codes. We focus mainly on evaluation codes, since they have
a natural connection to Commutative Algebra, but we also consider other types of codes
such as cyclic codes (which can be viewed as subfield subcodes of evaluation codes) or
matrix-product codes.

Many aspects of evaluation codes can be understood by means of the vanishing ideal
of the set of points considered. A natural question that arises is how to compute this
vanishing ideal. When one considers the evaluation points over the affine space, this
computation is straightforward. However, in the projective setting one usually has to
compute the radical of an ideal. In Paper A, we give an alternative and more efficient way
of computing the vanishing ideal by using the saturation with respect to the homogeneous
maximal ideal. Another option to study evaluation codes over the projective space is to
consider a set of fixed representatives of the points, regarded as a subset of the affine
space, and its vanishing ideal. In Papers B and C, we give a universal Grobner basis for
this vanishing ideal when the set of points corresponds to certain subsets of the projective
line, or to the whole projective space.

Obtaining long codes with good parameters over a small finite field, which is desirable
for applications, is a complicated problem in general. One approach to achieve this is to
take codes with good parameters over a large field (e.g., Reed-Solomon codes), and then
consider their subfield subcodes. The resulting code usually has lower dimension than the
original code, and obtaining bases for the subfield subcodes (which give the dimension)
is one of the main problems to study when working with subfield subcodes. By using
the aforementioned Grobner bases, in Papers B and C we obtain bases for the subfield
subcodes of projective Reed-Solomon codes and projective Reed-Muller codes in many
cases. An alternative approach for this problem is also given in Paper D, using a recursive
construction for projective Reed-Muller codes.

The interest of the generalized Hamming weights of a linear code originates from the
fact that they determine its performance on the wire-tap channel of type II. Since they
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Introduction

were introduced by Wei, many more applications have been found for them, such as list
decoding or secret sharing schemes (considering relative generalized Hamming weights).
In Paper D, we provide lower and upper bounds for the generalized Hamming weights
of projective Reed-Muller codes, determining the true values in many cases. Inspired
by the approach from Paper D, in Paper H we also provide bounds for the generalized
Hamming weights of matrix-product codes. As a sample of our results, we obtain the
exact value of the generalized Hamming weights of matrix-product codes obtained with
two Reed-Solomon codes.

The development of reliable quantum computing and communication requires error-
correction to deal with noise and decoherence. To perform error-correction, we can con-
sider stabilizer quantum codes. The CSS construction provides a way to construct such
codes using self-orthogonal classical linear codes. Furthermore, we consider two additional
aspects specific to quantum codes: we can assume entanglement between the encoder and
the decoder, giving rise to entanglement-assisted quantum error-correcting codes; and we
can also consider two different types of errors, qudit-flip and phase-shift errors, leading to
asymmetric quantum codes. The CSS construction can be generalized to cover these cases
by considering a pair of classical linear codes, and their minimum distances. The dimen-
sion of their relative hull gives the parameter ¢, which is the minimum number required of
maximally entangled pairs. Therefore, in this more general setting we do not require any
self-orthogonality condition, but we have an additional parameter to compute. In Paper
B, we have used the subfield subcodes of projective Reed-Solomon codes to construct both
symmetric and asymmetric entanglement-assisted quantum error-correcting codes.

Since we have seen that the dimension of the hull determines the parameter ¢ of the cor-
responding quantum code, the study of the hulls of projective Reed-Muller codes over the
projective plane carried out in Paper E determines all the parameters of the corresponding
quantum codes. Entanglement assistance can improve the rate of the corresponding quan-
tum code, but maintaining entanglement over time can be costly. Therefore, this trade-off
must be analyzed for each application, and this also motivates obtaining codes with dif-
ferent requirements of entanglement assistance. In Paper F, we study how to change the
dimension of the hull of projective Reed-Muller codes by considering monomially equiva-
lent codes, giving rise to families of codes with a flexible amount of entanglement.

One of the main problems for quantum computing is the fault-tolerant implementa-
tion of non-Clifford gates. In Paper G, we study CSS-T codes, which are quantum codes
derived from the CSS construction that support the transversal T gate. We give a new
characterization of CSS-T codes, and we use it to determine which CSS-T codes can be
constructed from cyclic codes. Moreover, we also obtain a propagation rule for nonde-
generate CSS-T codes, and we use it to obtain CSS-T codes with better parameters than
those available in the literature.
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Resumen

Los sistemas modernos de comunicacion digital a menudo sufren de corrupcién de datos
debido al ruido, dando lugar a discrepancias entre los simbolos enviados y recibidos. Los
codigos correctores de errores garantizan una transmision fiable y rapida de la informacion
en tales sistemas al agregar simbolos redundantes. La Teoria Algebraica de Cédigos juega
un papel importante en muchos aspectos diferentes de la comunicacién, asi como en la crip-
tografia y la computacién cuantica. Esto se debe a que la estructura algebraica adicional de
los codigos algebraicos nos permite derivar propiedades adicionales de los mismos. Dado
que estas propiedades caracterizan el rendimiento del cédigo para ciertas aplicaciones,
podemos considerar o disenar cédigos que sean adecuados para cada contexto. En par-
ticular, en esta tesis estamos interesados en usar herramientas de Algebra Conmutativa
para derivar propiedades de cédigos lineales. Nos centramos principalmente en cédigos de
evaluacién, ya que tienen una conexién natural con el Algebra Conmutativa, pero también
consideramos otros tipos de cédigos como los cédigos ciclicos (que pueden verse como
subcddigos subcuerpo de los cédigos de evaluacién) o los cédigos producto de matrices.

Muchos aspectos de los cédigos de evaluacion pueden entenderse mediante el ideal de
anulacién del conjunto de puntos considerado. Una pregunta natural que surge es como
calcular este ideal de anulacion. Cuando se consideran los puntos de evaluacién sobre el
espacio afin, este cdlculo es sencillo. Sin embargo, en el caso proyectivo, generalmente se
tiene que calcular el radical de un ideal. En el Articulo A, damos una forma alternativa y
més eficiente de calcular el ideal de anulacion utilizando la saturacion con respecto al ideal
homogéneo maximal. Otra opcién para estudiar los cédigos de evaluacién sobre el espacio
proyectivo es considerar un conjunto de representantes fijados de los puntos, considerados
como un subconjunto del espacio afin, y su ideal de anulaciéon. En los Articulos B y C,
obtenemos una base de Grobner universal para este ideal de anulacién cuando el conjunto
de puntos corresponde a ciertos subconjuntos de la recta proyectiva o a todo el espacio
proyectivo.

Obtener cddigos largos con buenos parametros sobre un cuerpo finito pequeno, lo cual
es deseable para aplicaciones, es un problema complicado en general. Una manera de
lograr esto es considerar cédigos con buenos pardametros sobre un cuerpo grande (por
ejemplo, cédigos Reed-Solomon), y luego considerar sus subcédigos subcuerpo. El c6digo
resultante generalmente tiene menor dimension que el coédigo original, y obtener bases
para los subcddigos subcuerpo (lo cual también determina la dimensién) es uno de los
principales problemas a estudiar cuando se trabaja con subcédigos subcuerpo. Utilizando
las bases de Grobner mencionadas anteriormente, en los Articulos B y C obtenemos bases
para los subcddigos subcuerpo de los codigos Reed-Solomon proyectivos y los codigos Reed-
Muller proyectivos en muchos casos. Un enfoque alternativo para este problema también
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se presenta en el Articulo D, utilizando una construccién recursiva para los cédigos Reed-
Muller proyectivos.

El interés por los pesos de Hamming generalizados de un cédigo lineal surge del hecho de
que determinan su rendimiento en el canal wire-tap de tipo II. Desde que fueron introduci-
dos por Wei, se han encontrado muchas més aplicaciones para ellos, como la decodificaciéon
en lista o los esquemas de comparticién de secretos. En el Articulo D, proporcionamos
cotas inferiores y superiores para los pesos de Hamming generalizados de los codigos Reed-
Muller proyectivos, determinando los valores verdaderos en muchos casos. Generalizando
las ideas del Articulo D, en el Articulo H también proporcionamos cotas para los pesos
de Hamming generalizados de los cédigos producto de matrices. Como muestra de nue-
stros resultados, obtenemos el valor exacto de los pesos de Hamming generalizados de los
c6digos producto de matrices obtenidos a partir dos cédigos Reed-Solomon.

El desarrollo de la computacién cuantica y la comunicaciéon cudntica fiable requiere
correccion de errores para lidiar con el ruido y la decoherencia. Para realizar la cor-
reccion de errores, podemos considerar codigos cuanticos estabilizadores. La construccion
CSS proporciona una forma de construir dichos cédigos utilizando codigos lineales clasicos
auto-ortogonales. Ademas, consideramos dos aspectos adicionales especificos de los cédigos
cuanticos: podemos asumir entrelazamiento previo entre el codificador y el decodificador,
dando lugar a codigos cuanticos de correcciéon de errores asistidos por entrelazamiento;
y también podemos considerar dos tipos diferentes de errores, errores de qudit-flip y er-
rores de phase-shift, lo que da lugar a los cédigos cuanticos asimétricos. La construccién
CSS se puede generalizar para cubrir estos casos considerando un par de cédigos lineales
clésicos y sus distancias minimas. La dimensién de su hull relativo da el pardametro c,
que es el nimero minimo requerido de pares entrelazados maximalmente. Por lo tanto,
en esta situacién més general no requerimos ninguna condicién de auto-ortogonalidad,
pero tenemos un parametro adicional que calcular. En el Articulo B, hemos utilizado
los subcédigos subcuerpo de los cédigos Reed-Solomon proyectivos para construir cédigos
cuanticos de correccién de errores asistidos por entrelazamiento tanto simétricos como
asimétricos.

Dado que hemos visto que la dimensién del hull determina el parametro ¢ del cédigo
cuantico correspondiente, el estudio de los hulls de los cédigos Reed-Muller proyectivos
sobre el plano proyectivo realizado en el Articulo E determina todos los parametros de los
cbdigos cuanticos correspondientes. El entrelazamiento puede mejorar la tasa de trans-
misién del cédigo cuantico correspondiente, pero mantenerlo a lo largo del tiempo puede
ser costoso. Por lo tanto, este compromiso debe ser analizado para cada aplicacion, y
esto también motiva la obtencion de cédigos con diferentes requisitos de asistencia por
entrelazamiento. En el Articulo F, estudiamos cémo cambiar la dimensién del hull de
los cédigos Reed-Muller proyectivos considerando cédigos monomialmente equivalentes,
dando lugar a familias de codigos cudnticos con requisitos flexibles de entrelazamiento.

Uno de los principales problemas para la computaciéon cudntica es la implementacion
tolerante a fallos de puertas non-Clifford. En el Articulo G, estudiamos los cédigos CSS-
T, que son cdédigos cudnticos derivados de la construccién CSS que soportan la puerta
transversal T. Damos una nueva caracterizacion de los cddigos CSS-T, y la usamos para
determinar qué cédigos CSS-T pueden construirse a partir de cédigos ciclicos. Ademss,
obtenemos una regla de propagacién para los cédigos CSS-T no degenerados, y la usamos
para obtener codigos CSS-T con mejores parametros que los disponibles en la literatura.
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Introduction

Linear codes, which were originally considered for reliable communication protocols, have
found many different applications during the last few decades: secret sharing, post-
quantum cryptography, quantum error-correction and quantum fault-tolerant computa-
tion, secure multiparty computation, etc. For each particular application, one needs to
consider different aspects beyond the basic parameters of the codes involved. Two exam-
ples of these aspects of linear codes which are relevant to this thesis are the generalized
Hamming weights and the hulls (for both the Euclidean and Hermitian inner products).
One can impose additional structure on the codes considered to gain insight into these ad-
ditional properties. A flexible framework for this purpose is provided by evaluation codes,
which are obtained by evaluating functions at certain sets of points. Depending on the
choice of functions and points, it is possible to use techniques from Algebraic Geometry
and Commutative Algebra to study the properties of the codes involved.

In this thesis, we further explore the connections between Commutative Algebra and
Coding Theory, with a particular focus on applications to quantum codes. This intro-
duction provides an overview of the main results obtained during the development of the
thesis, and it is organized according to several transversal topics which link the publica-
tions associated to this thesis together.

In Section 1, we introduce the main tools from Commutative Algebra that we use for
the rest of the sections, which can be found in Papers A and C. In Section 2, we use the
aforementioned tools to obtain bases for the subfield subcodes of projective Reed-Solomon
codes and projective Reed-Muller codes. In Section 3, we obtain bounds for the generalized
Hamming weights of projective Reed-Muller codes (Subsection 3.1) and matrix-product
codes (Subsection 3.2). Finally, in Section 4, we derive quantum error-correcting codes
appropriate for both quantum communication (Subsection 4.1) and fault-tolerant quantum
computing (Subsection 4.2), using the results from Sections 1 and 2 (mainly for the case
of quantum communication).

Since in Section 2 we consider several fields, mainly Fys and F,;, we note now that all
the codes are considered to be over F,, except in Section 2, where the original codes
are considered over F,s and their subfield subcodes over [F,. All the references from this
chapter correspond to the global bibliography at the end of this thesis, which collects all
the references mentioned in this introduction and in the publications.

1 Vanishing ideals and Coding Theory

We start this section by introducing evaluation codes, which are one of the main objects
of study of this work. Let F, be a finite field, let R = Fy[z1,..., 2], and let I C R be
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an ideal. We denote by X = Vg (1) = {P1,..., P,} C A™ the finite set of rational points
in which all the polynomials of I vanish. We denote its vanishing ideal by I(X’), and we
define the evaluation map

eva : RII(X) = B2, f+I(X) = (f(P),..., f(Pn)).

This evaluation map provides an isomorphism of F,-vector spaces R/I(X) = ;. We
can consider L a vector subspace of R/I(X) and define the affine variety code C(I,L) as
the image of L under the evaluation map evy. That is:

O(I,L) == eva (L) = {eva(f + I(X)) | f + I(X) € L}.

One of the key aspects of evaluation codes is that, since evy is an isomorphism, we
can identify the codewords of C(I, L) with (classes of) polynomials. Thus, we can use
polynomial-related techniques to gain information about the code C(I, L).

Following a similar idea, one can consider evaluation codes over the projective space
P™. Let I C S =Fy[xo,...,xn] be a homogeneous ideal, and let X = Vpm (I) = {[P1],...,
[P,]} C P™ be the finite set of projective points defined by I with representatives P;. As
before, if we denote the vanishing ideal of X by I(X), we can define the following F-linear
map for each degree d:

s S v ¥g, oo (100 SEDY

fl(Pl)w“’ fn(Pn)

where f; € Sy are fixed homogeneous polynomials satisfying f;(P;) # 0. The image of Sy
under evy, denoted by Cx(d), is called a projective Reed-Muller type code of degree d on X.
By definition, I(X)y = kerevy. Thus, Sg/1(X)y = Cx(d). It can easily be checked that the
basic parameters of the code (length, dimension and minimum distance) do not depend on
the choice of the polynomials f;. These codes have been studied in various contexts [27,28,
125] and they provide a nice connection between Coding Theory and Commutative Algebra
[33,60,96,131]. For example, the length of these codes is given by n = deg(S/I(X)), and
the dimension is given by k = Hx(d) = dim(Sg/I1(X)4). Furthermore, the minimum
distance of Cx(d), and, more generally, its generalized Hamming weights (which we will
introduce in later section), can also be expressed in terms of invariants of the ideal [33,96].
Therefore, the vanishing ideal I(X) plays a crucial role in studying this family of codes.
In many cases, the set of points X is usually given as the projective variety defined by
a homogeneous ideal, and one may wonder how to compute I(X) from this ideal. If
we consider first an affine variety X’ defined by an ideal I C R instead, the answer is
straightforward. The ideal I, = I + I[(A™) = I + (z{ — z1,..., 2, — z,,,) satisfies

Ve, (Ly) = Vi, (1) = Vi, (1) = Vg, (I(X)) = X.

By Seidenberg’s Lemma [85, Prop. 3.7.15], I, is radical. Hence, in this case I, = I(X)
by Hilbert’s Nullstellensatz (also see [55]).

We can replicate this idea in the projective case and consider, for a homogeneous ideal
I C S, the ideal I, = I + I(P™), where

I(P™) = ({afz; — 27,0 <i < j <m})

4
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was obtained in [99]. However, I, is not radical in general. In fact, we have observed that
this ideal is radical only in very specific cases. Since the computation of the radical of an
ideal may be computationally intensive, this raises the question of finding easier ways to
compute I(X). In Paper A, we obtain the following result.

Theorem 1.1 [Thm. A.2.10]. Let I be an homogeneous ideal such that (I(P™) : I) #
I(P™). Let X = Vpm(I) and m = (xq,...,xm) the homogeneous mazimal ideal. Then

I(X) = (I + I(P™)) : m™.

The condition (I(P™) : I) # I(P™) is equivalent to having X # (), which is the case
we are interested in for Coding Theory. Thus, this result provides a more efficient way of
computing I(X) by using the saturation with respect to the homogeneous maximal ideal
instead of computing the radical, since the saturation is regarded as a less computationally
intensive operation than obtaining the radical.

Another approach to study Reed-Muller type codes is to fix the representatives of the
points of P™. Indeed, we can fix the standard representatives, that is, for each point in
P™, we consider the representative with the leftmost nonzero coordinate equal to 1. In
this way, we obtain a set of representatives, denoted P™, which can be regarded as a
subset of A™*!. Analogously, from X C P™ we obtain its set of standard representatives
X c P™ c A™t. We can extend the definition of evy to S, and then we can consider
the code evx(S;), which is monomially equivalent to Cx(d). This gives the isomorphism

evx (Sq) = Sa/(I(X) N Sa) = (Sq + 1(X))/1(X),

and we can also study the properties of the code evx(Sy) (or Cx(d)) by studying the ideal
I(X). To compute I(X), first we consider I(P™), for which we have the following result
from Paper C.

Theorem 1.2 [Thm. C.4.1]. The vanishing ideal of P™ is generated by:

I(P™) =(x3 — zo, 28 — 21,284 — 29,.. ., 0L — 2y, (w0 — 1) (2] — 21),

(0 = 1)(w1 — 1)(23 —2),-.., (w0 — 1) - (251 — Tm1), (w0 — 1) -+ (Tm — 1))

Moreover, these generators form a universal Grébner basis of the ideal I(P™), and we
have that
in(I(P™)) = (xd, 29,23, ... 28, wox?, xox123, ..., ToT1 - T2 1, T0T1 - Ton).-

With this result, we can argue as before and, if we consider a homogeneous ideal I such
that Vg, (I) = X, then I, = I + I(P™!) is radical by Seidenberg’s Lemma [85, Prop.
3.7.15], and I, = I(X) (again, also see [55]).

The most well known family of projective Reed-Muller type codes are obtained when
one considers X = P™. In that case, the code evx(Sy;) is called a projective Reed-Muller
code of degree d, and is denoted by PRMy(q, m), or by PRMy(m) if there is no confusion
about the field. This family of codes was introduced in [88], and their basic parameters
were studied in [125]. In particular, from [125] we have the following results (for the
minimum distance, also see [56,126]).
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Theorem 1.3. The projective Reed-Muller code PRMy(q,m), 1 < d < m(q—1), is an
[n, k]-code with

m+1 .
(m4+1\ [(t—jg+m
=Y e (M)
t=d mod ¢q—1,0<t<d \ 7=0 J Jq
For the minimum distance, we have
wt(PRMg(q,m)) = (¢ — £)¢™ "L, where d—1=r(g—1)+4, 0<{<q—1.

Theorem 1.4. Let 1 <d <m(q—1) and let d* = m(q—1) —d. Then

PRM3 (¢,m) = PRM 1 (g, m) ifd# 0modq— 1,

PRM3 (¢,m) = PRM . (¢,m) + ((1,...,1)) ifd=0mod q— 1.

In [89], it is shown that the parameters of projective Reed-Muller codes can outperform
those of affine Reed-Muller codes. However, projective Reed-Muller codes have received
much less attention than their affine counterpart, and a substantial part of this thesis is
devoted to filling this gap.

To study PRMy(m), we study first how to work over the quotient ring S/I(P™), which
contains (Sq + I(P™))/I(P™) =2 PRMy(m). From Macaulay’s classical result [42, Thm.

15.3], the monomials not contained in in(P™) (sometimes called the footprint) form a basis
for S/I(P™). Therefore, using Theorem 1.5, in Paper C we obtain the following basis.
Lemma 1.5 [Lem. C.4.3]. The set given by the classes of the following monomials
{x{t g xoxh? T TX B2 @ T Tt | 0 < a; < g —1,1 <i<m}
is a basis for S/I(P™).

One can check that there are exactly ¢"+¢™ 14 +q+1= (¢ -1)/(¢—1) = |P™|
monomials in the basis.
Example 1.6. We have in(I(P)) = (2% 23 2125) and in(I(P?)) = (2%, 2 2 2123,
x1x9w3). For ¢ = 4, we have the following footprints:

S/I(P!

‘1 /( ) 2 S/[<P2>

4 9---0---0---0
i |

® e e e ¢
¢ :

® o e e 9
¢ :
: °

@
[ }
v
=
o
=
o
\
1
.\
[ ]
[ ]
\r§
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We have used different colors to show the correspondence between the number of mono-
mials in the footprint and |P™|. For m = 2 and q¢ = 4, we obtain 42 = 16 monomials
in black, which is the number of points of A%, and 4 + 1 = 5 monomials in blue or red,
corresponding to the line at infinity, which can be regarded as an affine line (monomials
in blue) and a point at infinity (monomial in red).

Additionally, in Theorem C.4.4, we prove how to reduce any monomial with respect to
the Grobner basis from Theorem 1.2, thus obtaining its expression in terms of the basis
from Lemma 1.5. These are the main tools we use to study projective Reed-Muller codes
and to obtain applications in the following sections.

2 Subfield subcodes

Given a code C' C Fys, its subfield subcode is the linear code C'NFy, which we denote C;
(it can be denoted by C? as well). Considering subfield subcodes is a standard technique
for constructing long linear codes over a small finite field. For instance, BCH codes can
be seen as subfield subcodes of Reed-Solomon codes [13]. In the multivariate case, the
subfield subcodes of J-affine variety codes are well known [47] (in particular, the subfield
subcodes of Reed-Muller codes) and have been used for several applications [46,52]. The
main problem that arises when working with subfield subcodes is the computation of a
basis for the code, which also gives the dimension. In this section, we study the subfield
subcodes of projective Reed-Solomon codes, which can be regarded as doubly extended
BCH codes, and projective Reed-Muller codes. Throughout this section, the polynomial
rings are understood to have coefficients in Fs, and the codes are understood to be over
Fys except when considering subfield subcodes, which are assumed to be over F,.

We introduce first projective Reed-Solomon codes. We consider X C P! (over Fgs),
and the polynomial ring S = Fys[x,z1]. Given A C {0,1,...,n — 1}, we define d(A) :=
max{i | i € A}. The projective Reed-Solomon code associated to A and X is the code
generated by

{evx (ag D al) i € A},

which will be denoted by PRS(X,A). Given a degree 1 < d < ¢°, the most standard
definition of projective Reed-Solomon code in the literature is the code PRS(P!, Ay),
where Ay := {0,1,...,d}. The code PRS(P!,A,) is also called doubly extended Reed-
Solomon code and its parameters are [¢° + 1,d 4+ 1,¢° — d + 1]. This code can be regarded
as a projective Reed-Muller code in 1 variable.

For the evaluation points X, we are going to consider a subgroup of the multiplicative
group Fy., plus zero and the point at infinity. Indeed, given N such that N —1 | ¢ —1,
we define Yy to be the zero locus of (z" — ), that is, a multiplicative subgroup of
F#. plus zero, and Xy = ({1} x ¥,,) U{(0,1)} € P'. For convenience, we will denote
PRS(N,A) := PRS(Xxn,A). With this notation, doubly extended Reed-Solomon codes
are denoted by PRS(¢®, Ag). In general, for the codes PRS(IV, A) we have the parameters
[N+ 1,|Al,> N —d(A) +1].

We will say that a polynomial evaluates to F, in X if evx(f) € Fy. The following result,
which partially appears in Papers B and C, is crucial for relating the subfield subcodes of
codes over the affine space and the projective space.
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Lemma 2.1 [Lem. B.3.1 and Lem. C.2.6]. Let Xy C P'. Then f € Fys[zo,71] eval-
uates to Fy in Xy <= f(1,21) evaluates to Fy in Yn and f(0,1) is in F,. For
the case m > 2, one has that f € Fys[zo,...,zn] evaluates to Fy, in P™ if and only
if f(L,x1,...,2m), f(0,1,29,...,2m), f(0,0,1,23,...,2m),..., and f(0,0,...,0,1,2,,)
evaluate to Fy in A™, Am—L A™=2 A, respectively, and f(0,...,0,1) € Fy.

Since bases for subfield subcodes of Reed-Solomon codes and the subfield subcodes of
affine Reed-Muller codes are known [47], by homogenizing those polynomials we get can-
didates for polynomials that evaluate to F, in the projective space, because the homog-
enization will automatically satisfy that, when setting x¢y = 1, the resulting polynomial
evaluates to F, (the first condition in Lemma 2.1 for both P! and P™). For simplicity, we
show next how to use this Lemma to obtain bases for the subfield subcodes of projective
Reed-Solomon codes only. The details for the case of projective Reed-Muller codes are in
Paper C. First, we need to introduce the notation of cyclotomic sets and trace functions.

For N such that N —1 | ¢°* — 1, we define Zy = {0} UZ/(N — 1), where we represent
the classes of Z/(N — 1) by {1,...,N}. A subset J of Zy is called a cyclotomic set with
respect to ¢ if -z € J for any z € J. J is said to be minimal (with respect to ¢) if it can be
expressed as J = {q¢' - 2,i = 1,2,...} for a fixed z € J, and in that situation we will write
J,: =T and n, = |J,|. We say z is a minimal representative of J, if z is the least element
in J,, and we will say it is a maximal representative of J, if it is the biggest element. We
will denote by A the set of minimal representatives of the minimal cyclotomic cosets, and
by B the set of maximal representatives of the minimal cyclotomic cosets.

Given a degree d and a polynomial f(x) € Fys[z1] with deg(f) < d, its homogenization
up to degree d is the homogeneous polynomial f*(xg,x1) := 2df(21/z0) € Fys[20, 21]a-
For each a € A, we define the following trace map:

Ta: Fos[z1]/I(YN) = Fos[za]/I(YN), f> [+ [T+ + fq("a*)7

and given A C {0,1,..., N — 1}, we denote Aj := ;. ca Ja C A.

Consider f € Fy[x1]. We choose for 7,(f) the representative of the class in Fgs[z1]/1(Yn)
which has the exponents of each monomial reduced modulo ¢° — 1. Given d > 1, if the
degree of To(f) is lower than or equal to d, then we define T*(f) := (T2(f))". With this
notation, in Paper B we obtain the following basis for PRS(NV, A),,.

Theorem 2.2 [Thm. B.3.4]. Let N | ¢°—1, let A be a nonempty subset of{0,1,..., N—1},
and let d = d(A). Set & a primitive element of the field Fyn,. A basis for PRS(N,A), is
gwen by the image by evx, of the following polynomials.

If 35 C A:

U  (BEaho<r<m— 13 u{78 @)
beB|TpCAb<d

If 34 ¢ A:

U {7gahlo<r<n,—1}
beB|T,CA

As a corollary, one can deduce a formula for the dimension of these subfield subcodes.

8
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Corollary 2.3 [Cor. B.3.7]. The dimension of PRS(N,A), is the following:

Z nb—(nd—l): Z ny+ 1 ideCA

dim PRS(N,A), = be&zjb:CA - reB A otherwise

beEB:JL,CA
For the minimum distance, since PRS(N, A), C PRS(N, A), we always have
wt(PRS(IV,A)q) > N —d(A) + 1.

For some applications (e.g., for quantum codes) it is useful to also have a basis for the
dual of the code. The following result is due to Delsarte [38] and is often used to study
the dual of subfield subcodes.

Theorem 2.4. Let C C IE‘ZS be a linear code.
1 1 1L
Cq =(CnN FZ) =Tr(C),

where Tr : Fgs — Fy maps x to v+ a9+ -+ + 27" and is applied componentwise to C+.

The dual of PRS(N, A) is studied in Paper B. We show that PRS(NV, A)* is not gen-
erated by the evaluation of some monomials unless p | N (where p is the characteristic
of Fys) or wt(PRS(IV,A)) = 1. For the case p | N, we obtain a basis for PRS(N, A)* in
Proposition B.4.10. This result, together with Delsarte’s theorem, allows us to obtain a
basis for (PRS(N, A),)* in Theorem B.4.14.

Following the ideas from [53], we can evaluate at the zeroes of a trace (plus the point
at infinity). In that case, instead of having a formula for the dimension, we only have a
lower bound, which gives room for improvements in some cases. Indeed, by doing this, in
Paper B, we obtain codes with parameters [129, 90, 15]4, [129,86,16]4 and [129,41, 44],.
In [64], a construction for a code with parameters [129,86,16]4 is missing, and the pa-
rameters [129, 90, 15]4 and [129, 41, 44], exceed the best known values. By shortening and
puncturing, we obtain 22 new codes in total, whose parameters improve the ones in the
table or whose construction was missing.

For the case of projective Reed-Muller codes, for m = 2 we obtain explicit bases for
their subfield subcodes and for the duals thereof in Paper C. To understand the linear
independence of the evaluation of the polynomials involved, the crucial tool is considering
the normal form of these polynomials with respect to the Grébner basis from Theorem
1.2.  When increasing m, the computations get increasingly involved. We give now a
complementary approach, using the recursive construction from Paper D, which allows
us to obtain bases for the subfield subcodes of projective Reed-Muller codes for any m
for some particular degrees. We start with the aforementioned recursive construction.
We denote by RMy(m) the affine Reed-Muller code of degree obtained by evaluating the
polynomials of degree < d in m variables.

Theorem 2.5 [Thm.D.3.1]. Let 1 < d < m(q® — 1) and let £ be a primitive element in
Fys. We have the following recursive construction:

PRMg(m) = {(u + veq,v) | u € RMg_1(m),v € PRMg(m — 1)},

where ve g = v X £ x -+ x €2y x {0} = (v, &%, 2, ... T2y ).

9
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This is reminiscent of what happens with binary Reed-Muller codes, which can be con-
structed recursively using the (u,u + v) construction. Also note that, more generally,
g-ary Reed-Muller codes can be constructed recursively using a matrix-product code con-
struction [16]. For some particular degrees, this construction translates for the subfield
subcodes.

Corollary 2.6 [Cor. D.4.2]. Let £ € Fys be a primitive element. Let m > 1 and let
dy = /\qqffl1 for some A € {1,2,...,m(q —1)}. Then we have

(PRMg, (m))g = {(u + v¢a,,v),u € (RMg,—1(m))g,v € (PRMqg, (m — 1))q}-
As a consequence, we obtain:
dim((PRMag, (m))q) = dim((RMg, —1(m))y) + dim((PRMg, (m — 1)),).

We see that, for those particular degrees, we obtain the dimension of the subfield subcode
in a recursive manner. The dimension of the subfield subcodes of affine Reed-Muller codes
is known, and the formula can be applied recursively until it depends on the projective
Reed-Muller codes over P2 or P!, for which we know the dimension of their subfield
subcodes by Papers B and C. In a similar recursive way, it is also possible to derive a basis
for (PRMg, (m))q from bases of subfield subcodes of affine Reed-Muller codes (which are
known [47]) and subfield subcodes of projective Reed-Muller codes in less variables.

In Table 1 we show the parameters of some subfield subcodes of projective Reed-Muller
codes. All codes presented in Table 1 exceed the Gilbert-Varshamov bound, and some of
them have the best known parameters according to [64]. More examples can be found in
Papers C and D.

Table 1: Parameters of some subfield subcodes of projective Reed-Muller codes arising
from the recursive construction.

[als[m[A] n [k ]|wiO)=]
2121211 21 9 8
212131 8 |16 32
2121312 85 |60 8
319121 91 9 54
41212 |1 273 |9 192
52| 2|11 651 | 9 500
7121212451 9 2058

3 Generalized Hamming weights

The generalized Hamming weights (GHWSs) of a code, introduced in [132], are a set of
parameters that generalizes the minimum distance of a code. As such, they give finer
information about the code, and, in terms of applications, they characterize the perfor-
mance of the code on the wire-tap channel of type II and as a t-resilient function [132],
and they also have applications to list decoding [62,69]. Moreover, for certain families
of codes, they are interesting by themselves, e.g., for projective Reed-Muller codes, they

10



Introduction

give the maximum number of solutions of a system of homogeneous polynomial equations
in the projective space over a finite field. In this thesis, we have studied the GHWs of
projective Reed-Muller codes and matrix-product codes (which we will define later).

To introduce the GHWs of a code, we first start with the notion of support. Let C' C Fy,
and let D C C be a subcode. The support of D, denoted by supp(D), is defined as

supp(D) :={i | Fu= (u1,...,uy) € D, u; # 0}.
The r-th generalized Hamming weight of C, denoted by d,.(C'), is defined as
d,(C) := min{|supp(D)| | D is a subcode of C with dim D = r}.

Remark 3.1. Note that we use the notation d,.(C) for the r-th generalized Hamming
weight, and d; for some particular degree (depending on i) in some results. There is no
confusion between the two notations since d,(C') always makes reference to the code C.

For ease of notation, throughout this thesis we will denote do(C) = 0, and d,(C) = oo
if r > dimC. The GHWs satisfy the following general properties for any linear code C,
as shown in [132].

Theorem 3.2 (Monotonicity). For an [n, k] linear code C with k > 0 we have
1<di(C) <da(C) < -+ < di(C) <.
Corollary 3.3 (Generalized Singleton Bound). For an [n, k] linear code C' we have
d(C)<n—k+r, 1<r<k.
Remark 3.4. As a consequence of the previous results, for an MDS code C' we have
d.(C)=n—k+r,
forall 1 <r <k.

In the following subsections, we show the results we have obtained in Papers D and H
regarding the GHWs of projective Reed-Muller codes and matrix-product codes.

3.1 GHWs of projective Reed-Muller codes

The GHWs of affine Reed-Muller codes were completely determined more than 20 years
ago in [72]. However, the computation of the GHWs of projective Reed-Muller codes in
general remains an open problem and only partial results are known [9,17,36]. In [11],
many of the previous results and hypotheses are collected, and the authors obtain the
GHWs of projective Reed-Muller codes in some cases for degree d < ¢. In Paper D, we
use the recursive construction from Theorem 2.5 to give a recursive lower bound for the
GHWs of a projective Reed-Muller code of any degree, which we show next (note that we
use ¢ instead of ¢°, which is what we used in Section 2 since we were considering subfield
subcodes).

11
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Theorem 3.5 [Thm. D.5.7]. Let 1 < d < m(q—1) and 2 < r < dim(PRMgy(m)). We
consider

v = (o) max{r — dimRMy_;(m),0} < a < min{dim PRM4(m — 1),7}
U\ max{r — dim RMg4(m),0} <~ < min{dim PRMy_,_1)(m —1),a} [~

Then we have
d.(PRMg(m)) > min Bg.~,

where By, is defined as

B, ~ :=max(dr—~(RMg(m)), dr—o(RMg_1(m)))
+ max(do (PRMy(m — 1)), d, (PRM,_(,_1)(m — 1))).

We say that the bound is recursive because it bounds the GHWs of PRMg4(m) using the
GHWs of affine Reed-Muller codes (which are known [72]), and the GHWs of projective
Reed-Muller codes in less variables. For m = 1, projective Reed-Muller codes are doubly
extended Reed-Solomon codes, which are MDS and, thus, we know their GHWs by Remark
3.4. With the GHWs of doubly extended Reed-Solomon codes, we can bound the GHWSs
of projective Reed-Muller codes over P?, which can be used to bound the GHWs for
P3, etc. There is another bound for the GHWs of projective Reed-Muller codes, the
projective footprint bound, which is a generalization of the well known footprint bound
to the projective case [10,96]. In all the cases we have checked, the bound from Theorem
3.5 is greater than or equal to the projective footprint bound, and in many cases it is
strictly greater. Moreover, the bound from Theorem 3.5 has proven to be much less
computationally intensive to compute in our experiments than the projective footprint
bound.

Since this result mainly depends on the recursive construction from Theorem 2.5, in
Paper D we also use Theorem 2.6 to obtain a recursive bound for the GHWs of the
subfield subcodes of projective Reed-Muller codes for some degrees.

To complement the lower bound from Theorem 3.5, we obtain the following upper
bound.

Lemma 3.6 [Lem. D.5.8]. Let 2 < r < max{dim RMy_1(m),dim PRMy(m — 1)} and
1<d<m(q—1). Then

dy(PRMg4(m)) < min{d,(RMg4_1(m)),q - d-(PRMyg(m — 1))}.

Note that the previous result only gives a nontrivial bound if » < dimRMy_1(m) or
r < dim PRMg(m — 1). This upper bound, together with the monotonicity of the GHWs
3.2, allows us to obtain a criterion for verifying that the bound from Theorem 3.5 is sharp
in many cases. In Table 2, we show the values we obtain for ¢ = 4 and m = 2. We use
dots when the GHWSs grow by one unit when increasing r by one unit (note that, for these
values, we obtain the exact value of the GHWSs). Thus, with the general properties of the
GHWs and our bounds, we obtain the exact value of the GHWSs, except in 6 cases.

This table can be improved by considering the following result from [132].

Theorem 3.7 (Duality). Let C' be an [n, k| code. Then

{d(C):1<r<k}={12,....,n}\{n+1—-d.(CH):1<r<n-—k}.

12
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Table 2: Generalized Hamming weights for ¢ = 4, m = 2.

d\r 2 3 4 ) 6 7 8 9 10 11 --- 20
1 20 21

2 15 16 19 20 21

3 |10-11 11-12 14 15 16 18 19 20 21

4 o-7 8 9-10 10-11 12 13 14 15 16 17

5 4 5-6 7 8 9 10 11 12 13 14

6 3 4 5 6 T &8 9 10 11 12 --- 21

The set {d,(C) : 1 < r < k} is called the weight hierarchy of the code C. From
Theorem 3.7 we see that the weight hierarchy of a code is completely determined by the
weight hierarchy of its dual, and vice versa. Since we know that, for d # 0 mod ¢ — 1, the
dual of a projective Reed-Muller code is also a projective Reed-Muller code by Theorem
1.4, for a given code PRMg4(m) we can apply our bounds to its dual code and obtain
additional information about the weight hierarchy of PRMg(m). In this way, for the case
d # 0 mod g — 1, we improve the values from Table 2 to the ones in Table 3. We note that
we obtain the exact value of all the GHWs with d # 0 mod g — 1 in this case. Further
examples can be found in Paper D.

Table 3: Improved table of the generalized Hamming weights for ¢ = 4, m = 2, with
d# 0mod g — 1.

dr|2 3 4 5 6 7 8 9 10 11 --- 18
1 |20 21

2 |15 16 19 20 21

415 8 9 11 12 13 14 15 16 17

514 5 7 8 9 10 11 12 13 14 ... 21

3.2 GHWs of matrix-product codes

Matrix-product codes (MPCs) were introduced by Blackmore and Norton in [16]. These
codes have been object of study for many different applications [50,51,92,93]. From the
properties of the constituent codes, one can derive properties of the corresponding MPC.
Most notably, one can obtain a lower bound for the minimum distance of the MPC from the
minimum distances of the constituent codes [16], but one can also derive self-orthogonality
properties for some matrices [51,81,95] or decoding algorithms [73,74,77].

The aim of this subsection is to study the GHWs of a MPC in terms of those of its
constituent codes. By doing this, one can consider families of codes with known GHWs,
and derive different codes with bounded GHWs using the MPC construction. This allows
us to substantially expand the families of codes for which we have bounds for their GHWs.
Some of the results of in subsection are reminiscent of the results from Section 3.1, since
the techniques are inspired by the ones used in Paper D. This is mainly due to the fact
that the recursive construction from Theorem 2.5 resembles the (u,u + v) construction,
a particular case of a matrix-product code construction. We start by defining MPCs as
in [16].

13
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Definition 3.8. Let C1, ..., Cy C Fy be linear codes of length n, which we call constituent
codes, and let A = (a;j) € Fth be an ¢ x h matrix, with ¢ < h. The matriz-product code
associated to A and C1i,...,Cp is denoted C' = [Cy,...,Cy] - A, and it is the set of all

matrix products [v1,...,vs] - A, where v; = (v, ..., vp)" € Cj is an n x 1 column vector,
fori=1,...,¢. Thus, the codewords of C' are n x h matrices
v11a11 + o+ veder v V1AL 0o+ Velen
c= : : :
Up1a@11 + -+ UneQgr v - UplQip + 0+ UngQen

Let us denote by R; = (a;1,...,a;) the element of }FZ given by the i-th row of A, for
1 < i < {¢. We denote by di(Cp,) the minimum distance of the code Cg, generated by
(Ry,...,R;) in F. In [106] it is proven that

dy(C) > min{d1(C1)d1(Ch,), ..., d1(Co)d1(Cr,)}, (3.1)

where d;(D) denotes the minimum distance the code D. Moreover, in [74], the authors
prove that the previous bound is sharp if Cy C --- C C;. When working with MPCs, it is
usual to consider the following condition, introduced in [16].

Definition 3.9. Let A be an ¢ x h matrix, and let A; be the matrix formed by the first
t rows of A. For 1 < j; < .-+ < jy < h, we denote by A(j1,...,j:) the t X ¢t matrix
consisting of the columns ji,...,j; of A;. A matrix A is non-singular by columns (NSC)
if A(j1,...,7¢) is non-singular for each 1 <t </Zand 1 < j; <--- < jy < h. In particular,
an NSC matrix has full rank.

In [16] it is shown that, if A is NSC, then the codes Cp, are MDS, for 1 < i < {. This
implies that the bound (3.1) becomes

dl(C) > min{hdl(C’l), (h — 1)d1(Cg), e (h — 0+ 1)d1(Cg)} (32)

for the case of an NSC matrix. One of the goals of this subsection is to generalize the
bounds (3.1) and (3.2) to the case of the GHWs of C.
We start by considering a 2 x 2 NSC matrix A. If we denote

A (an &12> 7
a1 a2
since A is NSC, we have a1; # 0, 1 < j < 2, and we will assume (without loss of generality)

that age # 0. The following result from Paper H bounds from below the GHWSs of a MPC
in terms of the GHWSs of sums and intersections of the constituent codes.

Theorem 3.10 [Thm. H.3.1]. Let C1,Cy C Fy, and let C = [C1, Cs] - A, with A as above.
Let 1 <r <dimC and consider

max{r — dim(C; + C3),0} < oy < min{dim Cy, r}
Y = (¢ (a1,02) : max{r — dim(C; + C2),0} < as < min{dim(C; N Cs),r}
ap+az <7

Then

d,.(C) > i B, ,
r( )_(m{ggley Q1,00
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where
Bal,az = max{dr_al (Cl + Cg), da2 (Cl N 02)} + max{dT_QQ (01 + CQ), dal (02)}

For the case in which the constituent codes are nested, a lower bound for the MPCs of
a code with any number of constituent codes is given in Paper H, in terms of the GHWs
of the constituent codes. We show next the explicit bounds we obtain for the case of two
and three constituent codes, which are the most frequent cases for applications.

Corollary 3.11 [Cor. H4.3]. Let C2 C C1 C Fy, C = [C1,Cq] - A, for some 2 x 2 NSC
matriz A. Consider 1 <r < dim C7 4+ dim Cs, and let

Y = {(al,ag):

max{r —dim C1,0} < o; < min{dim Cy, 7}, 1 <i <2
apt+ax <r '

We consider
Bay,ay = max{dy o, (C1), day (C2)} + max{d, o, (C1), da, (C2)}-

Then

d.(C) > N Ba o
()—<af;;?ey 10

For the following result, when a subindex is greater than 3, we consider its reduction

modulo 3. For instance, for i = 2, we have ;41 + a2 = a3 + .

Theorem 3.12 [Thm. H.4.4]. Let C3 C Co C Cy C Fy and C = [C1,C%,Cs] - A, for some
3 x 3 NSC matriz A. Let 733! .= Z%O X ZSEO X L>p. Consider 1 <r < Z?Zl dim C, and
let
0<v <dimC3, 1<:<3
max{r — dim C1,yi41 + Vit2} <oy, 1 <0 <3

Y =< (a,7,8) € 2331 . Qit1 t Qipe — 7 < B, 1<i<3
3
8 < min {Z@‘i — ), dim Cy + min{e;,1 <7 < 3},r}
i=1

For (a,v,pB) € Y, we consider

3
Bav%ﬁ = Z max{d?’—ai (01)7 dﬂ*@i (02)7 d'Yi (03)}
=1

Then we have
d.(C)> min B .
{02 ey B
Note that Theorem 3.10 simplifies to Corollary 3.11 when assuming Cy C Cy. Moreover,
for r = 1, both Corollary 3.11 and Theorem 3.12 reduce to the bound (3.2). Therefore,
they can be seen as a generalization of the usual bound for the minimum distance of
MPCs.
In Paper H, for the nested case we also provide an upper bound for the GHWs of MPCs,
which is very similar to the bound (3.1) (we recall that this bound is known to be sharp
for the nested case).
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Proposition 3.13 [Prop. H.5.1]. Let Cp C --- C Cy, and C = [C4,...,Cy| - A, where
AC Fth and has full rank. Let 1 <r < dimC; and let 1 < i < £ be such that r < dim Cj.
Then

4,(C) < d,(C:)di(Cr,).

As a sample of what can be obtained with our results for particular families of codes, we
show the following result for Reed-Solomon codes. Here, RS(k) denotes a Reed-Solomon
code of length n < ¢ and dimension k.

Theorem 3.14 [Thm. H.6.1]. Let 1 < ko < ki <n<gq, let AC ngz be a NSC matrizx,
and let RS(k1, k2) := [RS(k1), RS(k2)] - A. For 1 <r < dimRS(ky, k2) = k1 + ka, we have

2n +r — (k1 + ko) if > max{ky — ko, ka},

R = {min{2dr(RS(k’1))adr(RS(kZ))} ifr < max{ky = ko, ko)

4 Applications to quantum error-correction

The interest in quantum computation is rapidly growing due to the possibility of imple-
menting algorithms with exponential speedups with respect to the classical counterparts,
e.g., Shor’s algorithm for finding prime factors of an integer [124]. In this setting, we are
mainly interested in quantum computing and quantum communication. In both scenarios,
due to noise and decoherence, the physical qudits can be subject to errors. Similarly to
the classical case, one can consider quantum error-correcting codes (QECCs), first intro-
duced by Shor [123], which allow us to recover the correct quantum state as long as the
amount of errors does not surpass the error-correction capabilities of the QECC. Unlike
the classical scenario, there are (at least) two types of errors we can consider for qudits,
namely qudit-flip and phase-shift errors, which are not equally likely to occur [79,121].
This gives rise to asymmetric QECCs, which have two minimum distances, §, and J,,
meaning that they can correct up to | (9, — 1)/2] qudit-flip errors and [(d, — 1)/2] phase-
flip errors, respectively. However, most known families QECCs are symmetric, meaning
that they only consider one minimum distance § = min{d,, d.}, that is, they are assumed
to have the same error-correction capabilities for each type of error. For instance, one of
the constructions we will see below only works for the symmetric case.

Focusing on the problem of constructing quantum codes, Calderbank and Shor [23], and
Steane [127], independently showed how to use classical codes to construct QECCs. These
constructions require self-orthogonal classical codes with respect to the Euclidean or Her-
mitian inner product, and the respective constructions are known as the CSS construction
and the Hermitian construction, respectively. By considering entanglement between the
encoder and the decoder, it is possible to construct entanglement-assisted error-correcting
codes (EAQECCs) [21,48] with higher rate than usual QECCs. Even though creating and
maintaining entanglement between the encoder and the decoder can be costly, the increase
in rate and the fact that EAQECCSs can be constructed from classical codes that are not
necessarily self-orthogonal make these codes good candidates for quantum communication.
Since EAQECCs are a generalization of QECCs, we state now the CSS construction in its
general form for EAQECCs [48].
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Theorem 4.1 (CSS construction). Let C; C Fy be linear codes of dimension k;, for
i =1,2. Then, there is an asymmetric EAQECC with parameters [[n, k, 0, /04;c|]q, where

c=k —dim(C;NCY), Kk =n— (k + ko) + ¢,
5, = wt (Cf‘\(Cf‘ﬂCg)) and 8, = wt (cj\(c;mcl)).

With respect to the parameters of a quantum code, the length n is the number of physical
qudits used, the dimension x is the number of logical qudits, and the meaning of §, and &,
in terms of error-correction capabilities was explained previously. Let 07 := dl(C'lL) and
8 = dq1(Cy). If §, = 6% and 6, = J%, we say that the corresponding EAQECC is pure (or
nondegenerate), and we say it is impure (or degenerate) if §, > 8% or 0, > 6.

Regarding ¢, this parameter determines the minimum number required of maximally
entangled pairs. Note that if we take C; C C3-, then ¢ = 0. Indeed, the parameter c is
determined by the dimension of the relative hull of C; with respect to Cy, which is defined
in [3] as

Hulle, (C) := C, N Cy-.

This justifies the study of the hulls of certain families of codes, since, together with the
minimum distance and dimension, they determine the parameters of the corresponding
EAQECC.

For the Hermitian construction, we have to introduce first the Hermitian inner product.
Let C C }FZQ. The Hermitian product of two vectors v, w € ]FZ]Z is defined as

n
_ onyd
v-hw—g VW,
i=1

The Hermitian dual of a code C' C T}, is defined as Chr:={ve B |vpw=0,Vwe C}.
With this notation, we can introduce the Hermitian construction [48].

Theorem 4.2 (Hermitian construction). Let C C i, be a linear code of dimension k and
C-tr its Hermitian dual. Then, there is an EAQECC with parameters [[n, k, 0; c]],, where

c=k—dim(CNC), k=n—2k+c, and §=di(C\ (CNC)).

We note that this construction considers only the case of symmetric QECCs. Let 6* =
di(C*+#). In the symmetric case we say that the corresponding EAQECC is pure (or
nondegenerate) if § = 6*, and impure (or degenerate) otherwise. Similarly to the Euclidean
setting, we can define the Hermitian hull of C' as

Hull! (C) = CcnCtr,
which determines the parameter ¢ for the EAQECCs obtained from the Hermitian con-
struction.

4.1 Quantum communication

In this section we highlight some of the results of this thesis which are better suited for
quantum communication, although the codes that we obtain in this section with ¢ = 0
could also be considered for fault-tolerant computation.
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In Paper B, we use subfield subcodes of projective Reed-Solomon codes (mentioned in
Section 2) to construct EAQECCs with both the CSS construction and the Hermitian
construction. Recall the notation Ay = (J; - Ja C A, and we also introduce A+ =
{a € {0,1,...,.N =1} | @« # N —1—h,h € A}. Also recall that N —1 | ¢°* — 1. The
following result shows the parameters of the asymmetric EAQECCs obtained with subfield
subcodes of projective Reed-Solomon codes.

Theorem 4.3 [Thm. B.5.11]. Let 1 < dy,ds < N — 1, such that d; € B, for i = 1,2, and
p | N. We consider Ag; = {0,1,...,d;} and we denote Ay = Ay, \ {d;}, fori=1,2. If
((A&l)g)J— C (A}, )3, then we can construct an asymmetric EAQECC with parameters

[V +1, Z ny + Z ny+2—N,0,/0x:1]]q,
beB,b<dy beB,b<ds

where 6, > N —dy +1, 0, > N —dy + 1.

The codes from this construction are shown to outperform the ones obtained with BCH
codes in [49] in Paper B.

Given a; € A, we denote by a] the minimal element in A such that Ja; = J_4a;- Let
A = _yT.,. We denote At := {0,1,...,N — 1} \ Ul_yJo- With the Hermitian
construction, the following result is obtained using subfield subcodes of projective Reed-
Solomon codes.

Theorem 4.4 [Thm. B.5.15]. Let A = {ap = 0 < a1 < ag < --- < ay} be the set of
minimal representatives of the cyclotomic sets J,,, 0 < i < z, of {0,1,...,N — 1} with
respect to q>. Let A = |24 34, U {ay} such that d(A) < N — 1 and A" < (A")1r.
Then we can construct an EAQECC with parameters [[n, k,> J;c]]y, where n = N + 1,
R:N+1—2(Z§:0nai)+c, d=a;+2 and c < 1.

From this construction, we find 16 new EAQECCs over Fo, which improve the table for
EAQECCs from [64].

In Paper E, we study the relative and Hermitian hull of projective Reed-Muller codes
over the projective plane. Since the dual of a projective Reed-Muller code is another
projective Reed-Muller code by Theorem 1.4 (if d # 0 mod ¢ — 1), to study the relative
hull we can study PRMy, (2) N PRMy,(2) instead. A similar approach can be taken for
the Hermitian hull, but we focus on the relative hull now for simplicity. In Paper E, we
obtain the following result.

Corollary 4.5 [Cor. E.3.11]. Let1 < d; <ds <2(q—1). Let ky = dimRMgy,_1(2). Ifd) =
dy mod ¢ — 1, then dim(PRMy, (2) " PRMg,(2)) = dim PRMy, (2). If di # d2 mod q — 1,
then

k1 ifde <q—1,
ChIl’l(P}.{[\/[d1 (2) N PRMd2 (2)) =<k + min{dl, dy — (q — 1)} ifdy < q—1<do,
k1+d2—q+2 Z'fqul.

The techniques used to obtain this result are based on the results from Section 1. In
fact, in Paper E, we obtain a set of polynomials such that its image by the evaluation map
gives precisely the relative hull of the corresponding projective Reed-Muller codes. An
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interesting aspect we encountered is that the relative hull (and the Hermitian hull) is not
a monomial code in some cases, even though projective Reed-Muller codes are monomial
codes (in the sense that they can be generated by the evaluation of monomials). This
is specially relevant for the Hermitian case, and it makes the computation for that case
much more involved.

By obtaining the dimension of the relative and Hermitian hull, we find all the parameters
for the EAQECCs constructed with projective Reed-Muller codes over the projective plane.
We obtain the following results from the CSS construction.

Theorem 4.6 [Thm. E4.4]. Let 1 < d; <dy <2(q—1),d; +dy #0modgq—1, d #
q—1#dy. Let ky = dimRMg,1(2) and ko = dimRM; _(2), where dy = 2(q — 1) — da.
Then we can construct an asymmetric EAQECC with parameters [[n, k,0,/0z;c|lq, where
n=q¢+q+1, k=n—(dmPRMg(2) + dimPRM4,(2)) + ¢, 5. = wt(PRM;, (2)),
0p = Wt(PRMdLl (2)), and the value of c is the following:

1. Ifdy+do < 2(q—1):

. d1+1—min{d1,q—l—d2} ifd2<q—1,
S \di+1 if ¢ < da.

2. If dy +dp > 2(qg — 1):

c— ki —ko+dy+1 ifd1<q—1,
ki — ko +q+1—min{dy,dy — (¢ —1)} ifqg<d.

Moreover, this code is pure.

Since the use of entanglement provides both advantages (e.g., more rate) and disadvan-
tages (it can be costly to maintain entanglement), for each application one might require
different amounts of maximally entangled pairs. This gives rise to the study of families of
codes with flexibility regarding the parameter c. Such flexibility can be achieved by chang-
ing the dimension of the hull via monomially equivalent codes. For this purpose, we need
to introduce the following notation. The Schur product of two vectors x = (x1,...,zy)
and y = (y1,...,yn) in Fy is defined by

xxy = (T1Y1, ..., TnYn).

The Schur product of two codes C1,C2 C Fy, denoted by C x Cy, is defined as the code
generated by the vectors
{01 *Co . C € Cz} C IFZ

The main result we use for the Euclidean case is the following theorem from [3].

Theorem 4.7. Fori = 1,2, let C; be [n, k;]q codes with ¢ > 2. For any { with max{0, ki —
ko} < £ < maxwt((CyxC2)") —n+ ky, there exists a code C1 ¢ equivalent to Cy such that

dim Hullg, (C ¢) = ¥.

In particular, if maxwt((Cy * C)*) = min{n, 2n — ky — ko}, £ runs over all the possible
values of dim Hulle, (C1), where CY is a code equivalent to C.
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For the Hermitian case, we obtain a similar result by combining the following results
from [31] and [91], respectively.

Theorem 4.8. Let C C F2 be a linear code. If there is a vector v € ((C  C1)L), with
wt(v) = n, then (v) *C C ((v) x C)**, d.e., (v)x C is self-orthogonal with respect to the
Hermitian product.

Theorem 4.9. Let ¢ > 2 and let C' C Fy, with dim Hully(C) = €. Then there exists a
monomially equivalent code Cp with dim Hully (Cyp) = ¢/, for each 0 < ¢/ < £.

In Paper F, we use these results to provide families of EAQECCs obtained with the
CSS and Hermitian constructions using projective Reed-Muller codes, as we show next.

Theorem 4.10 [Thm.F.3.7]. Let 1 < d; < dy < q — 2 such that di + d2 < q — 2.
Then we can construct a quantum code with parameters [[n, Kk + ¢, 0, /0z;c]lq, for any 0 <

¢ < dimPRMy, (m), where n = %11_1, k = n — (dim PRMy, (m) + dim PRMg, (m)),

0, > Wt(PRMdL2 (m)) and 0, > Wt(PRMdL1 (m)).

Theorem 4.11 [Thm. F.4.6]. Let 1 < d < ¢ —2. Then we can construct an EAQECC
q2(m+1)_1

with parameters [[n, k + ¢, 8;c]lq, for any 0 < ¢ < dim PRMy(q?, m), where n = e

k = n — 2(dim PRMg4(¢?,m)) and § > wt(PRM 1 (¢%,m)).

With these constructions, we obtain many codes surpassing the quantum Gilbert-
Varshamov bounds from [44,98]. Moreover, we are also able to derive QECCs (without
entanglement assistance) with subfield subcodes of projective Reed-Muller codes, using
the results from Paper D.

4.2 Fault-tolerant quantum computing

For this subsection, we only consider the case ¢ = 2, and we therefore write qubits instead
of qudits. To achieve fault-tolerant quantum computation, we can encode the physical
qubits using a QECC. By doing this, we obtain x logical qubits which can be considered
resistant to errors. One of the main problems with this approach is obtaining QECCs
that implement the desired operations on the logical qubits. Particularly interesting are
implementations that only involve transversal gates on the physical qubits, since they split
into gates that act on individual physical qubits and they naturally mitigate the prolif-
eration of errors. However, due to Eastin—Knill theorem [41], it is not possible to find a
QECC that implements a universal gate set transversely. A common strategy to circum-
vent this limitation is to consider codes that implement the Clifford group transversely,
and then perform magic state distillation to apply a logical non-Clifford gate, usually the
T gate [20]. This is enough for implementing any gate, since adding a non-Clifford gate
to the Clifford group gives a universal gate set (this is well known for the binary case, and
for the general case it can be deduced from [103, Thm 6.5] and [104, Cor. 6.8.2]).
However, this requires a code implementing 1" transversely. In general, implementing
logical non-Clifford gates is more difficult than implementing logical Clifford gates, and
logical non-Clifford gates must be induced by a non-Clifford operation on the physical
gates [35,63]. Moreover, Gottesman-Knill theorem [63] also implies that quantum com-
putation is only more powerful than classical computation when it uses gates outside the
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Clifford group. The previous discussion highlights the importance of finding transversal
implementations of non-Clifford gates. As we already mentioned before, the usual choice
for the non-Clifford gate to be implemented via the magic state distillation protocol is the
T gate due to its simplicity.

With this motivation, CSS-T were introduced in [111,112]. These are CSS codes which
support a transversal T gate, that is, applying T transversely on the physical qubits
gives a logical operation over the logical qubits. This is weaker than requiring the code
to implement T transversely on the logical qubits, but studying these codes gives good
candidates for codes that may implement logical non-Clifford operations.

Let C ¢ F} and S C {1,...,n}. We denote by Cg (resp. C®) the shortening (res.
puncturing) of C' in the coordinates indexed by the elements in S. For = € C, we denote
Z(x) = {1,...,n} \ supp(z), where supp(z) = {i | z; # 0}. We introduce now the
definition of CSS-T codes as stated in [111].

Definition 4.12. Let Cy C € C F5. Then we say (C1,C2) is a CSS-T pair if Cy is
even-weighted and, for any = € Ca, the shortening (Ci") Z(z) contains a self-dual code.

Note that, given a CSS-T pair (D;, D2), the corresponding quantum code is obtained
from Theorem 4.1 by taking Cy = Do, Cy = Df-.

In general, using Definition 4.12 to check if a pair of codes is a CSS-T pair is not
efficient, since it would require to check a condition for every x € Cs. In Paper G, we
give an alternative definition by using the Schur product of codes, which we introduced
previously. We also define now the t-fold Schur product of C with itself: C** := C' % ---xC.

~——

i
In Paper G we obtain the following result.

Theorem 4.13 [Thm. G.2.3]. Let Cy and Cy be binary codes of length n. The following
are equivalent.

(1) (C1,C%) is a CSS-T pair.
(2) Cy C C1, Cy is even-weighted, and for any x € Cy the code CIZ(I) 1s self-orthogonal.
(3) Cy Cc CLN(CF)*L.
(4) Cf +CF?2 C Cs-.
Moreover, if (C1,C3) is a CSS-T pair then Cy is self-orthogonal.

The alternative condition (2) was already proved in [4], but it still requires to check
the self-orthogonality condition for every x € Co, whereas (3) and (4) only depend on
global properties of the codes C7 and Co. With these alternative conditions, we define the
partially ordered set (poset) of CSS-T pairs. In Paper G, we study this poset and, as a
consequence, we obtain the following propagation rule for CSS-T pairs.

Corollary 4.14 [Cor. G.3.9]. Let (C1,C3) be a CSS-T pair such that the associated
[[n, k,d]] CSS-T code is nondegenerate. For anyy € C5-N(Cy%C2)* andy & Cy, the pair
(C1 + (y),C3) is a nondegenerate CSS-T pair with parameters

[[n, k + 1,d]].
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Using our characterization of CSS-T pairs, we determine the CSS-T pairs formed by
cyclic (and extended cyclic) codes. Take an integer s > 1 and consider the field extension
Fos /Fo. We set n with n | 2° — 1. Let 8 € Fgs be a primitive n-th root of unity. For the
set Z/nZ, we will consider the representatives between 1 and n, i.e., Z/nZ = {1,2,...,n}.

Definition 4.15. Let g € Fa[x] such that g divides ™ — 1. The defining set is given by
J:={j €Z/nZ: g(p’) = 0}, and the generating set by I := {i € Z/nZ : g(8*) # 0}.

We denote by C(I) the cyclic code generated by g. Note that cyclic codes can be
regarded as subfield subcodes of evaluation codes [13], and therefore some of the ideas
showed in Section 2 about cyclotomic sets and traces can be applied here. In Paper G, we
obtain the following characterization for the CSS-T pairs arising from cyclic codes.

Theorem 4.16 [Thm. G.4.8]. Let I1, I C Z/nZ be cyclotomic cosets. Then (C(I1),C(I2))
is a CSS-T pair if and only if:

(1) I C I and
(2) ng (I + L+ I2).

An analogous result holds for extended cyclic codes. The resulting CSS-T codes have
better parameters than the CSS-T codes in the current literature, namely the CSS-T
pairs arising from Reed-Muller codes [4], and triorthogonal codes [19,70,105]. Note that
triorthogonal codes not only support the transversal T' gate, but they also induce the
logical T' gate. Since this is a stronger condition than being CSS-T, it is natural that we
obtain better parameters.
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Saturation and vanishing ideals

A.1 Introduction

The aim of this paper is to compute the vanishing ideal of a finite set of points in the
projective space. The motivation comes from Coding Theory, in which some projective
codes are defined using these type of ideals. In the affine case, the computation of the
vanishing ideal of a finite set of points is straightforward, but the projective case poses
some additional problems. It is known that the vanishing ideal can be obtained computing
the radical of a certain ideal, and we show that it can also be obtained computing the
saturation with respect to the homogeneous maximal ideal, which is more efficient.

Let K = F; be a finite field, and let S = K[xz,...,2,,] be the polynomial ring with
standard grading. Let I C S be an ideal. We denote by X = Vg (I) = {P1,..., P,} CA™
the finite set of rational points in which all the polynomials of I vanish. Then we can
consider the vanishing ideal of X, I(X). With this notation we define the following
evaluation map:

evy : S/I(X) = 7, f+1(X) = (f(P),.... f(Pn).

By the definition of I(X), this evaluation map is an isomorphism of [F,-vector spaces. If
we consider L a vector subspace of S/I(X), we can define the affine variety code C(I, L)
as the image of L under the evaluation map evy. That is:

C(I,L) =evx(L) ={evx(f +I1(X)) | f+I(X) € L}.

In the light of this definition one may wonder how to compute the ideal I(X). In this
affine setting, the answer is quite straightforward. The ideal I, = I+(z{—z1,..., 2% —Tm)
satisfies

Ve (Ig) = Vi, (Ig) = Ve, (I) = Vg, (I(X)) = X.

By Seidenberg’s Lemma [13, Prop. 3.7.15], I, is radical. Hence, in this case I, = I(X)
and we obtain the vanishing ideal directly.

Following a similar idea, one can consider evaluation codes over the projective space
Pm=1. Let I C S be an homogeneous ideal. Again, we consider X = Vpm-1(I) = {[P],...,
[P,]} € P™~! the finite set of projective points defined by I with representatives P;.
Denoting the vanishing ideal of X by I(X), we can define the following K-linear map for

each degree d:
f1<P1)7.."fn<Pn) ’

where f; € Sy are fixed homogeneous polynomials verifying f;(F;) # 0. Then the image of
Sgq under evy, denoted by Cx(d), is called a projective Reed-Muller type code of degree d
on X. By definition, I(X)4 = kerevy. Thus, S4/1(X)4 = Cx(d). It can easily be checked
that the basic parameters of the code (length, dimension and minimum distance) do not
depend on the choice of the polynomials f;. These codes have been studied in various
contexts [3-5,9,17].

In order to compute I(X), as in the affine case, a natural idea would be to add the
equations of the projective space to the ideal I, and check whether the resulting ideal is
radical. These equations correspond to the generators of the vanishing ideal of the set of
all points in P~ [15]:

eVd:Sd—>K", fl—><

1P = ({afe; —wiaf, 1 <i < j <m}).
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A.2. Main result

We can define I, = I + I(P™~!) and, as before, if this ideal were radical, then it would
be equal to I(X). However, this ideal is not radical in general. In fact, we have observed
that this ideal is radical only in very specific cases. In general, computing the radical may
be computationally intensive. Thus, it is an interesting problem to find an easier way to
compute I(X).

In Theorem A.2.10, we prove that we can compute the vanishing ideal I(X) using the
saturation with respect to the homogeneous maximal ideal:

I(X) = (I +I(P™ 1) :m™).

We then ask ourselves if there are many cases in which there is no need to use the
saturation, i.e., I + I(P™~1) = I(X). The answer is that this rarely happens, because it
is equivalent to the question of whether I, is radical or not. Following this direction, in
Proposition A.2.15, we show that there are finite sets of points X C P! such that there
is no ideal I C S, besides I(X), such that I + I(P™ 1) = I(X).

A.2 Main result

Before providing the main result, we recall some well known results. The first one is often
referred as additivity of the degree.

Proposition A.2.1 [11, Lem. 5.3.11]. Let I C S be an homogeneous ideal and let I =
qi N - Ngm be its irredundant primary decomposition. Then

deg(S/T)= > deg(S/ai).
ht(q:)=ht (1)

The vanishing ideal of a finite set of points satisfies many properties. We list some of
them below.

Lemma A.2.2 [14, Cor. 6.3.19]. Let [a] € P71, with a = (a1, ..., ), and let Iy =
I({[a]}) its vanishing ideal. Then

L) = ({aizj — aja; |0 < i < j <m}).

Remark A.2.3. In the previous lemma, at least one oy # 0 for some k. Hence, we can
express I|,) in the following way:

(673 . .
I = ({wi — —mp [i=1,...,n,0 # k}).
g

Corollary A.2.4. The ideal I, is prime, deg(S/I ) =1 and ht(Io) =m — 1.

Proof. All properties follow from the fact that /I, = K[z}] for some k, which is obvious
from the previous remark. O

Remark A.2.5. If we have a finite subset X C P!, then

IX)= () Iy
[BleX
Taking into account that each Ijg is prime, the previous expression is an irredundant

primary decomposition of I(X).
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Corollary A.2.6. Let X C P! be a finite subset. Then deg(S/1(X)) = |X|, ht(I(X)) =
m — 1, and S/I(X) is Cohen-Macaulay.

Proof. The first property follows from Proposition A.2.1 and the previous remark. The
second one follows from Corollary A.2.4 and the previous remark. The last one is deduced
from the fact that depth(I(X)) = 0 if and only if I(X) has an m-primary component, which
is not the case because of the previous remark, and the fact that dim S/I1(X) = 1. O

The following lemma is interesting because it relates the number of common zeros of a
set of polynomials to the degree of a certain ideal, which gives a relation between Coding
Theory and Commutative Algebra.

Lemma A.2.7 [9, Lem. 3.4]. Let X be a finite subset of P™ ! over a field K, and let
I(X) C S be its vanishing ideal. If F = {f1,..., fr} is a set of homogeneous polynomials
of S\ {0}, then the number of points of Vx(F') (common zeroes of F which are in X) is
given by

deg(5/(1(X), F)) if (I(X) : (F)) # I1(X),

Vx(F)| = {0 if (I(X) : (F)) = I(X).

Lemma A.2.8 [8, Lem. 8]. Let I C J C S be unmized homogeneous ideals with the same
height. If deg(S/I) = deg(S/J), then I = J.

The computation of the vanishing ideal only makes sense when X = Vpm-1(I) # 0. One
can get X = () in several ways, for example, if I is 0-dimensional, or if it has positive
dimension but no common zero of the homogeneous polynomials in I is in P~ for the
corresponding field IF,. The following lemma gives an algebraic characterization of this

property.

Lemma A.2.9. Let I C S be an homogeneous ideal. Then X = Vpm-1(I) = 0 if and only
if (1P : 1) = I(P™ 1Y),

Proof. We have X = Vpm-1(I) = 0 if and only if I ¢ Ijp) for any [P] € P!, We also
have that (I;p) : I) = Ijpy if and only if I ¢ I;p) because Ijp is prime. Therefore, I ¢ Ijp)
for any [P] € P™~ ! if and only if (I(P™~1): I) = I(P™"!) because

I®E™ D= () Up:D),

so the result is proved. ]

The natural way of computing I(X) from the point of view of Coding Theory is by taking
the radical of I, = I + I(P™~!), similarly to what is done in the affine case (although in
that case, I, is always radical). For this, we have to prove that

I(X) = /T+ I(Pm1).

This can be seen as an application of Hilbert’s Nullstellensatz in the algebraic closure
of Fy, or can be proved directly as in [12, Thm. 3.13]. Inspired by the proof of the latter,
the following theorem shows a way to compute I(X) using the saturation with respect to
the homogeneous maximal ideal. This is also a natural way to compute I(X) from the
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point of view of Commutative Algebra, because we are getting rid of the 0-dimensional
components, which are meaningless in this projective setting. Note that saturation with
respect to a specific element has been used for similar purposes in [16, Cor. 4.4] for certain
projective binomial varieties.

Theorem A.2.10. Let I be an homogeneous ideal such that (I(P™1) : I) # I(P™~ 1),
Let X = Vpm—1(I) and m = (x1,...,%,) the homogeneous mazximal ideal. Then

I(X) = (I +I(P™ 1) :m™.

Proof. Again we denote I, = I +I(P™ 1) and we are going to prove first that deg(S/I,) =
deg(S/I(X)). We can apply Lemma A.2.7 to X = P! and a set of generators F of I.
We obtain:

X[ = [Vem-1 ()| = deg(5/1,),

and because |X| = deg(S/1(X)) holds by Corollary A.2.6, we get the equality deg(S/I;) =
deg(S/1(X)).
On the other hand, we have that /I, = I(X). Thus, dim(S/I;) = 1 and the primary

decomposition is
Iy=qiN--NqnaQ,

where dim(S/q;) = 1, 1 < i < [, and @ is the whole ring S if I, is equidimensional,
and an m-primary ideal otherwise. If we consider the irredundant primary decomposition
I(X) = ipjex Lip, with [X| = n, then we get the equality

I[Pl]ﬂ"‘mI[Pn]:mm“'ﬂ\/@ﬂ\/@:\/ﬁﬂ"'ﬂ\/@~

Reordering if necessary, we have that Ijp; = /qi, 1 < i < n and [ > n. Tak-
ing into account that deg(S/I;) = deg(S/I(X)), the additivity of the degree A.2.1 and
deg(S/Ip)) = 1 for all i, we get

n l
X|=n=> deg(S/Iip)) =) _ deg(5/qi) > L.
=1

=1

As observed before, | > n, which, together with the previous inequality, gives [ = n.
Moreover, we deduce deg(S/q;) = 1 for all 4, 1 < i < n. Therefore, using that I;p) =
Vi D qi, 1 <4 < n and Lemma A.2.8 we have that q; = I[p], 1 < i < n. Finally, we
observe that

(Iq :m™) = (I[pl] :m>®)N- N (I[pn] :m®)N(Q : m™) = I[pl] N---N I[pn} = I(X),
and the result holds. ]

Theorem A.2.10 gives a more efficient way of computing the vanishing ideal I(X) than
the usual way using the radical. For the computations we needed to choose between the dif-
ferent computer algebra systems, the main ones for Commutative Algebra are CoCoA [1],
Singular [6] and Macaulay2 [10]. We chose Macaulay2 for the examples on this occasion.
We have used a computer with 512GB of RAM and an AMD EPYC 7F52 processor.
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Example A.2.11. We consider the 3-dimensional rational normal scroll defined by the
equations given by the 2 x 2 minors of the following matrix:

Mo (To T w2 X3 T4 Yo Y1 Y2 Y3 Y4 0 21 2 2 A
Tl T2 T3 T4 Ts Y1 Y2 Y3 Y4 Ys 21 22 23 24 25)

and let I be the homogeneous ideal defined by these equations. The number of rational
points of this variety on F, is (¢*> + ¢+ 1)(¢ + 1) [4, Cor. 2.3]. We first consider the case
with ¢ = 9. In this situation, |X| = 910, and the computation of the saturation with
Macaulay2 [10] takes 3.65 seconds. However, the computation of the radical of I, takes
1108.15 seconds, which shows the big difference in efficiency between the two methods.

If we consider the case ¢ = 11 instead, we have |X| = 1596. The saturation takes 5.08
seconds, and Macaulay2 [10] is not able to compute the radical of the ideal.

For this example, we have also considered Magma [2], which seems to have a well-
optimized algorithm to compute the radical over fields of positive characteristic. Although
the efficiency gap is reduced, the saturation is still more efficient than computing the
radical.

Remark A.2.12. It is always possible to obtain the vanishing ideal using the saturation
with respect to a single polynomial. Because of prime avoidance [7, Lemma 3.3| there is
a homogeneous polynomial f € S such that f & I;p), for every [P] € X i.e., f does not
vanish at any of the points of X. Then, following the proof of Theorem A.2.10, we get

I ) =1{ () Ty )| 0 (@: )= () Iipy =I(X).

[P;]exX [P;]eX

The problem is that finding such a polynomial f may not be easy. However, in some
specific examples, such as the following one, it can be done.

Example A.2.13. Let I be the homogeneous ideal of the rational normal curve defined
by the equations given by the 2 x 2 minors of the matrix

No (o T w2 w3 T
r1 Ty x3 X4 Ts)

We work over the field Fg, and we consider the polynomial f = zg — x4 — x5. If we define
Iy = I + I(P%), then it is easy to check with Macaulay?2 [10] that (Ig : f*°) = (Iy : m™) =
I(X), and that f does not vanish at any of the points in X, i.e., (I(X): f) = I(X).

Having seen how to compute the vanishing ideal I(X), one may wonder if there are many
cases in which I, is saturated. If that were the case, we would not need to compute the
saturation and we would get the vanishing ideal directly. An equivalent question would
be to ask when the equality I+ I(P™~!) = I(X) holds. It is easy to see that if one takes
I = I(X), the vanishing ideal of a finite set of points X ¢ P™~!, then I(X) 4 I(P™"!) =
I(X). Another trivial example would be to take an ideal I with Vpm-1(I) = P~ We
can also find some nontrivial examples, like the following one.

30



A.2. Main result

Example A.2.14. Let K = F4 and X = [Fy x Fo x Fy] € P2. We can compute the
vanishing ideal I(X) directly (intersecting the vanishing ideals of the points in X), but we
can also use [3, Prop. 2.11]. In any case, we obtain

2 2 4 4 4 4
I(X) = (125 + x{x2, 125 + T]X3, ToTs + ToT3).

We consider the ideal I, obtained by replacing the primary component (z1,z2) of I(X) by
(z1,72)%. Clearly X = Vp2(I). In this situation, it turns out that I + I(P?) = I(X). This
is easy to check by looking at the generators of these ideals:

I(IP’Z) = (a:lac% + a:‘llxg, xlxé + .%%733, ngg + xgac;»,)7
I = (:nlac% + x%xg, 1'1(.7}11'% + $11$3), 1‘2(%’11‘% + .%'All.l‘g), T2 (1‘21‘% + $%x3)),

2 2 4 4 4 4
I(X) = (z125 + x{w2, x175 + T X3, TaT5 + T9T3).

Similar examples can be constructed by considering X = F,; x F; x szu with [ | I/, and
increasing the multiplicity of the component (x1,z2).

Even though we can construct several nontrivial examples, one can observe that in order
to do so we have not strayed away too much from I(P™~!) and I(X) (we have just used an
ideal I(X) that shares some generators with I(P™~1) and modified it a little). In fact, in
most cases we have encountered, I, was not saturated. The next result shows that there
are some finite sets of points X such that there are no nontrivial homogeneous ideals
with Vpm—1(I) = X verifying I + I(P™1) = I(X).

Proposition A.2.15. Let X C P™ be a finite set of points such that the degree of the
elements of a minimal generating set of I(X) is lower than q+ 1. Then I + I(P™) = I(X)
if and only if I = I(X).

Proof. Let I be an homogeneous ideal verifying I + I(P™) = I(X). Obviously, I C I(X),
and we have to prove the other inclusion. The degree of the minimal generators of I(P™)
is ¢ + 1. Therefore, the minimal generators of I(X), of degree lower than ¢ 4+ 1, must all
be in I, which proves the result. O

Example A.2.16. Let K = F4, and let X = [Fy x Fy x Fy] C P2, The vanishing ideal
I(X) is the same as I(P?) in Fy. Therefore, we have

I(X) = (x%ﬁﬂz - l‘wg, x%xg - xlxg, IE%SE;; — .’EQCE%).

The generators of I(X) are of degree 3 < 5 = ¢+ 1. Consequently, we can use Proposition
A.2.15 to assert that there is no homogeneous ideal I, besides I(X), such that I + I(P?) =
I(X).

In the proof of A.2.10 we showed that deg(S/I;) = deg(S/I(X)). Also, taking into
account that dim(S/I(X)) = 1 and that /I, = I(X), we get ht(I;) = ht(/(X)). As
we have said, in most cases, I, # I(X). Consequently, we would have I, C I(X), but
deg(S/1;) = deg(S/I(X)). The following example illustrates this fact, which seems to
contradict [5, Lem. 2.10 (b)].
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Example A.2.17. We consider again the set X = [Fo xFy xFy] C P? from example A.2.14.
We can replace the primary component (1, 23) by (21, 23)? in the primary decomposition
of I(X), which gives the following ideal:

I =1X)N(21,23)% = (1 (z12% + 2329), 21 (2120203 + 2323), 2125 + 2103, 23(2275 4 T323)).

We can define Iy = I + I(P?) and it is easy to check with Macaulay2 [10] that I, C I(X),
ht(Iy) = ht(I(X)) = 2 and deg(S/14) = deg(S/I(X)), which contradicts [5, Lem. 2.10
(b)]. Increasing the multiplicity of any primary component of I(X), besides (z1,z2), we
get more examples of ideals I such that Iy = I + I(P?) is not saturated and has the same
degree and height as I(X). Note that this does not contradict Lemma A.2.8 since Iy is
not unmixed.

Bibliography

[1] J. Abbott, A. M. Bigatti, and L. Robbiano. CoCoA: a system for doing Computations
in Commutative Algebra. Available at http://cocoa.dima.unige.it.

[2] W. Bosma, J. Cannon, and C. Playoust. The Magma algebra system. I. The user
language. J. Symbolic Comput., 24(3-4):235-265, 1997. Computational algebra and
number theory (London, 1993).

[3] C. Carvalho, V. G. L. Neumann, and H. H. Lépez. Projective nested cartesian codes.
Bull. Braz. Math. Soc. (N.S.), 48(2):283-302, 2017.

[4] C. Carvalho, X. Ramirez-Mondragén, V. G. L. Neumann, and H. Tapia-Recillas. Pro-
jective Reed-Muller type codes on higher dimensional scrolls. Des. Codes Cryptogr.,
87(9):2027-2042, 2019.

[5] S. M. Cooper, A. Seceleanu, §. O. Tohaneanu, M. V. Pinto, and R. H. Villarreal.
Generalized minimum distance functions and algebraic invariants of Geramita ideals.
Adv. in Appl. Math., 112:101940, 34, 2020.

[6] W. Decker, G.-M. Greuel, G. Pfister, and H. Schonemann. SINGULAR 4-4-0 — A com-
puter algebra system for polynomial computations. http://www.singular.uni-k1.
de| 2024.

[7] D. Eisenbud. Commutative algebra, volume 150 of Graduate Texts in Mathematics.
Springer-Verlag, New York, 1995. With a view toward algebraic geometry.

[8] B. Engheta. On the projective dimension and the unmixed part of three cubics. J.
Algebra, 316(2):715-734, 2007.

[9] M. Gonzélez-Sarabia, J. Martinez-Bernal, R. H. Villarreal, and C. E. Vivares. Gen-
eralized minimum distance functions. J. Algebraic Combin., 50(3):317-346, 2019.

[10] D. R. Grayson and M. E. Stillman. Macaulay2, a software system for research in
algebraic geometry.

32


http://www.singular.uni-kl.de
http://www.singular.uni-kl.de

Bibliography

[11]

[12]

[13]

G.-M. Greuel and G. Pfister. A Singular introduction to commutative algebra.
Springer, Berlin, extended edition, 2008. With contributions by Olaf Bachmann,
Christoph Lossen and Hans Schénemann.

D. Jaramillo, M. Vaz Pinto, and R. H. Villarreal. Evaluation codes and their basic
parameters. Des. Codes Cryptogr., 89(2):269-300, 2021.

M. Kreuzer and L. Robbiano. Computational commutative algebra. 1. Springer-Verlag,
Berlin, 2000.

M. Kreuzer and L. Robbiano. Computational commutative algebra. 2. Springer-Verlag,
Berlin, 2005.

D.-J. Mercier and R. Rolland. Polynémes homogeénes qui s’annulent sur l’espace
projectif P™(F,). J. Pure Appl. Algebra, 124(1-3):227-240, 1998.

C. Renteria-Marquez, A. Simis, and R. H. Villarreal. Algebraic methods for parame-
terized codes and invariants of vanishing ideals over finite fields. Finite Fields Appl.,
17(1):81-104, 2011.

A. B. Sgrensen. Projective Reed-Muller codes. IEEE Trans. Inform. Theory,
37(6):1567-1576, 1991.

33






Paper B

Entanglement-assisted quantum
error-correcting codes from
subfield subcodes of projective
Reed-Solomon codes

Philippe Gimenez, Diego Ruano, Rodrigo San-José

Abstract

We study the subfield subcodes of projective Reed-Solomon codes and their duals: we
provide bases for these codes and estimate their parameters. With this knowledge, we
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B.1 Introduction

The subfield subcode of a linear code C' C Fgs, with s > 1, is the linear code C' N Fy.
Considering subfield subcodes is a standard technique for constructing long linear codes
over a small finite field. For instance, BCH codes are obtained in this way. They can be
regarded as subfield subcodes of Reed-Solomon codes and their duals [2]. In this work, we
study subfield subcodes of projective Reed-Solomon codes.

Reed-Solomon codes are constructed by evaluating one-variable polynomials at points
of the affine line. They have optimal parameters, although they cannot be defined over
a small finite field. Projective Reed-Solomon codes are constructed by evaluating two-
variable homogeneous polynomials at points of the projective line. When one evaluates at
all the points they are commonly called doubly extended Reed-Solomon codes. Subfield
subcodes of projective Reed-Solomon codes, when one evaluates at all the points of the
projective line, were studied in [3].

In this work we consider a more general setting: we may evaluate at fewer points to
define a projective Reed-Solomon code and then compute its subfield subcode. We provide
bases for both the subfield subcodes of projective Reed-Solomon codes and their duals and,
thus, a formula for their dimension. For the dual code, we use Delsarte’s Theorem B.4.1,
for which we need to study first the metric structure of the codes we are considering.
We also study the vanishing ideal of the points in which we evaluate, which allows us to
discuss linear independence between the traces that arise when using Delsarte’s Theorem.
Moreover, we estimate the minimum distance for both primary and dual codes. For the
primary code we simply use the bound given by the projective Reed-Solomon code, and
for the dual one we use a BCH-type bound.

Reed-Solomon and BCH codes have been extensively used to construct quantum codes
using the CSS construction, see for instance [4,19,27]. It is therefore natural to consider
subfield subcodes of projective Reed-Solomon for constructing quantum codes.

The construction of quantum computers has important consequences because of their
computing capabilities. Despite the fact that quantum mechanical systems are sensitive
to disturbances and arbitrary quantum states cannot be replicated, error correction is
possible. Quantum error-correcting codes are designed for protecting quantum information
from quantum noise and particularly decoherence. An important class of quantum error-
correcting codes are stabilizer codes; they can be derived from classical ones by using self-
orthogonal codes for the symplectic product [7]. One can also consider the Euclidean and
the Hermitian inner product, and we will call the resulting quantum error-correcting codes
QECCs. Entanglement-assisted quantum error-correcting codes (EAQECCSs) constitute
an extension of quantum codes. EAQECCs make use of pre-existing entanglement between
transmitter and receiver to correct more errors [6,15]. One virtue of this class of codes is
that one can get a quantum code from any linear code without any assumption on dual
containment. The main additional task for EAQECCs is to give formulae to obtain the
optimal number ¢ of maximally entangled pairs of qudits needed.

Moreover, both for QECCs and EAQECCSs one can consider the asymmetric case [16,25,
33]. Asymmetric quantum codes have a different error-correction capability for phase-shift
and qudit-flip errors. These two types of errors are not equally likely, and it is desirable
to construct quantum codes with a higher correction capability for phase-shift errors [25].

In this work, we provide EAQECCs with excellent parameters coming from different con-
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structions. In the Euclidean case, we are able to obtain both symmetric and asymmetric
EAQECCs with excellent parameters from subfield subcodes of projective Reed-Solomon
codes. A key fact for the construction of these codes and the computation of their parame-
ters is the knowledge of the parameters and structure of both the primary and dual codes.
We also obtain QECCs, i.e. EAQECCs without entanglement assistance, from subfield
subcodes of projective Reed-Solomon codes in some cases. By considering the Hermitian
inner product we are also able to obtain codes with excellent parameters. In fact, we
produce new parameters according to [21]. Furthermore, as we are giving several different
constructions using subfield subcodes of projective Reed-Solomon codes, this contributes
to expanding the known constellation of parameters for EAQECC.

Finally, we consider the codes in [18], Reed-Solomon, and BCH codes obtained by
evaluating at the roots of a trace function. We consider the projective version of the codes
in [18], that is, the subfield subcodes of projective Reed-Solomon codes evaluating at the
roots of a trace function and the point at infinity. This allows us to give classical linear
codes which are record in [21], and new EAQECCs.

Our results can be summarized as follows.

e We consider projective Reed-Solomon codes over the zero locus of 2V — x (and the
point at infinity), where we evaluate an arbitrary set of monomials. We obtain bases
for the subfield subcodes of these codes in Theorem B.3.4.

e When p | N, bases for the duals of the subfield subcodes are obtained in Theorem
B.4.14.

e Considering sets of monomials whose exponents are a union of consecutive cyclo-
tomic sets and the next minimal element, we obtain EAQECCs with entanglement
parameter ¢ < 1 in Theorem B.5.5 and Theorem B.5.15. Some of the resulting codes
improve the table for EAQECCs from [21].

e Assuming p | N, by considering the sets of monomials {0,1,...,d;}, for some 1 <
di,do < N — 1, we obtain asymmetric EAQECCs with entanglement parameter
¢ = 1, which compare favorably with the current literature.

e By evaluating in the zeroes of the trace function, plus the point at infinity, and eval-
uating monomials whose exponents are a union of consecutive cyclotomic sets and
the next minimal element, we obtain linear codes with good parameters in Theorem
B.6.4, some of which improve the best known parameters in [21], see Example B.6.5.
Moreover, we obtain EAQECCs with good parameters and entanglement parameter
¢ <1 in Theorem B.6.6.

B.2 Preliminaries

We consider a finite field F, of ¢ elements with characteristic p, and its degree s extension

Fgs, with s > 1. We consider the affine space Al over Fys and the polynomial ring

R = Fs[z]. We choose a set of elements Y = {Q1,...,Q,} C Al and its vanishing ideal
n

I(Y) = ([T, (x — Q;)), where we are regarding the points of Al as elements in Fy. We
define the following evaluation map

evy : R/JI(Y) = Fgo, [ (f(Q1)s--, f(Qn))g,ey -

where we denote a polynomial and its class in the quotient ring R/I(Y) in the same way.
Let A be a subset of {0,1,...,n—1}. Then, the Reed-Solomon code associated to A and
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Y, denoted by RS(Y, A), is the code generated by
{evy (2%) | i € A}.

The usual choices are A = {0,1...,d} and Y = F. = Fys \ {0}, which give a Reed-
Solomon code with parameters [¢° — 1,d + 1,¢° — d — 1]. This code can be extended by
evaluating at 0 as well, obtaining a code with parameters [¢°,d + 1,¢° — d].

Let N > 1 be such that N —1 | ¢° — 1. We can consider the set of points Y3 =
{Q1,...,Qn} given by the zero locus of I(Yy) = (zV~! —1). In this case, Y3 forms a
multiplicative subgroup of Fy. and it is already known how to obtain bases for its subfield
subcodes (see, for example, [22,24]). Moreover, BCH codes can be defined as the duals
of the subfield subcodes of Reed-Solomon codes when we evaluate in a subgroup Y3 [2].
Indeed, let a € Fys be a primitive (/N — 1)th root of unity. C' is a BCH code of designed
distance ¢ if it has as generator polynomial the least common multiple of the minimal
polynomials of the § — 1 consecutive elements a’, a?*!, ... abt9=2 with b > 1, which
implies that C is formed by the vectors over Fév ~! that are orthogonal to the rows of the
matrix

1 ab a2b o a(N—2)b
1 ab+1 a2(b+1) P a(N_2)(b+1)

H=| . ' _ , . (B.2.1)
i ab—f—.5—2 a2(b-.-6—2) o a(N—Z).(b+6—2)

However, this is precisely the generator matrix of the Reed Solomon code over Fys with
A={bb+1,....,b+6—2} and Y = Y}. Furthermore, the vectors in Fév_l that are
orthogonal to the rows of H are precisely the vectors of the subfield subcode of the dual
code of this Reed-Solomon code, which is therefore equal to the aforementioned BCH code.
In this situation, we say that H is a pseudo parity check-matriz for C.

Because of the previous discussion, throughout this work we will focus on evaluating
in subgroups of the form Y3 unless stated otherwise. As before, we can also include the
evaluation of 0, which corresponds to considering instead the set Yy, the zero locus of
I(Yn) = (¥ — z). For the Reed-Solomon codes obtained by evaluating the associated
monomials to A in Yy we will use the notation RS(/V,A). The subfield subcode of the
code RS(NV, A) over F, is denoted by RS(N,A), := RS(N,A) N JF(]]V. In this case, for the
sake of simplicity, we are also going to denote Ry := R/I(Yy).

Now we are going to introduce some necessary definitions in order to obtain bases for
the codes RS(N, A),. We define Zy = {0} UZ/(N — 1), where we represent the classes of
Z/(N —1) by {1,...,N}. A subset J of Zy is called a cyclotomic set with respect to q if
q-z € Jforany z € J. J is said to be minimal (with respect to ¢) if it can be expressed
asJ ={q"-2,i=1,2,...} for a fixed z € J, and in that situation we will write J, := J
and n, = |J,|. We say z is a minimal representative of J, if z is the least element in J,,
and we will say it is a mazimal representative of J, if it is the biggest element. We will
denote by A the set of minimal representatives of the minimal cyclotomic cosets, and by
B the set of maximal representatives of the minimal cyclotomic cosets.

Example B.2.1. Consider the extension Fg D F3. We consider N = 9 and we have
Zyn = {0} UZ/(8). We have the following minimal cyclotomic sets:

Jo = {0}731 = {173}732 = {276}a34 = {4}aj5 = {577}738 = {8}
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The set of minimal representatives is A = {0, 1,2,4, 5,8}, and the set of maximal repre-
sentatives is B = {0, 3,4,6,7, 8}.

The dimension of the subfield subcodes of Reed-Solomon codes is already present in [22].
For the codes RS(V, A), it is possible to obtain a basis given by the evaluation of some
polynomials. For each a € A, we define the following trace map:

TaiRy = Ry, frof+flaosfim

and given A C {0,1,...,N — 1}, we denote Ay := [J;,ca Ja C A. The following result
gives a basis for the code RS(V, A), [13, Thm. 11].

Theorem B.2.2. Let A be a subset of {0,1,..., N —1} and set &, a primitive element of
the field Fyna. Then, a basis of the vector space RS(N,A), is given by the images under
the map evy,, of the set of classes in Ry

U {Ta@a®) [0<r<n, -1},

a€A|T,CA

As a consequence, we have that

dim RS(N, A), Z n, = |Ajl.
J.:0.CA

Having seen the affine setting, we are now going to introduce the codes we are going to
use throughout this work. We consider the projective line P! over Fys and the polynomial
ring S = Fgs[x0, 21]. Given a degree d > 1, we denote by Sy the homogeneous polynomials
of degree d. We are going to fix representatives for the points of P! in the following way:
for each point [P] € P!, we choose the representative whose first nonzero coordinate is
equal to 1. We will denote by P! this set of representatives, seen as points in the affine
space A2, and we will call them standard representatives. If we also consider a finite set
of points X = {Q1,...,Q,} C P!, we can define the following evaluation map

evi : S/I(X) = Fiiy [ (F(@Q)s- o, F(Qu))gex -

where, as before, we denote a polynomial in S and its class in S/I(X) in the same way.
Given A C {0,1,...,n — 1}, we define d(A) := max{i | ¢ € A}. The projective Reed-
Solomon code associated to A and X is the code generated by

{evx (ag Y 7ad) i € A},

which will be denoted by PRS(X,A). We note that we are only evaluating monomials
of exactly degree d(A), which means that their linear combinations are homogeneous
polynomials of degree d(A). If 0 ¢ A, PRS(X,A) is a degenerate code because all the
previous monomials would evaluate to 0 at the point [1 : 0]. Therefore, we are always
going to assume in what follows that 0 € A. Some authors define these codes over the
projective space without fixing representatives, as in [30], but then they can only define
the code up to monomial equivalence. Monomially equivalent codes do not necessarily
have monomially equivalent subfield subcodes, for example in [23] the authors see that
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the dimension of the subfield subcode of a generalised Reed-Solomon code depends on the
twist vector chosen, and that is why we fix representatives from the beginning.

Given a degree 1 < d < ¢°, the most standard definition of projective Reed-Solomon
code in the literature is the code PRS(P, Ay), where Ay := {0,1,...,d}. The code
PRS(PY, Ay) is also called doubly extended Reed-Solomon code and its parameters are
¢ +1,d+1,¢° —d+1].

In order to obtain bases for the subfield subcodes of the codes PRS(X,A), we are
going to evaluate in subgroups similarly to the affine case. The natural ideal is to add
the point at infinity [0 : 1] to the points that we were considering in the affine case.
Therefore, given N such that N —1 | ¢° — 1, we define X%, = [{1} x YZ]U[0: 1] c P!
and Xy = [{1} x Y] U [0 : 1] C P!, where we recall that Y3 and Yy are the zero locus
of (xN=1 — 1) and (xV — z), respectively. However, it is easy to see that another set of
representatives for X3, is [Y x {1}]. Thus, the codes obtained when evaluating in this set
would be monomially equivalent to the ones obtained in the affine case when evaluating
in Yy. As we said before, this does not mean that their subfield subcodes are monomially
equivalent. Nevertheless, our experiments show that the parameters that we obtain when
evaluating in the set X7, are strictly worse than the ones obtained in the affine case with
Yn. Hence, in what follows we are going to focus on evaluating in the set Xy, although
we note that the theory we are going to develop can be adapted for the set X%, as well.

We denote the standard representatives of X by X, and we also denote PRS(N, A) :=
PRS(Xn,A). With this notation, doubly extended Reed-Solomon codes are denoted by
PRS(¢®,Ay). Similarly to the case of doubly extended Reed-Solomon codes, given 1 <
d < N, the parameters of the code PRS(N,Ay) are [N +1,d+ 1, N — d + 1]. In general,
for the codes PRS(V, A) we have the parameters [N + 1, |A|, > N — d(A) + 1], where the
bound for the minimum distance is given by the smallest doubly extended Reed-Solomon
code that contains PRS(V, A).

B.3 Subfield subcodes of codes over the projective line

Let Fgs D Fy and N such that N —1 | ¢° — 1. In this section we want to obtain bases
for the subfield subcodes of the codes PRS(NN, A) with respect to this extension, which we
will denote by PRS(N, A), := PRS(V,A) NF,. Given f € S, we say that f evaluates to
F, in Xy whenever f(Q) € F, for all Q € Xy (similarly for polynomials in R evaluating
in Yy ). The following lemma gives the key idea in order to obtain bases for PRS(N, A),.

Lemma B.3.1. Let Xy C P'. Then f € S evaluates to F, in Xy <= f(1,21) evaluates
toFy in Yy and f(0,1) is in F,.

We will see now that we can take advantage of the knowledge from the affine case in
Theorem B.2.2 by homogenizing and using Lemma B.3.1. Given a degree d and a poly-
nomial f(z) € R with deg(f) < d, its homogenization up to degree d is the homogeneous
polynomial f*(zg, 1) := zdf(z1/70) € Sq. Unless stated otherwise, when we consider the
code PRS(N, A), we are always going to assume that we are homogenizing up to degree
d=d(A).

For a polynomial f € Fylx;1], we choose T,(f) as the representative of the class in
Fys[z1]/1(Yn) which has the exponents of each monomial reduced modulo ¢* — 1. Given
d > 1, if the degree of To(f) is lower than d, then we define 7*(f) := (74(f))", which we
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call homogenized trace. If we consider one of the traces that appear in Theorem B.2.2,
its homogenized trace automatically satisfies that, when setting xo = 1, the resulting
polynomial evaluates to [F, in Yy, i.e., the first condition from Lemma B.3.1 is satisfied.
However, the second condition, which means that the coefficient of xil in the homogenized
trace must be in [Fy, might not be satisfied. Because of this, the projective case is more
involved than the affine case, as we will see in the next example.

Example B.3.2. We continue with Example B.2.1. By Theorem B.2.2, the following
polynomial associated to J; evaluates to Fj:

Ti(z) =z 4 2°.

Let d = 3 (the degree up to which we homogenize). If we consider the polynomial f =
T (x1) = 2371 + 23, this is a homogeneous polynomial of degree 3 such that f(1,z1) takes
the same values as 71(z1) in Fg, and f(0,1) = 1 € F3. By Lemma B.3.1, we know that f
evaluates to F3 when evaluating in P!.

If ¢ is a primitive element in Fg, by Theorem B.2.2, the following polynomial also
evaluates to Fs:

Ti(&x) =&z + £33,

However, if we consider g = T*(¢x1) = &xdry + €303, we see that ¢(0,1) = £ ¢ Fs.
Therefore g does not evaluate to Fs.

Remark B.3.3. If we have f € S5 which evaluates to [y, then zof € Sy41 also evaluates
to F,. Moreover, if f(1,z1) evaluates to Fy in Yy, then g = x0f € Sgy1 evaluates to
F, in Xy, even if f does not, because ¢g(1,z1) = f(1,21), which evaluates to F,, and
g(0,1) = 0 € F,. This already gives a hint about the fact that the sequence of dimensions
of the subfield subcodes is going to be non-decreasing.

With Lemma B.3.1, we can consider polynomials in one variable that evaluate to [F, in
order to obtain polynomials in S; that evaluate to F, in X in some cases. One could
also consider the polynomials in two variables that evaluate to F; when evaluating in the
points of A2, All of those polynomials are going to evaluate to F, when evaluating in
points of P!. However, there are bivariate polynomials that evaluate to F, in P!, but
not in A2, For example, in Example B.3.2 we consider f = x%xl + 3, which evaluates to
F3 over P!, but if we consider this polynomial over A2, then it is clear that it does not
evaluate to F3. For example, if £ is a primitive element in Fg, £(0,&) = &3 ¢ F3.

The following result shows how to use the previous ideas to obtain a basis for PRS(N, A),.

Theorem B.3.4. Let A be a nonempty subset of {0,1,...,N — 1} and let d = d(A). Set
& a primitive element of the field Fgn,. A basis for PRS(N, A), is given by the image by
evx, of the following polynomials.

If 35 C A:

U A7) 0<r <my—13u{73 D)}
beB|T,CAb<d

If 34 ¢ A:

U (&) 10<r<my -1}
beB|TCA
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Proof. If we consider

U g lo<r<m—1},
beB|T CAb<d

these are functions which have linearly independent evaluations, because when evaluating
in [{1} x Xn] they are linearly independent by Theorem B.2.2. These polynomials do not
have the monomial x‘f in their support. Therefore, by Lemma B.3.1, they evaluate to I,
in XN-

If 35 ¢ A, we are going to see that the evaluation of these polynomials generates the
whole subfield subcode. Let Sy A C Sy be the linear space generated by {ngia:’i |ie A},
and let f € Sga be such that its evaluation is in PRS(N, A),. If f(0,1) = 0, then, using
Theorem B.2.2, we know that we can generate the evaluation of f with these polynomials.
On the other hand, we claim that f(0,1) # 0 cannot happen in this case, which means that
the image by the evaluation map of the stated polynomials generate the whole subfield
subcode. If we had f(0,1) # 0, that would imply that f(1,z7) has the monomial ¢ in its
support. However, if 35 ¢ A, then we know that there is at least one a1 € J4 which is not
in A. Therefore, we cannot obtain the monomial x' in the support of f(1,z;) because
using Theorem B.2.2 in Yy, once you have x¢ in the support of f(1, 1), you should have
x{ in its support for all a € J; because f(1,z1) should be a linear combination of traces.
Therefore, f(0,1) # 0 is not possible in this case, and the stated polynomials generate the
whole subfield subcode.

In the case J; C A we have that d € B, i.e., there is a minimal cyclotomic set whose
maximal representative is equal to d. By Lemma B.3.1, we have that Eh(x‘f) evaluates to
F,, and it is linearly independent from the other polynomials that we consider because it
is the only one that takes a nonzero value at [0 : 1].

We are going to show now that the evaluation of the given set of polynomials generates
the whole code in this case. Let f € Sza such that f evaluates to F,. By Lemma
B.3.1, £(0,1) is in F,. Hence, we can subtract 7'(z{) multiplied by f(0,1) € F, and
the evaluation would still be in F,. Therefore, we can assume that f does not have the
monomial m‘f in its support, i.e., f(0,1) = 0. Then we can use the affine case and argue
that if f(1, ;) evaluates to Fy, by Theorem B.2.2 it must be a linear combination of the
polynomials in

U (W& 0<r<nm—1}.
beB|I,CAb<d

The homogenized polynomials that we consider have the same evaluation as these poly-
nomials in [{1} x Y], which completes the proof. O

Remark B.3.5. We note that we are obtaining a basis which is the image by the eval-
uation map of some homogeneous polynomials of degree d, which we already knew that

should be possible because PRS(N, A), C PRS(N, A).

Example B.3.6. We continue with Examples B.2.1 and B.3.2. We consider N = 9 and
A = {0,1,2,3}, which means that we have d(A) = 3. Looking at the cyclotomic sets
from Example B.2.1, we see that Jp U J; C A (and these are the only complete minimal
cyclotomic sets in A). By Theorem B.3.4, taking into account that in this case we have
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J3 = J4 C A, we see that the evaluation of the following polynomials is a basis for
PRS(9,A)s:
To'(2}) = 2, T5'(21) = afa1 + a7
We note that the second polynomial is precisely the polynomial f in Example B.3.2.
If we take A = {0, 1,2, 3,4}, then we have d(A) =4 and JyUJ; UTJ4 C A. By Theorem
B.3.4, the evaluation of the following polynomials is a basis for PRS(9, A)s:

To'(a) = @5, T3 (2}) = agwr + word, T (€af) = Eaar + Ewort, T (1) = a1

Corollary B.3.7. The dimension of PRS(N,A), is the following:

Yo om—(a-1)= > m+l fICA

dim PRS(N,A), = beg:iCA - PR otherwise

bEBTLCA

Remark B.3.8. Let d = d(A). If 35 C A, we have dimension 1 more than in the affine
case with A\ {d}. On the other hand, if J; ¢ A, we obtain a degenerate code with a 0
at the point [0 : 1]. Therefore, the interesting case is when J5 C A, which is the one in
which we are going to mainly focus in what follows.

With respect to the minimum distance, if we denote by wt(C) the minimum dis-
tance of a code C' C Fy., we have wt(PRS(V,A)) > N — d(A) + 1, which implies that
wt(PRS(N,A)y) > N —d(A) + 1 because PRS(N, A), C PRS(N, A). For the case of sub-
field subcodes of doubly extended Reed-Solomon codes we obtain the following corollary.

Corollary B.3.9. Let d € B. The parameters of PRS(q®, Ag)q are [¢°+1, Z np+1,>

beB:b<d
q° — d + 1]. Moreover, the first nontrivial (dimension higher than 1) subfield subcode is

obtained when d = ¢°~".

Proof. The parameters are a special case of the previous results and discussions. For the
last statement, it is clear that ¢°/q = ¢°~! is the lowest possible element in B (besides 0),
and d = ¢*~! is the first degree such that J; = {1,¢,¢%,...,¢°7 '} C Ay O

The bound used for the minimum distance of the subfield subcodes of doubly extended
Reed-Solomon codes is sharp in all cases we have checked with d € B. The codes obtained
in this way have one more length and dimension than in the affine case, with the same
minimum distance.

Example B.3.10. If we look at the results from Example B.3.6, we see that we obtained
dimension 2 and 4 for PRS(9, As)s and PRS(9, A4)3. These are the values obtained with
Corollary B.3.9, because 2 = ng+ 1 and 4 = ng + n3 + 1. We would obtain codes with
parameters [10,2, 7] and [10,4, 6] over Fs.

B.4 Dual codes of the previous subfield subcodes

In order to compute the dual codes of the previous subfield subcodes, we are going to use
Delsarte’s Theorem [10].
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Theorem B.4.1. Let C C F;‘s be a linear code.
(CNFp)*T =Tr(CH),

where Tr : Fgs — Fy, which maps x to v + 294 --- + :cqs_l, 1s applied componentwise to
C+t.

In order to use this result, we need to compute the dual of the codes PRS(N, A). It is
well known that PRS(¢%, Ag)* = PRS(¢*, Ays_1-4) (the dual of a doubly extended Reed-
Solomon code is another doubly extended Reed-Solomon code). However, computing the
dual of the codes PRS(N,A) in general can be involved. Nevertheless, we can easily
compute the dual in some cases. In order to do so, we are going to state the metric
structure of these codes first. Part of the following result already appears in [17, Prop. 1]
and [28, Lem. 7.1].

Lemma B.4.2. Let v be a non-negative integer, and N such that N —1 | ¢° — 1. We
consider the monomial 7 € Fys[z]. We have the following:

N ify=0,
Z:}:V(z): 0 if v >0 and v Z 0 mod (N — 1),
2€¥N N—-1 if~y>0andy=0mod (N —1).

Proof. Let £ € Fys be an element of order N — 1, which exists because N — 1 | ¢° — 1.
Then Yy = {€%,¢1,... ,§N*2} U{0}. If y =0, 27 = 1, and the sum is equal to |Yy| =
If v > 0and vy =0mod (N — 1), then z7(z) = 1 for all z € Yy \ {0}, and >~ .y, 27(2) =

[Yn|—1=N—1. F1nally,1f’y>0and’y§é0mod( — 1), we have
N-2 Y(N—-1) _ 1
> T =0
2€EYN ’L:O

O

Proposition B.4.3. Let z5°z]" and :UO xll be two monomials in Fys[xg, x1] of degree d,,
and dg, respectively. Then we have the following for the product of the evaluations over
Xn. If o+ 81 =0:

N+1 ifag+Po=0
vy (280251 - evxy (z02h) = ’
xn (20021) - evxy (z"2") N s+ o> 0,
If o1 + p1 > 0:
N ifar+ 1 =0 mod (N —1),a9+ =0,
N—-1 =0 d (N —-1), >0,
vy (2§08 - evxy (zp0x)t) = z‘f a1+ mod ( ), @0 + Bo
1 ifar+ 51 #0 mod (N—1),a0+ B0 =0,
0 ifar+ 61 #0 mod (N —1), a9+ By > 0.
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Proof. First, we expand the scalar product as a sum over Xy = {[1:2] |z € Yy} U{[0:
1]} c P
evxy (mgom?l) Sevxy (mgo$§31) _ Z $30+50$?1+ﬁ1 (P) = Z ZortB €,
PeXn z€YN

where € is equal to 1 if ag + B9 = 0 and equal to 0 if ag + Sy > 0 (corresponding to the
evaluation at [0 : 1]). The result is obtained by using Lemma B.4.2. O

If p does not divide N, we have that the evaluation of z{" with a; > 0 is not orthogonal
to the evaluation of xf ! for any (1. This means that the dual code PRS(N, A)* does not
have a basis obtained by the evaluation of monomials unless wt(PRS(N,A)) = 1. This
is because if we have wt(PRS(N,A)) > 1, then PRS(N, A)t cannot be degenerate. In
particular, there must be a vector in PRS(N, A)* such that the coordinate associated to
the point [0 : 1] is nonzero, which is obtained by evaluating a polynomial with some power
of x1 in its support, but it cannot be just a single power of 1 because its evaluation would
not be orthogonal to the evaluation of 2¢. Hence, the dual code is not generated by the
image by the evaluation map of monomials.

When p | N, as the next result shows, the previous result gets simplified, and in Propo-
sition B.4.10 we will see that in this case the dual code can be generated by the evaluation
of monomials.

Corollary B.4.4. Ifp | N, then:

1 ifar + 1 =0,a0+ Bo =0 or

evxy (g z]t)-evy (I‘gox’fl) = ar+B1#0 mod (N —1),a0+ fo =0,
; " -1 ifar 4+ =0 mod (N —1),a; +3; >0,i=0,1,
0 otherwise.

Remark B.4.5. One way to have p | N is to consider a subfield of Fgs, in which case we
are going to obtain a doubly extended Reed-Solomon code over that subfield. However,
we may also have p | N for different subgroups of Fj.. For example, if we consider
q° = 2% = 16, then 5 divides ¢° — 1. Therefore, we can take N = 6, which is divisible by
2, but Yg is not a subfield of Fyg.

For obtaining a basis for the dual code we will need to work with non-homogeneous
polynomials. In order to understand linear independence in that situation we are going to
introduce now a universal Grobner basis for the vanishing ideal I(Xy). Particular cases
of the following result were already present in [31].

Proposition B.4.6. A universal Grobner basis for the ideal I(Xy) is:
I(Xy) = (2§ — w0, 27 — a1, (2o — 1)(21 — 1)).

Therefore, in(I(Xn)) = (a2, 21, zox1) and {1, 20, 21,23, ..., 2N '} is a basis for the quo-
tient ring S/I(Xn).
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Proof. First, we are going to show that these polynomials generate the vanishing ideal
I(Xy). Given any point in Xy, it is clear that it satisfies the equations. Reciprocally,
any point satisfying this equations, because of the generator :cg — xg, must have the first
coordinate equal to 0 or 1. If the first coordinate is equal to 0, because of the generator
(xg — 1)(x1 — 1), the last coordinate must be 1, i.e., it must be the point [0 : 1] € Xy.
If the first coordinate is equal to 1, then, because of the generator x]lv — x1, the second
coordinate is in Yy, which means that the point is in Xy as well.

We have proved that the variety defined by this ideal is Xp. It is clear that the variety
defined by this ideal over the algebraic closure Fg s is the same as the variety defined
over Fgs. By Seidenberg’s Lemma [26, Prop. 3.7.15], this ideal is radical. Therefore, by
Hilbert’s Nullstellensatz applied in the algebraic closure, we have that this ideal is the
vanishing ideal of the variety that it defines, i.e., is the vanishing ideal of Xp.

In order to show that all the S-polynomials of the generators reduce to 0, we just need
to use that if the greatest common divisor of the initial monomials of two polynomials is 1,
then their S-polynomial reduces to 0 by [9, Prop. 4, Chapter 2, Section 9]. In particular,
if two polynomials depend on different variables, their S-polynomial reduces to 0. And if f
and g share a common factor w, then S(f, g) = wS(f/w,g/w). Using this, it is easy to see
that all the S-polynomials reduce to 0 in this case, for any monomial order. Thus, these
generators form a universal Grobner basis. The initial ideal follows from this fact, and by
Macaulay’s classical result [12, Thm. 15.3] we obtain that the monomials not contained
in the initial ideal form a basis for the quotient ring. O

Remark B.4.7. Because of the first generator of the previous ideal, any power of xg is
equivalent to zo in the quotient ring. Therefore, we have z°z{" = zoz{" mod I(Xy) if
ag > 0. This is why we are going to assume «g = 1 for any monomial divisible by zg in
what follows, except when we want to remark that we can obtain a code by evaluating
homogeneous polynomials of a certain degree.

The following result allows us to express any polynomial in S/I(Xy) in terms of the
basis in Proposition B.4.6.

Lemma B.4.8. Let ag, a1 be integers, with ag > 0. We have that
'zt = xo+ 27 —1 mod I(Xy).

Proof. 1t is easy to check that both polynomials have the same evaluation in X, which
implies that they are in the same class modulo I(Xy). O

Corollary B.4.9. The following monomials constitute a basis for the quotient S/I(Xn):
{2, 20, zoz1, ... ,xox]lvfl}.

Moreover, every set of the form {xf,xo,xoxl,...,xox‘f_l} with 1 < d < N is linearly
independent.

Proof. 1t is easy to check that these monomials are linearly independent by Lemma B.4.8
and Proposition B.4.6. The fact that for d = N this set is a basis follows from the
cardinality of the set and the dimension of the quotient ring. O
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Now we have the tools necessary to deal with the dual as an evaluation code over the
projective line. In what follows we are going to assume that p | N. This is because, by
Corollary B.4.4, the metric structure is going to be similar to the one of doubly extended
Reed-Solomon codes, and in this case the dual code will be generated by the evaluation
of monomials. For the following result it will be useful to introduce the definition A+ =
{a€{0,1,...,N—=1} |a#N—-1—h,h € A}

Proposition B.4.10. Let N be a non-negative integer such that N—1|¢*—1 andp | N.
Let A € {0,1,...,N — 1} and let d = d(A). Then PRS(N,A)* has a basis obtained by

taking the image by evx, of the following monomials:
{zoz8 | a € ALt} U {2V 7174, (B.4.1)

Moreover, if N —1 & A, we can also obtain the same basis by taking the image by evx,
of the following monomials of degree 2(N — 1) — d (which allows us to get the dual code as
an evaluation code of homogeneous polynomials):

xg(N_l)_d_ax‘f lac At} U {x?(N_l)_d}. (B.4.2)

If N —1 € A, then the following set of homogeneous polynomials of degree 2N — 1 give
the same image as the set in item (B.4.1):

(aB¥ 1708 | € AL} U (a1 4 a8V - g1, (B4

Proof. Using Corollary B.4.4 it is easy to see that the evaluation of the monomials in

(B.4.1) is orthogonal to the vectors in PRS(N,A). When N —1 ¢ A, using Lemma B.4.8

it is easy to see that the evaluation of these monomials is linearly independent, and the

dimension of this subspace is the same as the dimension of the dual code. If N — 1 € A,

then lev “1=d — 1 and it is easy to see that the monomials that we obtain are linearly

independent and generate the dual code. When N — 1 ¢ A, the evaluation of the set

(B.4.2) is clearly the same. Finally, if N —1 € A, we have that

Ny :U(Z)N*l — :Uévflac]lv =z 420 —zor; =1 mod I(Ph).

Therefore, the evaluation of the set (B.4.3) is the same as the one obtained with (B.4.1).

O

We have the next result for the case when p | N, which generalizes what we know about
the duality in the case of doubly extended Reed-Solomon codes. We note that, as we are
evaluating all the monomials of degree d in the next result, and the set of evaluation points
is a complete intersection, the theory from [11] and [20] could also be used to study the
codes PRS(N, A;) and their duals.

Corollary B.4.11. Let Ay ={0,1,...,d} and Ay_1-4=10,1,....N—1—d}. Ifp| N,
then we have that PRS(N, Ag)* = PRS(N, Ax_1_4).

Proof. We can consider the monomials in (B.4.1), homogenizing up to degree N — 1 —d
with the variable zq. Taking into account that in this case AL U{N —1 —d} = Ay_1_q
we obtain the result. O
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With the evaluation map evy,, if we consider the trace function 7' : S — S, defined
by f—> f+f94---+ qul, then it is easy to verify that evx, oT = Troevx, (Tr was
defined in Theorem B.4.1). Then we see that if PRS(N, A)t = evyx, (({f1, f2,- -, fi})s
using Theorem B.4.1 and the previous observation we get that

(PRS(N,A),)* :=(PRS(N, A),)*
=Tr(evxy (({f1, f2. -, i) = evxy (T({({ f1s fo, -5 fi]))-

Remark B.4.12. Taking into account that 7T is linear, then it is clear that in this situation
(PRS(N, A),)* is spanned by the image by the evaluation of the polynomials T'(vf;),
’}/GIF‘qS,’i:l,...,l.

Even if f;, for ¢ = 1,...,l, are monomials, the dual code will be generated by traces of
those monomials by Remark B.4.12, which in general are going to be non-homogeneous
polynomials. We have introduced the vanishing ideal from Proposition B.4.6 precisely to
understand linear independence of sets of monomials of different degree over Xy . In order
to state a basis for (PRS(N, A),)* we will need the following lemma.

Lemma B.4.13. Let A C {0,1,...,N — 1} and 0 < a # N — 1. Then we have that
Jo CA <= |In_1oNAL| =0.

Proof. 1t is clear that we have a bijection between J, and J_,, given by h +— —h. In Zy
we have that —h = N —1—h mod N — 1 if h # 0. Hence, we get a bijection between
Jq and Jn_1_q given by h — N — 1 — h. Because of the definition of A+, we see that if
h €A, then N —1—h ¢ At Thus, it is clear that if J, C A, then [Jy_1_,NAL| =0,
and vice versa. O

Theorem B.4.14. Let A be a nonempty subset of {0,1,...,N — 1} and let d = d(A).

Set &, a primitive element of the field Fyna with To(&,) # 0 (this can always be done [8]).

A basis for (PRS(N, A) )t is given by the image by evx, of the following polynomials.
If 34 C A:

U {7a(@02$) [0 < r < ng=3U{Tv-1-a(€ 1 g2 9 [0 <7 < nyo1-g—1}.
a€A|TaNALAD
If 34 & A:
U {(Ta(€a0a8) |0 <7 <ng — 1 U{TN_1-alEn_1_azy 79}
a€A|TaNALHD

Proof. In Remark B.4.12 we saw that it is enough to consider the traces of multiples
of the monomials whose images span PRS(N, A)+. Therefore, we have that the traces of
multiples of the monomials in (B.4.1) span Tr(PRS(N, A)+) = (PRS(N, A),)*+. Moreover,
it is enough to consider the following traces for J, with J, N AL # ()

{Ta(€azo21),0 <7 <mng — 1}

because they are linearly independent (a dependence relation would give a polynomial
relation on &, of degree less than n,) and there are n, of them, which is the maximum
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dimension that we can get with n, monomials. The same reasoning shows that it is enough
to consider the following traces for the monomial x]lv —1-d,

{Tno1-a(€yog—ge? 9,0 < <myoaog — 13, (B.4.4)

which are linearly independent between them as well.

If 34 C A, by Lemma B.4.13 we have that ‘JN,l,d N AJ-| = (). Hence, when we con-
sider all of these sets of polynomials together, they are independent because between sets
corresponding to different cyclotomic sets J, we have polynomials with disjoint support
(the monomials that we are considering are linearly independent in S/I(Xy) by Corollary
B.4.9).

On the other hand, when J; ¢ A, by Lemma B.4.13 we know that there is at least one
element h € Jy_1_q N AL, The argument for the previous case works in this case, except
when considering the traces of polynomials associated to Jy_1_4 and the polynomials in
(B.4.4), because by Lemma B.4.8 we will have the same powers of x;. However, if from
the later set of polynomials we only consider TN_l_d(éN_l_d:c]lv _l_d), then the linear
independence is clear because this polynomial is equal to Ty_1-q(En—1-4) 7 0 at [0 : 1]
(because of the choice of the primitive elements), while the rest of polynomials that we
are considering are 0 at [0 : 1]. Moreover, with these polynomials we can generate the rest
of the polynomials in (B.4.4) taking into account Lemma B.4.8:

Ta(Emort) =€i(ao +af = 1) + €0 (o +of" = 1) b+ &8 (o +af" T 1) =
Tal€0)(@o = 1) + Ta(&at).

With r = 1 we see that we can generate (xo—1) with the polynomials we are considering,
and with (zg — 1) we can generate the rest of polynomials in (B.4.4) because 7,(&}) €
Fy,. O]

In the case Jya) A of the previous result, we have seen that we can generate (zo—1).
The evaluation of this polynomial on P! gives a codeword with Hamming weight 1, which
means that (PRS(N,A),)® has minimum distance 1. This is equivalent to having that
PRS(N, A), is a degenerate code (it has a common zero in the coordinate associated to
the point [0 : 1]). Once again, we see that the interesting case for us is when Jga) C A.

Example B.4.15. We continue with example B.3.2. Let Ay = {0, 1,2, 3,4}, which implies
d(Ag) = 4. We are going to obtain a set of polynomials such that its image by the
evaluation map is a basis for (PRS(9,A4)3)". We have that Ay = {0,1,2,3}. The
minimal cyclotomic sets J, with J, N ALt # () are Jp,J; and Jo. As in the previous
examples, if £ is a primitive element of Fg, by Theorem B.4.14, we obtain the following
set of polynomials:

To(x0) = 0, Ti(z071) = 01 + 3325, Ti (€T071) = €071 + ET2}

Ta(01y) = 2027 + aiaf, Ta(§word) = Exoat + Eagal, Ta(ai) = a1

In all the previous expressions, we can reduce the exponent of xy to 1 and the evaluation
would not change.
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As a consequence of Theorem B.4.14, we obtain directly an explicit formula for the di-
mension of (PRS(N, A),)t without using the dimension of the primary codes from Corol-
lary B.3.7.

Corollary B.4.16. Let A C {0,1,...,N — 1} and let d = d(A). The dimension of
(PRS(N, A) )t is equal to:

Z Ng + Ng Zf jd Cc A
dim (PRS(N, A),)*+ = a€A|TaNALAD
(PRS(N,A)q) 7 e

a€A|TaNAL£D

Now we are going to turn our attention to the minimum distance of the dual code
(PRS(N,A),)*. In the affine case, a BCH-type bound has been used frequently for the
minimum distance of the duals of the subfield subcodes of Reed-Solomon codes. If one
considers the code RS(V, A) with A = J,,UJ,, U---UJ,, a union of cyclotomic sets, then
this code is Galois invariant in the sense of [2], i.e., RS(IV, A) = (RS(N, A))?. By [2, Thm.
4], we have that Tr(RS(N,A)) = RS(IV, A),. We can write Theorem B.4.1 in the following
way: CLNFy = Te(C)*. Therefore, we have that (RS(N,A),)" = (RS(N,A)*) . For
(RS(NV, A)1),, it is easy to see that we have a BCH-type bound because we can consider the
generator matrix of RS(N, A) as a pseudo-parity check matrix for the code (RS(N, A)1),
(as we did with the matrix in (B.2.1) for BCH codes). If we have ¢ consecutive exponents
in A, we have a Vandermonde matrix as a submatrix of the generator matrix for RS(N, A)
and we get that wt (RS(N,A)g)*) >t +1.

In the projective case, arguing in a similar way, we get that, if we have t consecutive
exponents in A, we have the BCH-type bound wt ((PRS(N, A)J-)q) > t+1. However, even
if A is a union of cyclotomic sets, we will see in Remark B.4.23 and Example B.4.24 that
in the projective case we do not have in general that PRS(V, A) is Galois invariant, and
thus we do not have the equality between (PRS(N,A)L), and (PRS(N, A),)* in general.
Nevertheless, we can still use the affine case in order to get a bound for the minimum
distance. If we have a code C' C Fy, we are going to denote by (C,0) := {(u1,...,un,0) €
FZH | uw = (u1,...,u,) € C}. In what follows, we are going to assume that the coordinate
associated to the point [0 : 1] is the last one. We recall that A (resp. B) is the set of
minimal representatives (resp. maximal representatives) of the minimal cyclotomic sets.
We are going to denote A" := A\ {d}, and (A")3 = Upep p<djz,ca Io C A as before.

Proposition B.4.17. Let A C {0,1,...,N — 1}. We assume that d(A) € B with
Jaay C A. If t us the number of conseculive exponents in (A")5, then we have that
wt (PRS(N, A)g)t) >t + 1.
Proof. We assume that the point [0 : 1] corresponds to the last coordinate. We have
PRS(N,A)q D (RS(N, A')g,0), which implies
(PRS(Na A)q)L - (RS(Na A,)Qa 0)L = ((RS(Nv A,)Q)La 0) + <(O’ te 70a 1))

We know that (0,...,0,1) ¢ (PRS(N, A),)* because that would imply that PRS(N, A),
is degenerate, and that is not the case because of the assumptions that we have made.
Thus, any vector in (PRS(N, A),)% must belong to (RS(N, A’),)L after puncturing the

last coordinate, and therefore the weight of any vector in (PRS(N, A),)* must be at least
t + 1 because of the BCH-type bound for (RS(N, A'),)*. O
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As a corollary, we have the following result about the duals of the subfield subcodes of
doubly extended Reed-Solomon codes.

Corollary B.4.18. Let Ay = {0,1,...,d} with d € B. If t is the number of consecutive
exponents in (Al)s, the parameters of (PRS(¢%, Aa)g)t are [¢° + 1, ZaeAmmAL#@ Ng, >
t+1].

This estimate would give codes with length 1 more than in the affine case, but same
dimension and same bound for the minimum distance. However, the bound for the mini-
mum distance is not sharp in general and we are able to improve upon the affine case in
many examples. For instance, in the next result we show that when |J4| = 1 we have a
better estimate for the minimum distance.

Proposition B.4.19. Let A C {0,1,...,N —1} such that |Jya)| = 1. Then PRS(N, Ay)
is Galois invariant, we have that (PRS(N, Az)1), = (PRS(N, Az),)* = (PRS(N,A),)*,
and, if there are t consecutive erponents in Ay, the parameters of (PRS(N,A),)* are
[N+ 1,2 geapanatzo e + 1,2 T+ 1]

Proof. Let d = d(A). We have that PRS(NN, Aj) is generated by the evaluation of mono-
mials. Because of the fact that A5 is a union of cyclotomic sets, we can divide the
monomials into sets corresponding to different minimal cyclotomic sets. For a # d we
have the monomials

{zoz{ | @ € T, C A}.

If we consider these monomials to the power of ¢, the set remains invariant in S/I(P!)
because the exponents of 1 are in a cyclotomic set, and the exponent of xy does not change
the evaluation. For J; we have that :E({(N_l_d) = 27177 mod I(P') because |Jq| = 1.
Therefore, the set of monomials is invariant under taking powers of ¢, which implies that
PRS(N,A5) = (PRS(V,Aj))4. Because of the previous discussion, we have that being
Galois invariant implies in this case that (PRS(N, Ay)+), = (PRS(N, Ay),)*t. Taking into
account that PRS(V, Aj), = PRS(V, A), because of Theorem B.3.4, the parameters are
clear from Theorem B.4.14 and the BCH-type bound. O

In many situations, the previous result gives codes with higher length and dimension
than in the affine case. Assuming the hypotheses of the previous result, the affine code
with (RS(N, A),)* would have parameters [N, ZaeAwamA;;é@ Ng, > t + 1], meanwhile the
projective code (PRS(N,A),)* would have parameters [N + 1, ZaeAwamA;ﬂ) ng +1,>
t+1].

These codes can also be compared to (RS(N, A’),)+, with A’ = A\ {d(A)}. Taking
into account that |J4| = 1, this code has parameters [N, ZaeAwamA##@ ng +1,>t + 1],
where t’ is the number of consecutive exponents in A’. We see that this code has the same
dimension as (PRS(N,A),)*. However, the bound for the minimum distance is worse
than the one for (PRS(N, A),)*.

The following result shows many situations in which we can use Proposition B.4.19
besides the obvious case with A = {0}.

Lemma B.4.20. Let ¢ > 2. Ifdy == A(N —1)/(¢—1) € N, for some \, 1 <X <q—1,
then |Ig,| = 1.
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Proof. We only have to observe that

N -1 N -1
- A =AN—-1)=0 mod N —1.

A
q—lq q—1

O]

Remark B.4.21. If g—1 | N —1, then with the previous result we obtain ¢— 1 cyclotomic
sets with cardinality one besides Jg. For example, if N = ¢°, then we directly have
q—1| N — 1. However, that is not the only case. For example we can consider ¢° = 3%
and N = 83. In that situation it can be checked that ¢ — 1 =2 | 82 = N — 1, and we
have that |I4;| = 1. In this situation, when we have ¢ — 1 | N — 1, the previous result is
actually a characterization of when we have |I4] = 1:

N -1
qg—1

I =1 < dg=d mod N—1 < d(g—1)=A(N—1)=Xg—1)

= d= A 1,fors,01rnel§)\<q—1.

q —_—
Example B.4.22. We consider the field extension Fi5 D F4, which gives the following
minimal cyclotomic sets:

Jo ={0},31 = {1,4},32 = {2,8},73 = {3,12}, 75 = {5},
J6 = {6,9},77 = {7,13},310 = {10}, J11 = {11, 14},7:5 = {15}.

We see that we have |Jjp| = 1. If we take A = {0,1,4,10} = Jp U J; U J19, then
A+ ={0,1,...,N —1}\ {J15UJ11 UJ5} and we can use Corollary B.4.16 to compute the
dimension. All the cyclotomic sets, besides J5, J11 and J15, have nonzero intersection with
At and we have Jaa) = J10 C A. Hence, by Corollary B.4.16, dim (PRS(N, A))t =
(ng + n1 + ng + n3 + ng + n7 + n1g) + n1o = 13. For the minimum distance, we have ¢t =
consecutive elements in Ay = A, which gives the following parameters for (PRS(N, A),)~:
[17,13,> 3].

We can do the same for A = {0,1,2,4,8,10} = Jp U J; U T2 U Jqg, and we obtain the
parameters [17,11, > 4]. The true parameters are [17,13,3] and [17, 11, 4], which lengthen
the parameters of the affine case [16,12,3] and [16, 10,4]. We see that the bound for the
minimum distance coincides with the real minimum distance in this case.

Remark B.4.23. If we do not assume in Proposition B.4.19 that |J4| = 1, then, if
d = d(A) € B and J; C A (which is the interesting case in the projective setting), we
will have the evaluation of the monomial z¢ in PRS(N, A), and also the evaluation of at
least one monomial z{ *z¢ with a € Jz\ {d}. We know that d = ¢"a mod N — 1 for

_r—1

some r > 0. Thus, we have the image of xg a ax‘{_la in PRS(N, A), but if we take

this monomial to the power of ¢, we get xg(dfqr_la)xcf # 2% mod I(P'). Tt is not hard to
check that we do not have the image of this monomial in PRS(N, A), which implies that
PRS(N, A) is not Galois invariant. In the following example we show how this affects the
bound for the minimum distance.

Example B.4.24. We continue with Example B.4.22. We can consider A = {0, 1,2,3,4},
which gives Ay = Jy U J;. However, we do not have |J4| = 1 and Proposition B.4.19 does
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not hold in this case. For instance, there are t = 2 consecutive elements in A, but the
parameters of (PRS(NV, A) )t are [17,15,2], and 2 < t + 1 = 3. On the other hand, we
have that (A’)y = Jy, which only has ¢ = 1 consecutive elements, and Proposition B.4.17
would give the parameters [17,15, > 2].

B.5 Applications to EAQECCs

This section is devoted to providing quantum codes from the linear codes developed in the
previous section. Namely, we will construct EAQECCs using the CSS construction [15,
Thm. 4] and the Hermitian construction [15, Thm. 3], as well as asymmetric EAQECCs
[16].

B.5.1 Euclidean EAQECCs

In this section we will be interested in obtaining EAQECCs using the CSS construction [15,
Thm. 4]. Given a nonempty set U C Fy, we denote by wt(U) the number min{wt(v) | v €
U\ {0}}, extending the notation that we have been using only for linear codes until now.

Theorem B.5.1 (CSS Construction). Let C; C Fy be linear codes of dimension ki, for
i =1,2. Then, there is an EAQECC with parameters [[n, K, 0;c|lq, where

c=k —dim(C1NCy), k=n— (k1 + k2) + ¢, and
§ = min {wt (OlL \ (Cf 002))  wt (0;\ (aj mCl))}.

We are going to introduce some new notation for the codes we are going to use. In what
follows, we are assuming that p | N.

Definition B.5.2. Let A = {ap =0 < a; <--- < a;}, the set of minimal representatives
of the minimal cyclotomic sets. We are going to consider a set A = Uz;é Ja,U{a:}, i.e., the
union of consecutive minimal cyclotomic sets with minimal representatives ag, ..., a1,
and the minimal element a;. For such a set A, we are going to consider the code D(N, A)
defined as the linear code generated by {evx, (zoz{) | @ € A\ {at}} U{evx, (]")}.

Remark B.5.3. If we look at the basis for the dual codes from Proposition B.4.10, we see
that D(N,A) = PRS(N, A*)L, with A* = {0,1,..., N —1}\U'Z, In_1_a,- In particular,
the codes we are considering are not degenerate.

Although the previous remark shows that we can use the notation PRS(N, A*)* instead
of D(N, A), in what follows we are going to use D(N, A) because this will be the appro-
priate notation for Section B.6. This allows us to make reference to the following proofs
directly from Section B.6, which helps to avoid repetition.

Remark B.5.4. By the definitions, it is clear that D(N, A) = (RS(N, A"),0)+(evx, (z]")),
where A" = A\ {a;}. This means that dim D(N,A) = dimRS(N, A’)+1 = dim RS(N, A).
We also have that dim (D(N, A)4), = dim PRS(N, A*), = N+1-3"_, n,, from Corollary
B.3.7. If Gy A is a generator matrix of RS(IV, A), then we have that
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is a generator matrix of D(N,A). We see that this does not correspond to any standard
lengthening technique for linear codes. On the other hand, the BCH-type bound gives
wt((D(N, A)1),) > wt(D(N, A)L) > a; + 2.

Theorem B.5.5. Let A = {ap = 0 < a1 < ay < -+ < a,} be the set of minimal
representatives of the cyclotomic sets J,,, 0 < i < z, of {0,1,..., N — 1} with respect to
q. Let A = U2y Ja, U {ar} such that RS(N,A") C RS(N, A", where A" = (Ji_, Ta,-
Then we can construct an EAQECC with parameters [[n, k,> J;c]]q, where n = N + 1,
k=N+1-2(3_one)+ec d=a+2, andc< 1.

Proof. We are going to consider the code C; = Cy = ((D(N,A)1),)* for the CSS Con-
struction B.5.1. We have dim ((D(N,A)Y),)t = N +1 —dim (D(N,A)+), = N +1 —
dim PRS(N, A*), = 3°_, na, by Remark B.5.4. Remark B.5.4 also gives the lower bound
wt((D(N, A)),) > ar + 2.

For the parameter ¢, we claim that

dim ((D(N, A)4) N1 (DN, A)5)g)*) = dim(RS(N, A")y,0) ~ 1 = gn -1,

which gives ¢ < 1. Let A’ = A\{a;}. By Remark B.5.4 we have D(N,A) = (RS(N, A"),0)+
(evacy (1))

We consider v € (RS(N,A)%,0). Then v is orthogonal to (RS(N,A’),0) (taking
into account that RS(IV,A’) € RS(N,A)), and it is also orthogonal to evx, (z{*) be-
cause the last coordinate of v is 0, which means that v - evy, (z{") = v - evx, (zoz]"),
and evy, (zor{") € (RS(N,A),0). Therefore, v € D(N,A)t. Taking into account
the dimension and the fact that the codes D(N,A)* are not degenerate, we can write
D(N,A)t = (RS(N,A)*,0) + (w), where w is a vector with a nonzero last entry.

We consider a basis for (D(N, A)1), now, and we can also assume that all the vec-
tors in the basis, besides one vector w’, have 0 as their last coordinate. Taking into
account that (D(N,A)L), is not degenerate, this means that we have (D(N,A)L), =
((RS(N,A)1),,0) + (w') for some vector w' with nonzero last coordinate. In this case we
have (RS(N,A)1), = (RS(N,A”)1), because A+ and A+ contain the same complete
minimal cyclotomic sets (which is what matters in order to compute the subfield subcode
of the dual, this can be seen using Theorem B.2.2 and [14, Prop. 3]). Moreover, we have
that RS(N, A”), C (RS(N,A")1), = (RS(N, A"),)* because this code is Galois invariant
by the reasoning after Corollary B.4.16.

Thus, we have seen that (D(N, A)1), D ((RS(N,A")4),,0) D (RS(N,A”),,0). On the
other hand, we have

(D(N,A)H) )+ = ((PRS(N,A")q,0) + ((0,0,...,0,1))) N (w')*.

Note that (0,0,...,0,1) ¢ (w')* because w’ has a nonzero last coordinate. Hence, we
can consider a basis for ((D(N,A)+),)* formed by (dimRS(N,A”), — 1) vectors u; €
(RS(N,A")4,0), and a vector w” such that its last coordinate is nonzero. Note that not
all vectors can have the last coordinate equal to 0 because that would mean that we have
the vector (0,0,...,0,1) € (D(N, A)L)q7 contradicting the bound given for the minimum
distance. Therefore, all the vectors u; are in (D(N,A)Y), N ((D(N,A)4),)*, which gives
c<1. O
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Remark B.5.6. In [17], there are conditions in order to have RS(N, A”) c RS(N, A”)*.
For example, for the type of set A” that we are considering in Theorem B.5.5, if, for every
cyclotomic set J, C A”, we have Jy_1_ ¢ A”, then RS(N, A”) € RS(N, A”)*.

For the code RS(N, A”)* we have the bound wt(RS(N, A”)1) > a;1 1 + 1. However, we
have at+1 + 1 = a; + 2 in many cases (this happens if and only if a; + 1 ¢ A”, because
in that case a;11 = a; + 1). In that situation, we have the same bound for the minimum
distance for RS(V, A”)* and for the corresponding EAQECC from Theorem B.5.5. In the
following discussion we will assume that a1 + 1 = a; + 2.

If we get a QECC with parameters [[n, , d; 0]]4 from the affine case using RS(N, A”),,
then we would get an EAQECC with parameters [[n+ 1, + 1+ ¢, §; c]]4 in the projective
case using Theorem B.5.5, where ¢ < 1. If we take into account the rate p := k/n and the
net rate p := (k —c¢)/n, we see that the code obtained with Theorem B.5.5 has better rate
and net rate than the one obtained in the affine case. Moreover, it can be checked that
the codes we obtain are not directly obtainable from the affine case using the propagation
rules from [29], which can be adapted for EAQECCs arising from Theorem B.5.1 (for
example, see [1]).

In the constructions from Theorem B.5.15 and Theorem B.6.6, the same argument shows
that, as long as a;+1 + 1 = a; + 2, we can obtain codes with better rates than the ones
from the affine case, which cannot be deduced from the propagation rules from [29].

Example B.5.7. We consider N = ¢° = 3* = 81, with ¢ = 32 (s = 2). The first minimal
cyclotomic sets, ordered by their minimal element, are

Jo =40}, 31 ={1,9}, 32 = {2,18}, J3 = {3,27}, J4 = {4,36}, J5 = {5,45}.

With the notation that we have been using, we consider the minimal elements a;, for
i =0,...,5, and A = U?:o Ja, U {5} (t = 5 with the previous notation). We have
Z?:o ng, = 11, and we have a; +2 = 7. It is easy to check that Jy_1_,, ¢ A for
i =0,...,5. By Remark B.5.6 we have RS(N,A”) ¢ RS(N,A”)* and we can apply
Theorem B.5.5 in order to obtain a quantum code with parameters [[82,61,7;1]]g. If we
had used the affine code RS(N,A”) with A” = (J7_, J,,, the bound for the minimum
distance would have been the same because a; +1 = 8 ¢ A”, and we would have obtained
the code [[81,59, 7;0]]o.

We can also get QECCs (EAQECCs with ¢ = 0) directly under some assumptions, as
the following result shows.

Proposition B.5.8. Assume thatp > 2. Let N be an odd integer such that N —1 | ¢° —1
and p | N. We consider a union of cyclotomic sets A C {0,1,...,N — 1} such that

= d(A) = (N —1)/2. Ift is the number of consecutive exponents in A, then we can
construct a QECC with parameters [[n,k,> §;0]]4, wheren = N +1, k = N +1 —2]A|,
and 6 =t+1.

Proof. By Proposition B.4.19, Lemma B.4.20 and Remark B.5.3, we have that PRS(N, A)
is Galois invariant, and we have wt((PRS(N,A),)%) > ¢ + 1. By Corollary B.4.11, if we
consider Ay ={0,1,..., (N —1)/2}, we have that

PRS(N,A) € PRS(N, Ag) = PRS(N, Ay)t € PRS(N, A)*.
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Therefore, considering the intersection with Fy we obtain PRS(N, A), C (PRS(N, A))*t.
If we consider C; = Cy = PRS(N,A), in the CSS Construction B.5.1, we have already
obtained the length, the bound for the minimum distance, and ¢ = 0, for the param-
eters of the corresponding quantum error-correcting code. For the dimension, we have
dim PRS(N, A), = |A| by Corollary B.3.7, taking into account that |J4| = 1 in this case
by Lemma B.4.20. O

Example B.5.9. We consider ¢° = 3%, ¢ = 3 and N = 3% = 27. Let A = JoUJ; U
J4UJ13 (note that 13 = (N — 1)/2). We are not considering consecutive cyclotomic sets,
which means that the BCH-type bound for the minimum distance might not be accurate.
Hence, we have computed it directly with Magma [5]. The code (PRS(N,A),)’ has
parameters [28, 20, 6], which gives a QECC with parameters [[28, 12, 6; 0]]3 by Proposition
B.5.8, which are the best known parameters for a quantum code over F3 with that length
and dimension according to [21]. With RS(N, A) and RS(N, A’) (where A’ = A\ {(N —
1)/2}), we obtain the parameters [27, 19, 6] and [27, 20, 5] for the dual codes of their subfield
subcodes, respectively. These codes would give QECCs with parameters [[27, 11, 6; 0]]3 and
[[27,13, 5; 0]]3, respectively, applying the CSS Construction B.5.1.

B.5.2 Asymmetric EAQECCs

As we said in the introduction, phase-shift and qudit-flip errors are not equally likely
to occur. It is therefore desirable to obtain EAQECCs with different error correction
capabilities for each of these types of errors. In order to construct asymmetric EAQECCs,
we can use the following result from [16].

Theorem B.5.10. Let C; C Fy be linear codes of dimension ki, for i =1,2. Then, there
is an asymmetric EAQECC with parameters [[n, k,d,/04; c]lq, where

c=k —dim(C;NCy), k=n— (k1 + k2) + ¢,
5, = wt (cf\(cfncg)) and 6, = wt (Cj\ (c;mcl)).

The two minimum distances J, and ¢, give the error correction capability of the corre-
sponding asymmetric EAQECC, which can correct up to | (6, — 1)/2]| phase-shift errors
and [(6; —1)/2] qudit-flip errors.

In sections B.3 and B.4 we obtained bases for both the primary codes PRS(V, A), and
their duals (PRS(N, A),)*. This is the key for the proof of the following result, which
allows us to construct asymmetric EAQECCs from subfield subcodes of projective Reed-
Solomon codes. We recall that, for A C {0,1,..., N — 1}, we denote Ay = (J;, A Ja, and
we also recall that B is the set of maximal representatives of the minimal cyclotomic sets.

Theorem B.5.11. Let 1 < dy,de < N — 1, such that d; € B, fori = 1,2, and p | N.
We consider Ag; = {0,1,...,d;} and we denote Ay = Ay, \ {d;}, for i = 1,2. If
((A;l)j)J— C (A}, )3, then we can construct an asymmetric EAQECC with parameters

IN+1, > m+ > m+2-N,0./6:1],,
beB,b<d; beB,b<ds

where 6, > N —dy +1, 0, > N —dy + 1.
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Proof. We are going to consider C; = (PRS(N, Ag,),)*, for i = 1,2, and we are going to
use Theorem B.5.10. The bounds for §, and d, are clear, and we obtain the dimension
using Corollary B.3.7 if we assume ¢ = 1. For the parameter ¢ = dim(PRS(N, Ay, ),)" —
dim((PRS(NV, A4, )g)t NPRS(N, Ag,),), We are going to study dim((PRS(NV, Ag )g)+t N
PRS(N, Ag,),). For (PRS(N, Ay ),)+ we have the basis given by the evaluation of the
following set from Theorem B.4.14:

U {Ta(€zox$) |0 <7 < na—1}U{Th—1-a, (Ex gzt ") [0 < 7 < g, — 1}
a€A|jaﬁAdll¢®
(B.5.1)

From Theorem B.3.4 it is easy to obtain that the evaluation of the following set gives a
basis for PRS(V, Ag, )

U {Tal&wor$) |0 < r < ng — 1} U{TR (D)} (B.5.2)

a€A[JaCAY,

It is also clear that the a € A such that J, N Ajl # () are precisely the a € A such that

C ((Ag,)5)*. We also have that ((A:il)j)l = ((Ag)3)t UJn_1_4,. Therefore, taking
into account the assumption ((A} );)* C (Al )5 C Al , we have that all the traces of
monomials of the type xox{, with a € A, in the set from (B.5.1), are contained in the set
from (B.5.2). This implies that the evaluation of the set

U  {7a(&rort) [0<r <ng—1} (B.5.3)
aeAwamAjl;s@

is in (PRS(N, Ag,)q)- NPRS(N, Ag,),-
Now we are going to study which polynomials from the set generated by

{Tvo1—a (Ev_i_g ) M) [0 < r < ng, — 1}

have their evaluation in (PRS(N, A4, ),)" N PRS(N,Ag,),. As in Theorem B.4.14, we
assume that {ny_1_g, is a primitive element of Fq"dl (note that ng, = ny_1-4,) such that
Tn-1-d, (EN—1-4,) # 0. For ease of notation, we are going to denote now dj = N —1—dj.
For 0 <r <mng, —1,r # 1, we have

Tay (Ea;) Tay (€5 w0 - Ty (€0, Ty (€ay w0y )

= Ty (6 Ty (€ 11) — Ty (€5,) Ty (€ay ) mod I(Xy).

(B.5.4)

This is easy to see because when we set g = 1, we obtain the same polynomials at each

side, which means that they have the same evaluation in [{1} X Y], and both polynomials

evaluate to 0 in [0 : 1]. Therefore, they have the same evaluation in Xy. Because of the

assumption ((Aiil)j)J_ = ((Adl)g)LUszl C (Ay,)3, we obtain 3y C A and it is clear that

we have the evaluation of the polynomial in the left-hand side of (B.5.4) in PRS(N, Ag, )4

if we consider the basis from (B.5.2). The evaluation of the polynomial in the right-hand

side is clearly in (PRS(N, Ag,)q)* (see (B.5.1)). Thus, we have proved that the image by
the evaluation map of the polynomials in the set

[T (€0 Tag (€3 o) — Tog (€5 Tag (€qgoa) |0 v < mgy —Lr £1} (B5.5)

o7



EAQECCs from subfield subcodes of projective Reed-Solomon codes

is in (PRS(N, Ag,)q)" NPRS(N, Ag,),-
Hence, the evaluation of the union of the sets from (B.5.3) and (B.5.5) is in

(PRS(N, Ag,)g)t NPRS(N, Agy)q,

and it is easy to see that the evaluation of this union is linearly independent. Taking into
account the basis from (B.5.1), we obtain that dim((PRS(N, Ay )q)T NPRS(N, Ag,),) >
dim((PRS(NV, Ay )g)t) — 1, ie, e < 1.

On the other hand, having ¢ = 0 means that (PRS(NV, Ag, ),) C PRS(N, Ag,),. This
implies that the evaluation of all the traces appearing in (B.5.4) are in PRS(V, Ag,)q-
However, the evaluations of 7y (gdfl xox(lj/l) and Ty (fd’l x‘fll) differ only at the coordinate as-
sociated to the point [0 : 1]. This would imply that the minimum distance of PRS(N, Ay, )4
is 1, a contradiction. Therefore, ¢ = 1. O

Remark B.5.12. We note that in the previous result we have that (A})3 = Upepjp<q Jo-

As we said in the introduction, it is desirable to obtain asymmetric quantum codes with
higher error-correction capability for phase-shift errors, i.e. with é, > §,. For the codes
obtained using Theorem B.5.11, this corresponds to choosing d; < da.

In the next example we show that we are able to obtain codes which are better than
the ones available in the current literature.

Example B.5.13. We consider the extension Fig O Fy4, which is the setting from Ex-
ample B.4.22. We choose d; = 14, do = 15, and apply Theorem B.5.11, which gives the
parameters [[17,14,3/2;1]]4. In [16], we can find a code with parameters [[15,12,3/2;1]]4
using BCH codes. We see that the code we have obtained has better rate x/n, and also
better net rate (k — c)/n.

If we consider the extension Fo5 D F5 instead, and choose di = 22, do = 23, we obtain a
code with parameters [[26,19,4/3;1]]5 using Theorem B.5.11. It is possible to adapt the
propagation rules from [29] to asymmetric EAQECCs arising from Theorem B.5.10. For
example, we can reduce the length by using extra entanglement, provided that ¢ < n—xk—2:

([n, K, 0./0z;¢llg = [[n — 1, K, 05/0z; ¢+ 1]]4. (B.5.6)

In [16] a code with parameters [[24,19,4/3; 3]]5 is presented, which can be obtained from
our code with parameters [[26,19,4/3;1]]5 by applying (B.5.6) two times. In this sense,
we can say that the parameters [[24, 19, 4/3; 3]]5 appearing in [16] are a consequence of the
parameters [[26,19,4/3; 1]]5 that we obtain with Theorem B.5.11.

Finally, if we consider the extension Fg4 D Fg, for d; = 60 and dy = 63, we obtain
the parameters [[65, 58,5/2; 1]]s, which give a better rate and net rate than the code with
parameters [[63,56,5/2;1]]s from [16]. If we choose di = 58 and d2 = 62 instead, we
obtain the parameters [[65, 52, 7/3;1]]s, which, after using the propagation rule (B.5.6) as
before, give the parameters [[63,52,7/3; 3]|s that appear in [16].

If we do not assume ((Aéll)j)l C (Ag,)s in Theorem B.5.11, then we would obtain
instead the parameters [N + 1,3 5y g, M + D peppea, Mo + 1+ ¢ — N,0:/6;cllq, for
€= dlm(PRS(Nv Adl)q)J_ - dlm((PRS(N7 Ad1 )q)L N PRS(Nv Adz)q)'
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B.5.3 Hermitian EAQECCs

In the Hermitian case, we have to work with three different fields. Hence, we are going to
change the notation from the previous sections. We consider the field extension F 2 D Fpo,
where ¢?¢ = p?", ¢ = p®, for some r,s > 0, and r = £s. Thus, in what follows we are going
to obtain codes of length n = N 4 1, where N > 1 is an integer such that N —1 | ¢* — 1.

As before, we are going to consider the set Zy = {0} U {1,2,...,N — 1}, where
{1,2,...,N — 1} is regarded as the set of representatives of the ring Z/(N — 1)Z. We
consider the cyclotomic sets with respect to ¢? over {0,1,..., N — 1}. We call A the set
of minimal elements of the different cyclotomic sets. We introduce now the Hermitian
construction [15, Thm. 3] that we are going to use.

Theorem B.5.14 (Hermitian construction). Let C' C IFZQ be a linear code of dimension

k and C*r its Hermitian dual. Then, there is an EAQECC with parameters [[n, k,; c]],,
where

c=k—dim(CNC), k=n—2k+¢, and § =wt(Ctr\ (CNC)).

We are only going to consider the Hermitian product over IF 2. Therefore, for a,b € IFZQ

we have
n
a-pb:= E aibg.
i=0

In what follows, when considering a power of a code or a vector, we will be considering
the component-wise power, i.e., C? := {c? := (l,....ck) | ¢ = (c1,...,¢,) € C}. Tt is
easy to check that, for codes over F 2, we have that C+ = (C*1)%, where C** denotes the
Hermitian dual.

Theorem B.5.15. Let A = {ap = 0 < a1 < a2 < -+ < ay} be the set of minimal
representatives of the cyclotomic sets J,,, 0 <1i < z, of {0,1,..., N —1} with respect to 7.
Let A = J\Z5 34, U{as} such that RS(N, A")2 C (RS(N,A")2)*, where A" = Ui—o Ja; -
Then we can construct an EAQECC with parameters [[n, k,> 0;c]]y, where n = N + 1,
H=N+1—2(Z§:0nai)+c, d=a;+2 and c < 1.

Proof. We are going to consider the code C = ((D(N, A)*),2)*+ for the Hermitian con-
struction B.5.14. Using what we obtained in Theorem B.5.5, the only thing left to prove
is the statement about the parameter c.

Following the proof of Theorem B.5.5, we have (D(N, A)4),2 = ((RS(N, A”)4),2,0) +
(w') for some vector w’ with nonzero last coordinate. Therefore, dim ((D(N, A)+)2)*h =
dim RS(N, A”) 2 = dim((RS(N, A”)+),2)*". Moreover, we have

((RS(N7 AH)L)qQ)J_h = ((RS(N7 A//)q2)L)J—h = (((RS(N, A//)qQ)l)J_)q = (RS(N7 A”)112)q .
Thus, we obtain
(DN, A)F)2) " = ((PRS(N,A"),2)4,0) +((0,0,...,0,1))) N {(w')).

Note that (0,0,...,0,1) ¢ {(w'))** because w’ has a nonzero last coordinate. We can
consider a basis for ((D(N,A)4),2)*" formed by (dimRS(N,A"). — 1) vectors u; €
((RS(N,A"),2)9,0), and a vector w such that its last coordinate is nonzero (not all vectors
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can have the last coordinate equal to 0 because that would mean that we have the vector
(0,0,...,0,1) € (D(N, A)J—)qz, contradicting the bound given for the minimum distance).

By our hypothesis, we have RS(N, A”) 2 C (RS(N, A”)2)4*. Thus, (RS(N,A”)2)? C
((RS(N,A")2)t)" = (RS(N,A")2)t = (RS(N,A”)1),e. Taking into account that
(D(N,A)) 2 D (RS(N,A")4),2,0) D ((RS(N,A”),2)%,0), we see that the vectors u;
are in (D(N,A)}),2 as well, and we obtain the desired inequality for the dimension of the
intersection. O

Remark B.5.16. From [17, Prop. 3] we can obtain conditions to have RS(N,A”) C
(RS(IV, A”) ;2)**, like the one we show next. Let A” = |J;_;J,, and we denote by a; the
minimal element in A such that J, = J_,,,. Assuming d(A) < N — 1, if A” C (A")4r =
{0,1,...,N =1} \ UL, Ja;, then we have RS(N, A”) ;2 C (RS(NV, A") 2 )

Example B.5.17. We continue with the setting from Example B.5.7. It is easy to check
that the set A in Example B.5.7 satisfies A € AL+, and by Remark B.5.16 and Theorem
B.5.15 we obtain a quantum code with parameters [[82,67,7;1]]s.

With the construction from Theorem B.5.15 we can obtain several quantum codes over
Fy whose parameters do not appear in the table of EAQECCs from [21], and therefore we
improve the table. With the extension Fqa D Fy2, we can obtain a code with parameters
[[17,12,3;1]]2, which is not in the table from [21]. We can consider now the following
propagation rule from [29]: let C' be an EAQECC with parameters [[n, &, d; ¢||, obtained
from Theorem B.5.14 (for example, the codes from Theorem B.5.15). If ¢ < n —k — 2,
then we can reduce the length by using extra entanglement:

[[n,k,0;cllqg = [[n — 1, K, 8; ¢+ 1]]4 (B.5.7)

Iterating this rule, it is easy to check that, from an EAQECC with parameters [[n, k, 0; c]]4,
one can obtain EAQECCs with parameters [[n — s,k,0;¢+s]lg, s =1,...,(n — Kk —¢)/2.
Note that the maximum value for ¢ is k = dim C', where C is the classical code used for
Theorem B.5.14, and for the maximum value of s that we have stated we have precisely

that ¢ + s = k:
n +n—f—@—c +2k‘—20
ct+s=c =c =
2 2

Applying the propagation rule (B.5.7) to the parameters [[17,12,3;1]]2, we obtain
[[16,12,3;2]]2 and [[15, 12, 3; 3]]2, which are also missing in the table [21].

For the extension Fos D Fy2, we obtain codes with length 65, which is greater than
the current maximum length in [21] for EAQECCs over Fa. Nevertheless, we can reduce
the length with the propagation rule (B.5.7) and check if the corresponding parameters
are in the table. A code with parameters [[64,58, 3;2]]2, whose parameters are missing
in [21], is obtained from the code with parameters [[65, 58, 3;1]]2 derived from Theorem
B.5.15 using (B.5.7). Moreover, by applying the propagation rule (B.5.7) to the code with
parameters [[65, 40, 7; 1]]2 deduced from Theorem B.5.15, we obtain codes with parameters
[[65 — 7,40, 7;1 4+ d]]o, for i = 1,2,...,12, whose parameters are also missing in [21].

In total, we obtain in this way 16 EAQECCs over Fo whose parameters are missing
in [21].

The table of EAQECCs from [21] also covers codes over F3. However, the smaller length
that we can achieve with Theorem B.5.15 over F3 would be 3% + 1 = 82, much higher than

k.
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the current maximum length in the table from [21] for this case. For example, we obtain
codes with parameters [[82,77,3;1]]s, [[82,73,4;1]]3, [[82,69, 5;1]]3 and [[82, 65, 6; 1]]3.

B.6 Evaluating at the trace roots

In this section, following the ideas from [18], we are going to consider evaluation codes
over the roots of a suitable trace polynomial. In [18], the authors considered the trace
polynomial over F  with respect to F, defined as

20—1

Tr%r(x):x—i-:cq—kﬂsf—k---—i-:cq

Let Yy, = {a € Fpae | Tr5, () = 0}. Tt is well known that [Y1y,| = ¢~ In [18],
evaluation codes over the roots of the trace are defined, obtaining codes with length ¢2¢~1,
and bounds for the dimension and minimum distance of these codes are found. In this
section we are going to do a similar thing over the projective space, obtaining codes of
length ¢*~1 4+ 1.

Firstly, we need to define the finite set of projective points in which we are going to
evaluate. In order to do this, we are simply going to add the point at infinity to the set

of roots of the trace, i.e., we are going to consider the following set of points:

Xg, = {1+ a] | Tr3,(a) = 0} U {[0: 1]},

It is clear from the definition that |X’[‘r3r = ¢*~1 4+ 1. Moreover, we can give this set
as the zeroes of a square-free homogeneous polynomial. In the rest of this section, when
we consider the homogenization f” of a polynomial f, we are considering the standard
homogenization (up to degree deg(f)).

Proposition B.6.1. The vanishing ideal of Xty is I(Xmy ) = (zo(Trs, (z1))").

Proof. The generator of the ideal is a homogeneous polynomial. Therefore, we can just
look at the set of representatives P! to check the zeroes of the ideal. It is clear that
[0:1] € V({xo(Tr$,(21))")). And it is also clear that if [1 : o] is a zero of zg(Tr, (21))",
then v must be a root of Tr§, (). Thus, we have that V({zo(Tr$,(z1))")) = X .

On the other hand, we have the decomposition

™, () = 11 (z — ).

aG]FqM |Tr§, (a)=0
Homogenizing and multiplying by xg we get

zo(Tr5, (1)) = o H (r1 — axp).
aEIE‘qszr;r(a):O

Therefore, xo(Tr$,(x1))" is a square-free polynomial and (zo(Tr$, (z1))") is a radical ideal
by [9, Prop. 9, Chapter 4, Section 2], which means that it is equal to I(Xrys ). O

If we consider the set of standard representatives Xy of Xy , we obtain the following
vanishing ideal.
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Proposition B.6.2. The vanishing ideal of Xty s

20

I(XTrgr) = <1;(2) — x0,$[‘11 -1, (xo — 1)(1,‘1 - 1),%0 Tr(x1)>.

Proof. 1t is clear that any point of Xys satisfies the equations. On the other hand, any
point that satisfies this equations must have the first coordinate equal to 0 or 1 because
of the first equation. If it is 0, then by the equation (x¢ — 1)(z1 — 1) = 0 mod I(Xmy )
we have that the last coordinate is equal to 1. If the first coordinate is 1, then the last
equation implies that the last coordinate must be a zero of Tr(x). Therefore, V/(I(Xty )) =
X135 . We obtain the result applying Seidenberg’s Lemma [26, Prop. 3.7.15] and Hilbert’s
Nullstellensatz over the algebraic closure of I . O

We are going to define the evaluation map that we are going to use in order to construct
these new codes (we have n = ¢2*~1 + 1):

evm, © Fooe[zo, 21]/1(Xmuy, ) = Fioe, [ (f(P1), .- 7f(Pn))PieXTrs2; .

Definition B.6.3. Let A = {ap =0 < a1 < --- < a,}. We are going to consider a set
A =25 Ja, U {as} as before. For such a set A, we consider the code D(Tr,, A) defined
as the linear code generated by {evty (zozf) | @ € A\ {a;}} U {evns (27")}.

In what follows we are going to need to use the codes RS(Tr3,,A) := RS(Y1y ,A)
that appear in [18], which are the puncturing of the codes D(Tr§,, A) at the coordinate
associated to the point [0 : 1]. When A is a union of consecutive cyclotomic sets, we
have that (RS(Tr5,, A),2)* = (RS(Tr5,, A)*),2. We are going to be interested in the code
(D(Tr$,, A)4),2, for which we have the following result.

Theorem B.6.4. Letap =0 < a1 < as < -+ < a1 < ap < q% — 1 be a sequence of
consecutive elements of A. Let A = UE;(l) Jo; U{ar} and let A" = AUT,,. Assuming that

(D(Txs,, A)L),2 is not degenerate, we have the following inequalities:

t
dim (D(Tt3,, A))ge = dim(RS(Tr3,, A”) )2 + 1> n = Y ng,,
=0
Wt(D(Trs,, A) D)) > ay + 2.

Proof. By the definitions, it is clear that D(Tr5,,A) = (RS(Tr3,, A’),0) + (evrs (z1")),
where A’ = A\ {a;}. Hence, dimD(Tr§,,A) = dim RS(Tr§,, A’) + 1 = dim RS(Tr5,, A),
because if we have dim RS(Tr5,, A’) = dim RS(Tr5,, A), this means that evry (zox() is
in (RS(Tr3,,A’),0), which implies that evrs (zoz]" — 1) is in D(Tr5,, A), but this is a
vector of weight 1, which is a contradiction because (D(Tr§,, A)*) 2 (and D(Tr§,, A)L) is
not degenerate. Therefore, we have that dim D(Tr§,, A)* = dim RS(Tr§,, A)+ + 1.

Arguing as in the proof of Theorem B.5.5, we have D(Tr§,, A)* = (RS(Tr$,, A)*,0) +
(w), where w is a vector with a nonzero last entry, and we also obtain (D(Tr$,, A)*1),
((RS(Tr,, A)F),2,0) + (w') for some vector w' with nonzero last coordinate. Moreover,
a basis for ((RS(Tr5,,A)r),2,0) would give us dim(RS(Tr5,, A)*),2 linearly indepen-
dent vectors with last coordinate equal to 0, which means that dim (D(Tr§,, A)*)
dim(RS(Tr,, A)4),2 + 1.

2 =
2 =

q
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2 =

We obtain dim (D(Tr5,, A)+) 2 = dim(RS(Tr$,, A”)*) 2 +1 because (RS(Tr,, A)L),
(RS(Tr$,, A”)*),2, which is what we are going to see next. When evaluating in all the
points of Fz¢, we have (RS(q*, A)*),2 = (RS(¢*, A”)F),2. The code RS(Tr$,, A) (resp.
RS(Tr$,, A”)) corresponds to a puncturing of RS(¢?, A) (resp. RS(¢%, A”)) because we
only evaluate in the zeroes of Tr§ (x). The dual of a punctured code is equal to the
shortening of the dual code at the same positions [32, Prop. 2.1.17]. Given a code C,
if we denote by S the positions where we are puncturing (resp. shortening), by Cg the

punctured code and by C?® the shortened code, we obtain
(Cs))g2 = ((CH)%)g = ((CH))?,

because shortening a code commutes with considering its subfield subcode. Let S be the
positions where we puncture in order to obtain RS(Tr§,, A) from RS(¢?*, A). Using the
previous expression and the fact that (RS(¢*, A)1),2 = (RS(¢*, A”)1),2 we get

(RS(Tr5,, A) 1) e = (RS(¢, A)s) 1) g2 = (RS(¢*, A) ) 2)® = (RS(¢*, A") 1) 2)°
= ((RS(q%?A”)S)L)ﬁ = (RS( zra A//)L)qZ'

The bound for the dimension given in the statement is obtained by using [18, Thm. 13].
On the other hand, for the minimum distance, we have the BCH-type bound for
D(Tr5,, A)*, which gives wt(D(Tr5,, A)) > a;+2, and it is inherited by (D(Tr5,, A)L) .

O]

The previous result shows that, if a;41 + 1 = a; + 2, then the code (D(Tr$,, A)*+),2 has
1 more length and dimension than the code (RS(Tt§,, A”)*),2. In the next example we

obtain some codes (D(Tr5,, A)*),2 with record parameters according to [21].

Example B.6.5. We consider the field extension Fys D Fg2, i.e., we have ¢ = 2 and ¢ = 4.
Therefore, we will get codes with length N = 129. Let A = JoUJ; U---TJq, , U {a}.
Hence, we have wt ((D(Tr,, A)t),2) > a; + 2. The dimension of these codes can be
easily computed using Magma [5]. In this case, we obtain a lot of codes whose parameters
achieve the best known values in [21], and in many cases we are obtaining codes with higher
length and dimension, but same minimum distance as in the affine case. Moreover, we
obtain the parameters [129, 90, 15]4, [129, 86, 16]4 and [129,41, 44]4, for a; equal to 13,14
and 42, respectively. In [21], a construction of a code with parameters [129,86,16]4 is
currently missing, and we are able to obtain one. The codes with parameters [129, 90, 15]4
and [129,41,44], exceed the best known values in [21]. Furthermore, by shortening and
puncturing these codes we are able to obtain more codes with record parameters or missing
constructions in [21]. For instance, from the code with parameters [129, 41, 44]4, we obtain
the parameters [129 — ¢ — 5,41 — 4,44 — j]4, for 0 < i < 4, 0 < j < 3, which are either
records or the construction of a code with those parameters is missing in [21].

The next result shows that we can construct quantum codes over I, using Theorem
B.6.4 together with the Hermitian construction B.5.14.

Theorem B.6.6. Let A = {ap = 0 < a1 < a2 < --- < a,} be the set of minimal
representatives of the cyclotomic sets J,,, 0 < i < z, of {0,1,... ,q* — 1} with respect to
¢%. Let t < z be an index such that

e [ ES1) P

2 2
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Then, for A = Ug;é Ja; U{as} as before, assuming that (D(Tr$,, A)*) 2 is not degenerate,

we have that:

q

dim (((D(Tr%r, A)H) )t 0 (DTS, A)L)qg) > dim ((D(TrS,, A)L),2) 4 — 1.

q

As a consequence, we can construct an EAQECC with parameters
t
7,21 =2 na, +¢,> ar +2;d)g,
i=0

where n = g2 +1 and ¢ < 1.

Proof. Similarly to the proof of Theorem B.5.15, we are going to consider the code C' =
((D(Tx5,, A)*)2)*n for the Hermitian construction B.5.14. By Theorem B.6.4 we obtain
the bound for the minimum distance, and we also obtain that dim ((D(Tr5,, A)*)z2)*r <
ZE:O ng,, which explains the dimension of the quantum code. The only thing left to prove
is the claim about the intersection of (D(Tr$,, A)4),2 with its hermitian dual.

Under our assumptions, in [18, Thm. 15] it is proved that we have RS(Tr3., A”),2 C
(RS(Tt$,, A”) 2)*h for A" = Ui_o Ja;- The reasoning from the proof of Theorem B.5.15
finishes the proof. O

Example B.6.7. We continue with Example B.6.5. For a; = 10, we have a; + 2 = 12,
and, computing the dimension with Magma [5], we obtain a quantum code with param-
eters [[129,67,12;1]]2 using Theorem B.6.6. In the affine case from [18], the parameters
[[128,65,12;0]]2 are obtained. Therefore, we have increased the length by 1 and the di-
mension by 2, at the expense of increasing the parameter ¢ by 1. Moreover, the codes
[[129,73,11; 1]]2, [[129, 67,12; 1]]2 and [[129, 59, 13; 1]]2 that we can obtain in this way (by
changing a;) cannot be deduced using the propagation rules from [29] with the codes in
the table of QECCs from [21].

In [18], the authors consider what they call complementary codes, which are obtained
in an analogous way, but evaluating in precisely all the points in F 2 besides the zeroes
of Tr§, (x). For the projective case, it is easy to see that including the point at infinity in
this set corresponds to considering the zero set of

2¢ 20
Z,UOCL'? *338 I

Trar (xl)h
All the results we have given in this section apply to these types of codes as well, but with
length ¢%¢ — ¢**~1 4+ 1 (instead of ¢*~1 +1).
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C.1 Introduction

The subfield subcode of a linear code C' C Fgs, with s > 1, is the linear code C' N Fy.
This is a standard procedure that may be used to construct long linear codes over a small
finite field. For instance, BCH codes can be seen as subfield subcodes of Reed-Solomon
codes. In the multivariate case, the subfield subcodes of J-affine variety codes are well
known [9] (in particular, the subfield subcodes of Reed-Muller codes) and have been used
for several applications [8,10]. The main problem that arises when working with subfield
subcodes is the computation of a basis for the code, which also gives the dimension. In
this paper, we compute bases for the subfield subcodes of projective Reed-Muller codes
over the projective plane P? and for their duals, and we also give tools to study the general
case of projective Reed-Muller codes over the projective space P™.

Projective Reed-Muller codes are evaluation codes obtained by evaluating multivariate
homogeneous polynomials in the projective space. Arguing as in [17], when one considers
the sum of the rate and the relative minimum distance as a measure of how good the
parameters of a code are, we obtain that projective Reed-Muller codes outperform Reed-
Muller codes. It is therefore natural to pose the problem of studying the subfield subcodes
of projective Reed-Muller codes, in particular, the problem of obtaining bases for the
subfield subcode and its dual. As we stated previously, this has been done for different
families of evaluation codes over the affine space [9,14], but for evaluation codes over the
projective space this has only been studied for evaluation codes over certain subsets of the
projective line [12]. In particular, the subfield subcodes of J-affine variety codes have been
used for constructing quantum codes with good parameters [7,9], and one can expect that
the subfield subcodes of projective Reed-Muller will also perform well in that setting.

In Section C.3, we study the subfield subcode of a projective Reed-Muller code over
the projective plane P? and its dual. Comparing with projective Reed-Muller codes over
P™, with m > 2, the case m = 2 is usually the most interesting one because it can give
rise to long codes with competitive parameters, which is similar to what happens in the
affine case with Reed-Muller codes. For the case m = 2, we provide explicit bases for both
the subfield subcode of a projective Reed-Muller code over the projective plane P? and its
dual. In order to construct the basis for the dual, we consider Delsarte’s Theorem C.2.7,
which shows that we can generate the dual of the subfield subcode of a projective Reed-
Muller code of degree d by considering the evaluation of the traces of monomials of degree
d. Then we can obtain a basis for the code by extracting a maximal linearly independent
set of vectors, and we do this by using the vanishing ideal of the projective plane from
Lemma C.3.3 and the division by a Grobner basis of this ideal. For the primary code, we
study some polynomials obtained by combining traces of monomials and such that they
can be regarded as homogeneous polynomials of degree d. We show that the set formed
by their evaluations is linearly independent, and we conclude that this set is a basis for
the code by a dimension argument, as we already have a basis of the dual code.

We generalize some of the previous ideas to the general setting of the projective space
P™ in Section C.4. When we consider a larger m, we usually increase the length at the
cost of having worse relative parameters, and also the analysis gets more complicated.
Nevertheless, we are able to deal with this case as well. We give the vanishing ideal of
a certain set of representatives of the points of P™. We prove that the set of generators
that we give is a universal Grobner basis of the ideal by using Buchberger’s criterion [4, §9
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Thm. 3, Chapter 2] and showing that all the S-polynomials of the generators reduce to
0, for any monomial order. From this result, we obtain the initial ideal and a basis for
the quotient ring. Moreover, we provide a way to obtain the remainder of the division
algorithm by this Grobner basis for any monomial. This can be proved by checking that
the remainder that we state is equivalent in the quotient ring to the original monomial, i.e.,
both have the same evaluation, and then checking that all the monomials in the support
of the remainder are part of the basis given for the quotient ring. Particular cases of these
ideas have been used previously for the projective line and the projective plane [12,19],
and we showcase them in full generality. With these tools, it is possible to deal with the
general case of computing bases for the subfield subcodes of projective Reed-Muller codes
over P and their duals, although getting explicit results as in the case m = 2 seems out
of reach as it gets too technical.

In Section C.5, we provide some examples of subfield subcodes of projective Reed-Muller
codes. We compare their parameters with the codes from [13], and we see that some of
the codes that we obtain have the best known parameters for the binary and ternary
case. When considering longer codes, it is thus expected to also achieve good parameters,
although the absence of tables for long codes makes comparisons difficult. One way to
see that some of the longer codes also have good parameters is to consider the Gilbert-
Varshamov bound [15, Thm. 2.8.1]. We provide a table with several of the codes that we
obtain that exceed it.

C.2 Preliminaries

We consider a finite field F, of ¢ elements with characteristic p, and its degree s extension
Fgs, with s > 1. We consider the projective space P"* over Fys and the polynomial ring
S = Fys[xo, ..., om]. Throughout this work, we will fix representatives for the points of
P™: for each point in P, we choose the representative whose first nonzero coordinate is
equal to 1, starting from the left. We will denote by P™ the set of representatives that

we have chosen (seen as points in the affine space A1) and we will call them standard
s(m+1) _1
q

=1 We consider the following evaluation map:

representatives. Let n = |P™| =

[SAY A Sd — FZLS, f = (f(Ql)v ce 7f(Qn))Qi€Pm ’

where Sy denotes the homogeneous polynomials of degree d. If m = 1, the image of
this evaluation map is the projective Reed-Solomon code of degree d (also called doubly
extended Reed-Solomon code), and we will denote it by PRS;. The parameters of these
codes are [¢° + 1,d + 1,¢° —d + 1]. If m > 1, then the image of the previous evaluation
map is the projective Reed-Muller code of degree d, which we will denote by PRMg4(m).
This is another well known family of codes [17,20].

Given a code C' C Fys, its subfield subcode with respect to the extension Fys D F, is
defined as C7 := C' N Fy. Subfield subcodes of projective Reed-Solomon codes, denoted
by PRS7, were studied in [12], and in this paper we are interested in studying the subfield
subcodes of projective Reed-Muller codes and their dual codes, denoted by PRMY(m) and
PRMZ’J‘(m), respectively. Before studying the projective case, let us show what happens
in the affine case.
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C.2.1 Subfield subcodes of affine Reed-Muller codes

The subfield subcodes of affine Reed-Muller, and, more generally, J-affine variety codes,
are well known [8,10]. We introduce now some of the basic techniques that are used to
study the subfield subcodes of Reed-Muller codes, which we will denote by RM7(m).

Let m > 1 be an integer. We consider the ideal I s in the ring R = Fys[z1,..., 2]
generated by x?s — xj. It is clear that the finite set of points defined by I s is precisely
the whole affine space A™ over Fgs

Let n = ¢°™. Consider the quotient ring Rys = R/I;s and the evaluation map evym :
Rys — Fys given by

EVAm (f) = (f(Ql)a f(Q2)7 ceey f(Qﬂ))QieAm'

This map is well defined and is clearly an isomorphism of vector spaces because I s is the
vanishing ideal of A™. When working over quotient rings, we will use the same letter f to
denote the equivalence class and any polynomial representing it.

For m = 1, the image by the evaluation map of R<4, the polynomials of degree less
than or equal to d, is the Reed-Solomon code of degree d (sometimes called extended
Reed-Solomon code), which we denote by RS;. For m > 2, the image by the evaluation
map of R<, is the Reed-Muller code of degree d.

We introduce now multivariate cyclotomic sets, which are useful for computing the
subfield subcodes of Reed-Muller codes. We consider Z/(q® — 1), where we represent the
classes of Z/(q®* — 1) by {1,2,...,¢° — 1}, and we define Zss = {0} UZ/(¢* — 1), where we
represent its classes by {0,1,...,¢° —1}. We will call a subset J of the Cartesian product
Lgs = [, Zgs a cyclotomic set with respect to ¢ if ¢-c € J for any ¢ € J. Furthermore,
J is said to be minimal (with respect to q) if it can be expressed as J = {¢*-¢,i = 1,2,...}
for a fixed ¢ € J, and in that situation we will write J. := J and n. = |J.|.

Now we define the following lexicographic order in the Cartesian product Zgi: a =
(a1,...,am) < (bi,...,by) = b if and only if the rightmost entry of b — a, viewing this
vector in Z™, is positive. We say that a € J. is a minimal representative of J. if a is
the least element in J. according to the order that we have given, and we will say that
b € J. it is a maxzimal representative of J. if it is the biggest element. We will denote by
A the set of minimal representatives of the minimal cyclotomic sets, and by B the set of
maximal representatives of the minimal cyclotomic sets.

We can introduce a notion of degree for the elements in Zg:. Given an integer d > 1, we
define Ag = {c = (c1,¢2,...,0m) €Z | 32 ci = d}, Acg = {c = (c1,¢0,. .., 0m) € L |
sy ci <d} and Acg = {c = (c1,¢2,...,cm) € Zt | 77 ¢; < d}. We will also denote
by A<q and A<, the elements a € A such that J, C A.g and J, C A<y, respectively.

Example C.2.1. Consider the extension Fy D Fo with m = 2. We have ¢ = 2 and
q® = 2% = 4. Therefore, Z4 = {0} UZ/(3). We have the following minimal cyclotomic sets:

J0,0 =1{(0,0)}, 31,0 = {(1,0),(2,0)},T0,1) = {(0,1),(0,2)}, T 1y = {(1,1),(2,2)},
J30 =1{,0)} 30,3 ={(0.3)}, 333 = {(3,3)}, I,y ={(2,1), (1, 2)},
Ja3 =1{(1,3),(2,3)},I31) =1{(3,1),3,2)}.

The set of minimal representatives is
A ={(0,0),(1,0),(0,1),(1,1),(3,0),(0,3),(3,3),(2,1), (1,3), (3, 1)},
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and the set of maximal representatives is:
B ={(0,0),(2,0),(0,2),(2,2),(3,0),(0,3),(3,3), (1,2),(2,3), (3,2)}.
For each a € A, we define the following trace map:
E:Rqs —>.Rqs7 f|—>f+fq+"'+fq(na_1)7

where we fix representatives in Rys as follows: we will choose the representative of f (and
Ta(f)) such that the monomials z]" - -- a7 in its support have their exponents reduced
modulo ¢* —1,1ie., 0 < <¢°—1,1<i < m. We will represent elements of R,s and
R in the same way (simply as polynomials). Therefore, sometimes we consider 7,(f) as
a polynomial in R (the representative that we have chosen), which can be seen in other
quotient spaces (such as the one we will define for the projective case).

Example C.2.2. Continuing with Example C.2.1, let us consider a = (2,1) and compute
Ta(z225). We have n, = 2 and, since 2} = z1 in Ry = Fy[x1, 20]/(x} — 21,25 — 22), then
Ta(z312) = 2329+ 2123 Which is the representative of z3xy +xiz3 in Ry with its exponents
reduced modulo ¢°* — 1 = 3.

The following result gives a basis for the subfield subcodes of Reed-Muller codes (and
also Reed-Solomon codes) [8, Thm. 11], which we will denote by RM(m).

Theorem C.2.3. Set &, a primitive element of the field Fyna. A basis for the vector space
RMY(m) is obtained by considering the images under the map evam of the set

U {7a€a®) [0 <r <n, -1},

aE.ASd

As a consequence, we have that

dimRMG(m) = > na.

aEAgd

Remark C.2.4. Theorem C.2.3 implies that, for different cyclotomic sets J, # Jp, the
evaluation of the polynomials in the sets {7,(£2%) | 0 < r < n, — 1} and {T,(&2b) [0 <
r < nyp— 1} are linearly independent. Moreover, if we have J, = J;, then the previous sets
generate the same vector space.

C.2.2 Subfield subcodes of projective Reed-Muller codes

Now we introduce the techniques that we will use to compute subfield subcodes of evalua-
tion codes over the projective space. We had previously defined the usual evaluation map
evg over the projective space, which can be generalized to the evaluation map ev : S — Fys
given by

ev(f) = (f(Q1), f(Q2), ... ,f(Qn))Qier-

It is clear that the kernel of the evaluation map is precisely the vanishing ideal of P™,
denoted by I(P™). If we consider ev(Sy) (corresponds to projective Reed-Solomon codes or
projective Reed-Muller codes), the resulting code will be isomorphic to Sg/(I(P"™)NSy) =
(Sg+I1(P™))/I(P™). As we will see throughout this work, the vanishing ideal I(P™) gives
plenty of information about these codes.
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Remark C.2.5. Throughout the rest of the paper, given a set of polynomials B, we will
refer to the set {ev(f) | f € B} C Fj. as the evaluation of the set B.

We will say that f € S evaluates to IFy in P™ if ev(f) € Fj;. The following result gives
us conditions for a polynomial to evaluate to F, in P™.

Lemma C.2.6. One has that f € k[xo,...,xn] evaluates to Fy in P™ if and only
if f(Lxy, ... xm), fO,1,29,...,2m), f(0,0,1,23,...,2m),. .., and f(0,0,...,0,1,2:,)
evaluate to Fy in A™, A™=1 A™=2" A respectively, and f(0,...,0,1) € F,.

Proof. We can decompose P™ as the following union of affine spaces: P™ = [J", Aj,
WhereAi:{Q:[QO:---:Qm] Epm’Qoz---:Qi_lzo,Qi:1} if 1 <4< m, and
Ay ={Q =[Qo: - : Qn] € P™ | Qo = 1}. Therefore, f evaluates to I, in P™ if and
only if f evaluates to F, in each set A;, 0 < i < m. The evaluation of IF, at each of the
points of the set A; is the same as the evaluation of f(0,...,0,1,zi41,...,2m), and the
evaluation of this polynomial at the points of A; is the same as its evaluation in A™~*. O

In order to construct polynomials that evaluate to I, in P™ we consider homogenizations
of traces of polynomials. Given a polynomial f € R = Fgs[z1,...,2n], and a degree
d > deg(f), we define the homogenization of f up to degree d as

fh = mgf(xl/xo,xg/xg, ooy /x0) € Sq=Fgs[zo, ..., Tm]4.

In what follows, we will always consider some fixed degree d, and, unless stated otherwise,
we will assume that we homogenize up to degree d.

Let d > 1 and let a € A<4. We are interested in homogenizing the polynomials from
the basis from Theorem C.2.3. The condition a € A<q ensures that, with the fixed
representatives that we have chosen for 7,(f) (the exponents of the monomials are reduced
modulo ¢° — 1), we have deg(7,(f)) < d. Now we can define the following homogenization:

T  R— S/I(P™), £~ (Ta(£)", (C.2.1)

where we homogenize up to degree d, and we consider that 7,(f) € R is the representative
that we have chosen in R4s. Note that the homogenization is not well defined in general
for a class in Rys, which is why we had to fix a representative for 7,(f).

These homogenized traces have already been used to obtain bases for the subfield sub-
code of a projective Reed-Solomon code and its dual in [12]. With respect to the dual
code of a subfield subcode, we have the following result by Delsarte [5]:

Theorem C.2.7. Let C C ng be a linear code.
(CNF)*E =Tr(CH),

where Tr : Fgs — Fy maps x to x + 294 --- + 297 and is applied componentwise to C+.

In [12], a basis for the dual of the subfield subcode of a projective Reed-Solomon code
was obtained by using the previous result. In the following sections we will generalize
these ideas to deal with the case P™, with m > 1.
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C.3 Codes over the projective plane

In this section, we focus on the case X = P2, where we can give precise results, although it
gets much more technical than the case m = 1 from [12]. The goal is to compute bases for
PRMZ’J‘(Q) and PRMY(2) and, in particular, their dimensions. We set S = Fs [z, 1, 23],
and consider cyclotomic sets in two coordinates. Here, A will be the set of minimal
representatives of cyclotomic sets in two coordinates, and we will usually use the letters a
and ¢ to denote elements (a1, a2) and (c1, ¢2) of some cyclotomic sets J, or J.. We will also
use the univariate cyclotomic sets in this context, and we define A := {as | (a1, a2) € A}.
Because of the choice of the ordering of the elements in ng, a = (a1, az) € A verifies that
as is a minimal representative of the cyclotomic set J,, in one coordinate. Therefore, A
is also the set of minimal representatives of cyclotomic sets in one coordinate. We will use
letters ag or co (or a letter that clearly corresponds to an integer) to denote the elements
of the cyclotomic sets J,, in one coordinate.

The next result summarizes the main consequences of the results of this section. The
definitions of d and Y can be found in Definition C.3.5 and (C.3.11), respectively.

Theorem C.3.1. Let 1 < d < 2(¢° — 1). Then the subfield subcode of the projective

Reed-Muller code, PRMY(2), is a code with length n = |P™| = qnz:fl

, and dimension

dim(PRMG(2)) = > na+ Y ne, +e

a€A_q a2€Y

where, if we consider by € Al with Jy, = Jg, then e = ng+ 1 iof j(qs_lﬁ) CAcg;e=11f
j(qS—lﬂ) Z A<q and chejb2,02>d—(q5—1) J(d—cs,c0) C A<a; and € = 0 otherwise. Moreover,
the minimum distance ts bounded by

wt(PRMg(2)) > wt(PRM4(2)) = (¢° — t)qs(l—r)’
where d — 1 =1r(¢° — 1) +t, with0 <t < ¢° — 1.

The formula for the dimension in the previous result can be found in Corollary C.3.42.
The dimension of PRMZ’L(Q) can be derived from the previous result, but we also provide
another formula in Corollary C.3.13. Moreover, in Theorem C.3.39 and Theorem C.3.12
we provide bases for PRM7(2) and PRMZ’LQ)7 respectively.

C.3.1 Dual codes of the subfield subcodes of projective Reed-Muller
codes

We start by computing a basis for the dual of the subfield subcode of a projective Reed-
Muller code since it is slightly easier due to the nature of Delsarte’s Theorem, Theorem
C.2.7. For this we need the following result from [20] about the dual of a projective
Reed-Muller code.

Theorem C.3.2. Let m >2,1<d<m(q¢* —1) and d+ = m(¢® — 1) —d. Then

PRM3 (m) = PRM. (m) for d #0mod (¢° — 1),
PRM (m) = PRM . (m) + ((1,...,1))  for d =0mod (¢° — 1).
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Setting m = 2 now, in order to use Delsarte’s Theorem C.2.7, it is useful to introduce
the following trace map

T2 S/I(P?) — S/I(P?). f 5 f+ [+ + [

With this definition, it is clear that ev o7 = Troev. Hence, the trace code Tr(PRM (m))
can be seen as the code generated by the evaluation of some traces in this case. In
particular, we can consider 7 (S;.) (if d = 0 mod ¢® —1, we also consider T(A-1), A € Fgs).
The image by the evaluation map of 7(S,.) is a system of generators of Tr(PRMdL (m)) if
d # 0mod ¢° — 1. If we extract a maximal linearly independent set of polynomials from
T (S41), then its image by ev will be a basis for the dual of the subfield subcode.

As we said before, the kernel of the evaluation map is precisely I(P?), and we have an
isomorphism of the primary code with S/I(P?). The ideal I(P?) will play a crucial role
in understanding linear independence of the polynomials in 7 (Sg). Hence, it is helpful to
obtain a Grébner basis for this ideal and a basis for the quotient S/I(P?). The following
result is a consequence of Theorem C.4.1 and Lemma C.4.3, which will be proven in Section
C.4.

Lemma C.3.3. The following polynomials form a universal Grébner basis of 1(P?):
I(P?) = (a3 — wo, 2] —a1,28 — w2, (w0 — 1)(a} — 21), (20 — 1) (w1 — 1) (w2 — 1)).

Moreover, the set of monomials {x]*x5?, xox5?, zoz1 | 0 < a; < ¢°—1,1 < i <2} is a basis

for S/I(P?).

Remark C.3.4. Because of the generator :c% —xg of the previous ideal, any positive power
of zg is equivalent to x in the quotient ring. Therefore, any monomial z7°z]'z5* with
ap > 0 is equivalent to zox{'z5? in S/I(P?).

In what follows, we assume d Z 0 mod ¢°*—1 to avoid making exceptions due to Theorem
C.3.2 (we will recover this case later). By Theorem C.2.7 and Theorem C.3.2, we have
that PRMZ’L(2) can be generated by the image by the evaluation map of traces (using
the map 7) of multiples of the monomials of degree d*+. We show next that, to obtain a
basis for the dual code, it is enough to consider the trace maps 7, instead of T, which we
extend from R,s to S/I(P?) in the following way:

To: S/I(P?) = S/TI(P?), frs f+ f94 et f27

for a certain a € A.
We consider the trace map from Fgs to Fy, Trp 5, (With I | s): Trp . p ,(¥) = 2 +
q q

ad 4+ :Uql(T_l). By Theorem C.2.7, Theorem C.3.2, and the previous discussion, we

have that Tr(PRM (2)) is generated by the evaluation of 7(S,.), which is generated by
the set {T(Az7), A € Fp.,27 € Sy} Let A € Fie, v = (v0,71,72) and 4 = (71,72). We
consider the cyclotomic set J5, and we have that
TAz”) =Aa? + XNz + .- + AT ey
Ny 2 ey T e Ty
=Trp,. 5 oy AN+ (Trp,ep oy (X)) 1287 -

=T (Taz, k. (N)27) mod 1(P?),

(C.3.1)
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where, if 79 > 0, we can reduce the exponent of zp in each monomial to 1 (see Remark
C.3.4), and we are using that (z]'x3*)? " = x]'x3*> mod S/I(P?). Equation (C.3.1) shows
that, for each monomial x7, it is enough to consider the traces

{T5(&27) | 0 <7 <ny —1}. (C.3.2)

This is because the trace function is surjective, which means that every element of F n; is
obtained as TrFqS JF ns (A) for some X € Fys. Taking into account the linearity of the trace
q

function, and the fact that {1,&s,... ,5?_1} constitutes a basis for I n;, we obtain what
we stated.

Thus, for computing a basis for PRMg’l(Q), we just need to consider the union of the
sets in (C.3.2), and extract a maximal linearly independent set. In principle, we will not
see the dual code as the image by the evaluation map of a set of homogeneous polynomials.
This makes Lemma C.3.3 specially valuable in order to argue about linear independence
when we consider polynomials of different degree (for homogeneous polynomials, the ho-
mogeneous ideal I(P™) from [18] can be used to discuss linear independence).

We note that, for d > 2(q¢ — 1), PRMy4(2) is the whole space. Hence, we will always
assume that d < 2(¢ — 1) in what follows. We introduce now the following sets which play
a crucial role in grouping the polynomials in S; with linearly dependent traces.

Definition C.3.5. Let 1 < d < 2(¢ —1). For 0 < b < 2(¢ — 1), we define b as the
representative of b mod (¢° — 1) between 1 and ¢° — 1 if b # 0, and 0 otherwise. For
a=(a1,a2) € A, we define

M(d) = (xa% 2% | (b1, ba) € Ta,bo + by + by = d) C S,

It is clear that the union of these sets contains all the monomials of Sy, which implies
that Sy = (Uyea Ma(d)). Therefore, we have that T(Sg) = (U,ca T ((Ma(d)))), where
we have used the linearity of 7. Thus, in order to obtain a set of polynomials such that
its image by the evaluation map is a basis for PRMg’l(Z), we are going to obtain a basis
for T(M,(d)), for each a € A, and then consider the union of these bases which, by the
previous argument, will generate 7 (Sg). We will then extract a basis from this union.

To achieve that, we first introduce the following definition that we use throughout this
section.

Definition C.3.6. Let 1 < d < 2(¢® —1). We will say that M,(d) contains monomials of
the two types if there are monomials my, my € M,(d) such that zg | m; and xg t me.

Using all the previous notation, we have the following result which translates some
conditions on cyclotomic sets into conditions on the sets M,(d).

Lemma C.3.7. Let 1 <d <2(¢° —1). We have the following:
1. M,(d) is not empty if and only if I N A<y # 0.
xo divides some monomial in My (d) if and only if T N Aoy # 0.

xo does not divide all the monomials in M,(d) if and only if 3o N (Aq U A7) # 0.

e

M,(d) contains monomials of the two types if and only if T, N Aoy # 0 and T, N
(AqUAZ) #0.
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5. xy does not divide any monomial in My(d) # 0 if and only if I, N A<q C Ay.

Proof. The first one is clear from the definitions. We prove (4) first. If M,(d) contains
monomials of the two types, then M,(d) is not empty, and there is a monomial 3311)1.1732 €
M,(d). This means that (b1,b2) € J,, and we have by + by = d mod (¢* — 1). Hence,
(b1,b2) € To N (AgU A7) # 0. There is also a monomial zi’z{'z5? € M,(d) with co > 0,
which implies that ¢ + ¢ < d and (¢1,¢2) € T, N A-y.

Conversely, if we have ¢ € J, such that ¢;+co = d mod (¢°—1), this means that, if ¢; > 0,

ziﬁ)‘(qtl)x? has degree d for some A € {0, 1}, which means that this monomial would

be in My (d). If ¢; = 0, the same reasoning proves that the monomial x§2+)‘(q571) would
be in M,(d) for some X\ € {0,1}. Taking into account the condition J, N A4 # (), there
is an element u € J, such that z{'z5? is of degree less than d. Thus, z;°z 252 € M,(d),
where ug = d — u; — ug. This proves (4).

By adapting the previous argument, it is easy to prove (2) and (3), and (5) is the

negation of (2), taking (1) into account. O

Example C.3.8. We can consider the extension Fig D Fo (¢ = 2, s = 4), and the
cyclotomic set J(g 3y = ((0, 3), (0,6), (0,9), (0,12)). For 1 < d < 2 we have that Mg 3)(d) =
0 since Jig3y N A<y = 0. For d = 3, we have Mg 3)(3) = (x3), i.e., zo does not divide
any monomial in M 3)(3) (due to the fact that J3) N A<z = {(0,3)} C A3). Ford =5
(similarly for d = 4), we have that M 3)(5) = (z2x3), i.e., 7o divides all the monomials
in Mg 3)(5) (precisely because Jg 3y N As = 0). For d = 6 we have Mg 3)(6) = (z§z3, 25),
i.e., M(y3)(6) contains monomials of the two types, since we have (0, 3) € J(y3)NA<e and
(0,6) € 3, N Ag. Lastly, if we consider a degree higher than ¢° = 16, we have to take into
account d. For example, for d = 18, we have Mg 3)(18) = (z§’x3, 3%, x§%2$, adx), xjx3?).
We see that M(073)(18) contains monomials of the two types, as we have that d = 3 and
(0,3) € J(0,3 N Az, which means that we can consider the monomial z3® = 2* mod I(P?),

which does not have xq in its support.

The following result is a consequence of Lemma C.4.4, which is proved in Section C.4.
It will allow us to obtain a basis for 7 (M,(d)), for each a € A, and it can be understood as
the remainder after using the multivariate division algorithm of a monomial with respect
to the Grobner basis from Lemma C.3.3.

Lemma C.3.9. Let ag, a1, as be integers, with ag,a; > 0. We have that

e = o ay? + wox§? — 5% 4+ wory — xo — 21 + 1 mod I(P?)
= 2129 + (xg — 1) (2% + x1 — 1) mod I(P?).

We recall that the kernel of ev is I(P?). This implies that a set of classes (polynomials)
in S/I(P?) is linearly independent if and only if the evaluation of this set is linearly
independent. This is why, in the following, we may argue about linear independence both
from the point of view of polynomials in S/I(P?) and vectors in Fys.

Lemma C.3.10. Let a = (a1, a2) € A, let &, be a primitive element of Fyna and let &,, be
a primitiwe element of Fnay . Then the following polynomials constitute a basis in S/I(P?)

for T(My(d)) = <T()\xgoxll’1xgz), A€ Fys, acgomll’lng € My(d)):
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1. If xg divides all the monomials in My(d) # (:

{Ta(§hwox25?) | 0 <1 <ng —1}.

2. If xo does not divide any monomial in My(d) # 0:

{Ta(aa1'25?) |0 <7 < g —1}.

3. If My(d) contains monomials of the two types, and a3 = 0:

{Ta(&x3?) 10 <7 < na — 1} U{Ta(§aoa?) [0 <7 <ng — 1}
4. If M,(d) contains monomials of the two types, and a; > 0:

{Ta(€oz1'25%) 1 0 <7 < na—1}U{(m0—1)(Tas (84, 75°) +Ta (§3,) (21 —1)) [ 0 < 7 < g, — 1}

T 20 .01 .02

Proof. The fact that the polynomials of each set {7, (&, 25"z 25%),0 < r < n,} are linearly
independent can easily be seen since the evaluation of each set {7, (&, zy°z] 252),0 <r <
ne} in [{1} x ng] is the same as the evaluation of {7,({lz{'25%),0 < r < n,} in ng,
and we know that the evaluation of this set in ng is linearly independent it is part of the
basis given in Theorem C.2.3 for the affine case. For each monomial xgoxlflscgz € M,(d),
because of the discussion that led to (C.3.2), we know that, instead of considering the set
{TOaloabiab?) X e By}, it is enough to consider the set {75 (&7t 252),0 < r < ng}.

Therefore, if we consider 3380561{1 3532, mﬁ,}oxf;x% € M,(d), with by, co > 0, we know that it is
sufficient to consider the traces {7, (§, 27" 252),0 < 7 < ng—1} and {Tp(§z 2] x5?), 0 <
r < ng — 1} for each monomial, respectively. However, the evaluations of these sets of
traces generate the same space in [{1} x F2] due to Theorem C.2.3 and Remark C.2.4,
and in the rest of the points both sets of polynomials evaluate to 0. For the case with
bo = co = 0, we just need to observe that the evaluation of any polynomial f(z1,z2) in P?
is fixed by its evaluation in [{1} x F2]. By the same argument as before, the evaluations
of the two sets of polynomials we are considering in [{1} X ng] generate the same space,
and by the previous observation this implies that their evaluations over P? generate the
same vector space.

Hence, if we consider the traces of the monomials in M, (d), it is enough to consider the
traces of a monomial divisible by zg (if any) and the traces of a monomial not divisible
by z¢ (if any). In fact, we can assume that we are considering the monomials zoz}" 25>
and z{'x%?, as any other choice for a monomial that is divisible by zp and a monomial
that is not divisible by xg, respectively, would span the same space when considering the
space generated by the traces. In the case where M,(d) only has monomials of one of
those types, we know that those traces are linearly independent and we obtain the cases
(1) and (2). Another easy case is when a; = 0, in which, if M,(d) contains monomials of
the two types, we just obtain the polynomials

{Ta(€73%) [0 <7 < g — 1} U{Ta(§gmon3?) | 0 <7 < mg — 1}

We have seen that both of these sets are linearly independent, and when we consider the
union we still keep the linear independence since the monomials of each of these traces are
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part of the basis in Lemma C.3.3 and both sets have disjoint support for their polynomials.
This corresponds to the case (3).

The case where a; > 0 and M,(d) contains monomials of the two types is more in-
volved. By the previous discussion, it is enough to consider the sets of polynomials
{Ta(Ehzox*25?),0 < 1 < ng — 1} and {7 (& 27 '25?),0 < r < n, — 1} for generat-
ing T(M,(d)), and we are interested in knowing how many linearly independent poly-
nomials in S/I(P?) there are in the union of those sets. In order to construct a ba-
sis for the space generated by all these polynomials, we start with the polynomials in
{Ta(&h21 25?),0 < r < ng}, and we will check which polynomials from the other set can
be included without losing linear independence. First, by Lemma C.3.9, we have that

a:glaox'flalxgl@ = m‘fl‘“a:gl@ + (o — 1)(a:gla2 + 27 — 1) mod I(P?).

Thus, for a = (a1, az) with a; > 0, we consider J, and &, a primitive element of Fn., and
we obtain

Nng—1

To(Ealoat a8?) = To(Eaag?) + (z0 — 1) Y €472 + 21 — 1) mod I(P?)
=0

= Ta(&ha 252) + (20 — 1)(Tal(€a5?) + Ta(&)) (1 — 1)) mod I(P?).
(C.3.3)

By (C.3.3), we obtain that we have to see which polynomials of the type
(0 — 1)(Ta(Eaz5?) + Tal€a)(z1 — 1)) = (w0 — 1)Ta(&x5?) + (w0 — 1)(21 — 1)Ta(&s) (C.3.4)

can be included in the basis that we are constructing without losing linear independence.
We note that the exponents of x5 in these polynomials are precisely the elements of J,,.
In fact, these polynomials are closely related to the corresponding traces of J,,. Arguing
as we did to get (C.3.1), we obtain that

Tal€5?) = Tay (Tt 5,0y (€0)757) (C.3.5)

By the argument we used to get (C.3.2), we see that the set {74, (£],25%) | 0 < r < ng, —1},

where &4, is a primitive element of F na,, generates the same vector space as {74(£,75°) |

0 <r <mng— 1}. This implies that the set of polynomials
{(zo — D)(Ta(&23?) + Ta(&e) (21 — 1)) [0 < 7 < g}
generates the same space as the set

{(z0 = 1)(Tay (£0,25%) + Tas (§0,) (21 = 1)) | 0 < 7 < gy

This is because the same linear combination that expresses 7, (&, x5?) in terms of the traces

Tas (§5,75%) also gives Tq(£]) in terms of the traces 74, (&;,) (We just evaluate 3 = 1), and
vice versa. Thus, when considering the polynomials from (C.3.4) that we have to include,
is is enough to consider

{0 = 1)(Toy (€,29) + Tan(€) (@1 — 1) [ 0< 7 <mgy — 1}, (C.3.6)
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which are linearly independent since they coincide with the univariate affine case from
Theorem C.2.3 when we evaluate in the points of [{0} x {1} x Fys]. Finally, when we
consider the union of those polynomials with the set {7, (&, 27 25%),0 < r < n,}, we see
that they are linearly independent because the polynomials from (C.3.6) evaluate to the
zero vector in [{1} x F2], while the polynomials from the set {74(jz{'25%),0 <7 < n,}

give linearly independent vectors when evaluating in [{1} x FZ]. O

By Lemma C.3.10, if xo divides all the monomials from M,(d), or does not divide any
of the monomials in M,(d), we only have to consider n, polynomials for each a € A to
construct a basis for T (M,(d)). However, if M,(d) contains monomials of the two types
we have to consider n, + ng, polynomials (note that for a; = 0 we have a = (0, a2) and
2ng = 2Ngy = Ng + Nay)-

Remark C.3.11. We note that if a; = 0 and ]\@(d) contains monomials of the two types,
this means that z¢ € M,(d), which implies that d € J,,. Therefore, the case (3) in Lemma
C.3.10 applies only to (0,d) € A, and only when M g 3, contains monomials of the two

types.

Let d+ = 2(q — 1) — d. We introduce the following notation to state the main result of
this section. For each a € A such that Ma(dl) # 0, let &, be a primitive element in Fgna,
and consider the following set:

(a) If zg divides all the monomials from M,(d"), we set

T, = {7;(5233035(1115”32) |0<7r<n,—1}.

(b) We set
To ={Ta(&aa1'23?) |0 <7 <mg — 1}

otherwise.

The reasoning behind T}, is that for any a € A such that M,(d*) # 0, from Lemma
C.3.10 we obtain that T} is a set of linearly independent polynomials in 7 (M, (d*)). We
define U = {a € A | M,(d*+) # 0}, and we consider the union of the previous sets:

Dy = U T,.

acU

This is one of the sets that we will consider for constructing a basis for PRMZ’J‘(Q).

If M,(d*) contains monomials of the two types, then, besides T}, Lemma C.3.10 states
that there are more linearly independent polynomials in 7 (M, (d*)). Thus, we turn our
attention now to the case (4) from Lemma C.3.10. For each ay € A!, let &,, be a primitive
element in F ney , and we consider the set

Tay = { (w0 = 1)(Tas (§6,75%) + Tar (§5,) (21 = 1)) | 0 < 7 < mgy — 1}

Let V = {as € A' | 3., # Jor and 3¢ € A with c2 = ap and M_.(d") contains monomials
of the two types}, and we consider the set

Dy= | Tu,.
as€eV
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If we want to generate all the polynomials in (J,¢ 4 7 (Ma(d")), from Lemma C.3.10 we see
that we still have to consider the polynomials corresponding to a € A such that J,, = J7.
Let us define a set D3 that will contain the polynomials corresponding to this case and
that we will consider for constructing a basis for PRMZ’L(Q). Let az € Al such that
Jas = I3, and &g, a primitive element in Fna, .

(a) If M

(0.45) (dt) = Mg,4,)(d") contains monomials of the two types:

(a.1) If there is an element ¢ € A such that ca = ag, J. # 3( , and M.(d")

contains monomials of the two types, we set

0,d1)

D = {Tay(€,202%) | 0 < 7 < 1y — 1} U {(z0 — 1) 1 — 1)}.

(a.2) We set
D3 = {7;2(5221'0%(212) | 0<r< Nay — 1}'
otherwise.
(b) We set
D3 =10
otherwise.

We note that the case (b) happens if and only if 2y does not divide any monomial in
M (0.45) (d+). The precise reason why we define D3 in this way will be clear in the proof of
Theorem C.3.12, which we will state after defining one last set, which we are considering
just to cover the case in which d = 0 mod ¢° — 1. In that case, we also have the evaluation
of 1 in the dual code of PRM,(2) by Theorem C.3.2. If d = ¢°* — 1, we define Dy = {1},
and Dy = () otherwise.

Theorem C.3.12. Letd > 1 and d*- = 2(¢°—1) —d. For each a € A, let &, be a primitive
element in Fyna such that To(&,) # 0, and for each ag € A, let &, be a primitive element
in Fynay such that Ta,(8a,) # 0 (one can always assume this [3]). Using the previous
definitions, we consider the set

D =D{UDyUD3U Dy.
Then we have that the image by the evaluation map of D forms a basis for PRMZ’L(2).

Proof. Firstly, by Theorem C.3.2 we know that PRMdL(Q) is equal to PRM ;. (2), except
when d = 0 mod (¢° — 1), in which case we also have to consider the evaluation of the
constant 1. If d #Z 0 mod (¢° — 1), by Delsarte’s Theorem, Theorem C.2.7, PRMg’l@) =
Tr(PRM,.(2)), and due to the fact that we have Troev = ev o7, we see that if we consider
T(S;1) (and possibly the constant 1), we obtain a system of generators for PRM;’L(Q).
Therefore, in order to obtain a basis, we just need to study linear independence between
these polynomials. In fact, we have Syi = (J,c4 Ma(d")), which means that we can
consider the union of the bases given for each 7 (M,(d")) from Lemma C.3.10, and we
can obtain obtain a basis for PRMg’l(Q) by extracting a maximal linearly independent
set. We focus first on computing a basis for 7 (S, ), and we will consider the cases where
d =0 mod ¢° — 1 later.
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In what follows, for each a € A we consider &, a primitive element in Fyn., and for each
as € A we consider &,, a primitive element in F g"e2 - By construction, it is clear that we
have Dy U Dy C T(S41). We show now that also D3 is contained in 7 (Sy.), and Dy is
contained in 7 (Sy1 + (1)) when Dy # 0.

Let ay € A! such that J,, = Joz- For D3, we have to justify that, if M(0 dT)(dL)
contains monomials of the two types and there is an element ¢ € A such that 072 = ao,
Je # j(o’dj) and M, (d") contains monomials of the two types, then (z¢ — 1)(x; — 1) is in
T(S41). Under these assumptions, by Lemma C.3.10 we have that the following sets are
in 7(Sg1):

{T(0.02) (§0,05)%2°) | 0 <7 < 10,05) — 1} U {T(0,02) (§(0,09)F0757) [ 0 < 7 < g0,y — 1},
{Te(€at'a3?) |0 <7 <me— 1}
U (0 — D)(Teg(€5,05) + Tea (€5) (1 — 1)) [ 0 € 7 < ey — 11,

(C.3.7)
Taking into account that c; = ag, if we assume that {4, = &a, (note that ng, =
n(O,ag))7 then 7E0,a2)(§€0’a2)x32) = 7;2 (fgzxgz) and 7{0,ag)(§€07a2)$0x52) = 1’0722 (552‘7352) By
assumption, we have that 7T, (&.,) # 0. Hence, taking into account that we can generate
the polynomial (1 — 20)7,(&c,25?) with the first union of sets in (C.3.7), we see that with
the first union of sets and the last set from (C.3.7) we can generate (z¢o—1)(x; —1). Thus,
Dy UDyU D3 C T(S4). On the other hand, if d = ¢° — 1, we have Dy = {1}, and it is
clear that Dy C T(S4. + (1)). Therefore, we have seen that the image by the evaluation
map of D is always in PRM7™(2).

Now we justify that the evaluation of the polynomials in D is linearly independent. If
we consider the monomials xy’z{*x5?, wgoxll’lxgz, of degree d*, with J, # J, (for a =
(a1,a2), b = (b1, b)), then we have that the sets {7, ({27 25*),0 < r < n, — 1} and
{To(&paboat2%),0 < 7 < ny — 1} are linearly independent since in [{1} x F2.] they are
linearly independent by the affine case from Theorem C.2.3 in two variables. Using Lemma
C.3.10 we see that the polynomials in D are linearly independent.

Each polynomial (g — 1)(7a,(§5,%5%) + Tay (&5,) (21 — 1)), with 0 < 7 < ng, — 1, has the
same evaluation in [{0} x {1} x Fys] as =7, (&;,25°) in Fys. Hence, the evaluation of the
polynomials in Ds is linearly independent by Theorem C.2.3 in one variable. Moreover,
these polynomials evaluate to 0 in [{1} x Fzs], while the polynomials from D; have linearly
independent evaluation in [{1} x F2], which means that the evaluation of D; U Dy is also
linearly independent.

We show now that a similar reasoning proves that the evaluation of Dy U Do U Dj is
also linearly independent. Looking at the definition of Ds, if we are in the case (a.l), the
evaluation of the polynomial (zg—1)(x1 —1) is linearly independent from the evaluation of
the rest of polynomials in D;UD;UDj as it is the only one that evaluates to 0 in [{1} x F2.]
and [{0} x {1} x Fgs], and the rest of polynomials have linearly independent evaluations
in those sets. Let ay € A' such that J,, = Jor. The evaluation of Tg, (£, 7075), for some
0 < r < ng, — 1, is linearly independent from the evaluation of any polynomial in Dy,
besides T, (£,75°), due to the argument we used to discuss linear independence between
elements in Dy. But its evaluation is also linearly independent from the evaluation of
Tas(&5,75%) by Lemma C.3.10 (3). The same argument that we used to prove that the
evaluation of the polynomials in DU Dy is linearly independent proves that the evaluation
of Ta, (&, x0x5%) is linearly independent from the evaluation of the polynomials in Ds.
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Thus, in this case, the evaluation of D; U Dy U D3 is linearly independent. The same
arguments prove that D U Dy U D3 is linearly independent in the other cases that appear
in the definition of Ds.

We study now the cases in which we have Dy # (), i.e., the case where d = ¢° — 1.
The evaluation of the constant 1 is linearly independent from the evaluation of the rest
of polynomials in this case since, if we look at the evaluation in [{0} x {1} x Fys], the
constant 1 is linearly independent from the evaluation of the rest of univariate traces by
Theorem C.2.3. Hence if we had a linear combination of polynomials from D; U Do U Ds
with the same evaluation as 1 in P?, when setting x9 = 0,27 = 1, the result would be
the constant 1. If we look at the polynomials that we have in Dy U Dy U D3, the only
polynomial that would have a constant in its support after setting o = 0,z; = 1, would
be the only polynomial in Tp: (xg — 1)(1 + (1 — 1)) = (zp — 1)x1. However, we only
consider this polynomial in Dj if there is some b € A such that J,, = Jg = {0} and if
M, (d+) = My(¢® —1) contains monomials of the two types. Therefore, by = 0, and we must
have b; = ¢® — 1 if we want to have some monomial that is not divided by xg in My(¢®*—1)
by Lemma C.3.7. However, M_10)(¢° — 1) = {x(ftl} does not have monomials of the
two types. Thus, the polynomial (xg — 1)z is not in D; U Da U D3 in this case and the
evaluation of D = D; U Dy U D3 U Dy is linearly independent.

The only thing left to prove for asserting that D is a basis is that this set is a maximal
linearly independent set, or, equivalently, that D generates 7 (S;.) if d # 0 mod ¢° — 1,
and D generates T (S ;. + (1)) otherwise. To see that D generates T(S;.) when d #
0 mod ¢° — 1, we have seen that it is enough to check that we can generate all the bases
for the sets T (M,(d*)) from Lemma C.3.10. Let a € A such that M,(d*) # 0. If M,(d*)
does not have monomials of the two types, then we see that the basis for T (M, (d")) from
Lemma C.3.10 is contained in D;. If M,(d') contains monomials of the two types, then
we are in case (3) or case (4) from Lemma C.3.10.

Due to the ordering of the elements in Zis, a € A implies that ay € A'. We consider
now the case (4) and we assume first that J,, # J5r. In this situation, it is clear by the
definitions that the basis for 7 (M,(d)) from Lemma C.3.10 is contained in D U Ds.

Now we study the case (3) from Lemma C.3.10, and also the case (4) when J,, = I,
which are the only cases left. By Remark C.3.11, in both situations we have that J,, = I
Instead of studying the sets 7 (M.(d")), with ¢ € A and ca = ag, one by one, we consider
them together in this case, and we will see that we can generate J.c 4ic,—q, T (M(dh)).

For each ¢ € A with co = ap and M.(d+) # 0, if M.(d") does not have monomials of
the two types, we have already seen that the basis for T(M.(d")) from Lemma C.3.10 is
contained in D;. And if M.(d") contains monomials of the two types, then it is also clear
that the first set of polynomials that appears in cases (3) and (4) from Lemma C.3.10 is
contained in Di. Thus, we focus on the second set of polynomials from those cases in
Lemma C.3.10.
If M (07dj)(dJ_) = M(O,az)(dj-) contains monomials of the two types, by the definition of
D3 we have that the basis for T(M(Om)(dL)) from Lemma C.3.10 is contained in D; U Ds.
If we also have some ¢ € A, J. # J(g,q,), With ca = a2, and such that M_.(d+) contains
monomials of the two types, then we have that (zg—1)(z; —1) € D3, and by the reasoning
that we did after (C.3.7) it is clear that we can generate the basis of T (M,.(d")) given in
Lemma C.3.10 with the polynomials in Dy U Dy U Ds.

It M(om)(dl) does not have monomials of the two types, we clearly have the basis from
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Lemma C.3.10 for 7(Mgq,)(d")) contained in Dy U D3. We also note that, by Lemma
C.3.7, M(Om)(dj-) does not have monomials of the two types if and only if d+ = a, i.e.,
d* is the minimal element in J,.. Hence, for any ¢ € A with ¢ = as = d*, J. # J(0,d4)
we obtain that, for each v € J,, we have v; # 0 and y; + 72 > ¢o = d*, which means that
M(dt) = 0.

Finally, we have to consider the cases where d = 0 mod ¢° — 1. If d = ¢° — 1, we already
have 1 € Dy. For the case d = 2(¢° — 1), we have T(o0)(2929) = 1 in Dy, which means
that we also have the evaluation of the constant 1 when evaluating the polynomials in

D. Therefore, we have proved that the image by the evaluation map of D is a basis for
PRMS*(2). O

Corollary C.3.13. Letd > 1 and d*+ = 2(¢°* —1)—d. Let U = {a € A | M,(d+) # 0} and
V ={ag € A' | Jp, # Jrand 3 ¢ € A with c; = az and M,(d*) contains monomials
of the two types} as before. The dimension of PRM;’J‘(2) is

dim(PRMZ"(2)) = [D| = [Dy| + [Da| + [Ds| + [Ds| = > na+ Y nay + €3+ 4,
acU a2€V

where €3 = nor + 1 if M(0 dj)(dJ-) contains monomials of the two types and there is

Je # 3(07dj) with c3 € J3 such that M.(d%) contains monomials of the two types; e3 = neT

if M( a0 (d+) contains monomials of the two types but there is no J. # J( as before;

0,d L 0,d1)
and €3 = 0 otherwise. Finally, €4 = |Dy|, i.e., e4 =1 if d =q¢°* — 1, and ¢4 = 0 otherwise.

Example C.3.14. Consider the extension F4 D 9 and let us compute the set D for d = 4.
We have d- = 2 and, from Example C.2.1, the set of minimal representatives is A =
{(0,0),(1,0),(0,1),(1,1),(3,0),(0,3),(3,3),(2,1),(1,3),(3,1)}. We start by constructing
the set D;. We consider the minimal representatives a such that M,(d*) # (), which
by Lemma C.3.7 is equivalent to having J, N A_;. # (). The only cyclotomic sets that
satisfy that condition in this case are Jg ), ’3(15), J(0,1) and J(1,1). Therefore, we have
U = {(0,0),(1,0),(0,1),(1,1)} and Dy = J,epy Ta- For example, assuming &1 is a
primitive element of Fy, for a = (1,0) we have

To) = {Twoy (€oywr) |0 <7 <1} = {&f gy + 2] [0 <r <1}

We also have |Di| = Y ,cpyna = 7. For |Dsf, we consider A' = {0,1,3}. The only
a € A such that M,(d") contains monomials of the two types are the ones such that
JaNA_gr #0and I, N (Agr UAZT) # 0, according to Lemma C.3.7. This is a subset of
U, and from the elements of U, the ones that satisfy this condition are (1,0) and (0, 1).
For example, J(; 0) N A<z = (1,0) and J(; 0y N Az = (2,0). Hence, looking at the second
coordinate of (1,0) and (0,1), we have V' = {0,1}, and Dy = {J,,cy Tu,- For example, if
we consider &1 = §(1,0) a primitive element of Fy, for az =1 we have

Ty ={(zo = 1)(Ta(&122) + Ta(€1) (21 = 1)) [0 <7 < 1}
={(wo — 1)(&]z2 + E7"03 + (§ + &) (21— 1)) [0 <r <1}

We have |Da| = >, cy N, = 3. One can check that D3 = Dy = () in this case. Thus, the
evaluation of the set Dy U Dy is a basis for PRMJ™(2), and dim PRMJ(2) = 10.
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C.3.2 Subfield subcodes of projective Reed-Muller codes

In this section we compute a basis for PRMY(2). The discussion gets more technical than
in the previous case, but we can obtain explicit results as well. We start by considering
some sets of polynomials that we use to construct a basis for the subfield subcode. We
recall the notation A<y ={a € A|J, C A<y} and Ay ={a € A|T, C Ay} We also
consider AL, = {ay € A' | Vey € Ty, o < d} for the univariate case. It is also important
to recall the definition of homogenized trace from (C.2.1).

Lemma C.3.15. Let 1 < d < 2(¢° — 1) and let §, be a primitive element in Fgna. The
1mmage by the evaluation map of the polynomials in the set

Bi= |J {zoTa(&af'a5?) |0 <7 <y — 1},

(lE.A<d
is in PRMY(2). Moreover, the evaluation of the polynomials in By is linearly independent.

Proof. The evaluation of these polynomials in [{1} X IFZS] is the same as the evaluation of
the polynomials of the set

U {Ta(gaf ) [0 <r <nq—1}

aE.A<d

in ng. This set of polynomials evaluates to F; by Theorem C.2.3, which means that the
polynomials in B evaluate to F, in [{1} x ng], and they clearly evaluate to 0 in the
rest of the points in P2. By Lemma C.2.6, each of these polynomials evaluates to F,.
We have to see that these polynomials are equivalent modulo S/I(P?) to some homoge-
neous polynomials of degree d, because in that case these polynomials would have the
same evaluation as some homogeneous polynomials of degree d, which means that their
evaluation is in PRMY(2). Let a € A-4. For 0 <r < n, — 1, we consider the polynomial
Th(gra{ 25?), where we homogenize up to degree d. Having a € A4 means that, after
reducing the exponents modulo ¢° — 1, the monomials x7'x5? that appear in the support
of To(&lx] x5?) satisfy that ¢ 4+ c2 < d (these exponents are precisely the elements of
Jao C A—g). Therefore, after homogenizing up to degree d, xo divides all the monomials in

the support of T*(¢rx x3?). Taking into account the equation 23 — z¢ from I(P?), this

means that 7' (£7 2" 25?) = 2o To (€52 25?) mod I(P?) in this case. Hence, the evaluation
of the polynomials in By is in PRMJ(2).
We finish the proof by noting that their evaluation is linearly independent precisely

since their evaluation in [{1} x F2] is linearly independent by Theorem C.2.3. O

Example C.3.16. We consider an extension Fig D Fy (ie.,, ¢ = 2, s = 4), and the
goal of the examples in this section is to compute a basis for PRMZ;(2). We start by
computing the set By, which is a set of linearly independent polynomials that evalu-
ate to IF; by the previous discussion. First of all, we need to consider all the cyclo-
tomic sets J, such that J, C Ace;. For each of those cyclotomic sets, we consider the
corresponding set of traces from B;. For example, we can consider the cyclotomic set
Jan = 1(1,1),(2,2),(4,4), (8,8)}, which gives us the following n(; 1y = 4 polynomials (£
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is a primitive element in Fy4):

(1 1)(5’31332) p1wy + ap wiad + ap winy + xgalas,

(1 y(Eziza) = 53:0 r11o + 2z 2328 + raPrizy + Sadatal,
T11 (E%z109) = Ewp 1w + g wiad + Capatay + Cugalias,
T1 1 (E3x119) = Ex0m129 + OaTxiad 4+ 2aiPaiay + Qxdalal,

where we see that we are homogenizing up to degree d = 21. As we have said in the
previous discussion, these polynomials are linearly independent because in [{1} X ng]
they have the same evaluation as the traces 71)({"7172), 0 <7 < n(y 1) — 1, that would
appear in the affine case from Theorem C.2.3. And they clearly evaluate to F,, as they
evaluate to 0 in the rest of the points of P2. We can continue doing this for all the
other cyclotomic sets such that J, C Acg;, and we obtain ) ng = 127 linearly
independent polynomials that form Bj.

a€Aco1

We consider now another set of homogeneous polynomials that will be linearly indepen-
dent from B; and whose polynomials evaluate to F,. We start with the case d < ¢* — 1,
which is easier. Let us focus first on the cyclotomic sets J, with a € A<q \ A<q.
Having J, N Ay # 0 implies that the corresponding homogeneous traces 7:1}‘(57’3:(1“:17;2),
0 <r <ng—1, with § a primitive element in Fyna, have at least one monomial which is
not divisible by xg. Hence, although the evaluation of these traces in [{1} X ng] is going
to be equal to the evaluation of 7, (&z{'x5?) in ng, which has coordinates in [y, the
evaluation in [{0} x {1} x F4s] and [0 : 0 : 1] does not necessarily have its coordinates in
Fy, and, by Lemma C.2.6, these polynomials might not evaluate to F,;. By Lemma C.2.6
and Theorem C.2.3 in one variable, if a polynomial f(zg,1,72) evaluates to F, in P2,
f(0,1,22) must be a linear combination of traces in the variable z9. A natural idea is to
consider linear combinations of homogenized traces such that, when setting xg = 0,21 = 1,
we obtain that the evaluation of f(0, 1, x2) in Fys is the same as some trace in the variable

x2. To do that, we introduce the following definition.
Definition C.3.17. For each as € AL, we define the set
Yo, == {a € A<a | Ja =T g, for some ¢z € To, }.

Remark C.3.18. Recall that, with the order chosen for the cyclotomic sets, we have that
c € Aimplies ¢y € A'. Therefore, in this case ¢ € Y,, implies ca2 = as.

Example C.3.19. Let us continue with the setting of Example C.3.16. We have d = 21
and d = 6, and we will compute Y, for aa = 0,1. To do so, we consider first the univariate
cyclotomic sets:

Jo = {0},71 = {1,2,4,8},75 = {3,6,9, 12}, J5 = {5, 10}, Iy = {7,11,13, 14}, 315 = {15}.

For az = 0, we just have Yy = {(3,0)} because J30) = J(s0) = J@a=o0)- Foraz =1,
we need to obtain the minimal elements of the cyclotomic sets 3(21_171), 3(21_272), 3(21_474)
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and 3(21—878)‘ We have

I =1{(5,1),(10,2),(5,4), (10,8)},
Juz) =1{(2,1),(4,2),(8,4),(1,8)},
T =1{(8,1),(1,2),(2,4),(4,8)},
3(13,8) ={(11,1),(7,2),(14,4),(13,8)}.

Hence, Y1 ={(2,1),(5,1),(8,1),(11,1)}.

The idea behind the definition of Y,, is the following: if we consider ¢ € Ya2 and the
polynomial T*(&725 x5?), then, if d —c; = d — ¢z, we have the monomial z{ “z$ in

the support of this homogenized trace (if d — ca < d — c2, we would have the monomlal

-1 . . :
28197222 instead), and when setting 2o = 0 and x; = 1, we obtain the monomial 32,

with ¢y € Jg,, in the support of f(0,1,x2). We have
d—co=d—cy <= d—23<¢° -1 <<= d—(¢°—-1) <. (C.3.8)

In fact, it is clear that all the monomials that we obtain from this homogenized trace
when setting zog = 0,1 = 1, are monomials z3* with ¢z € J,,. Thus, the traces associated
to c € Y, give monomials x? with ca € J4, when setting zo =0,z = 1.

The case with J,, = J7 is slightly more complicated, since in this case we have two
monomials, x'fs_lajg and z¢ (if d > ¢°), of degree d with different evaluation in P? which

give the same monomial :cg when setting g = 0,21 = 1. This means that two different
homogenized traces from different cyclotomic sets can have mg in its support. We will
exclude this case in what follows now as we will study this case separately later. Hence,
for a given ao € .A1< g With Jg, # J7 and &,, a primitive element in Fynay, we can consider
the sum

foo = D TE,af a5?),

CEYa2

for 0 < r < ng,, and, due to the previous discussion we obtain that in the support of
fa,(0,1,z2) there are only monomials of the form xJ* with 7, € J4,. Each monomial 3
can only come from one of the homogemzed traces since, 1f v2 # d, this monomial can
only come from the monomial m “72)? in the support of f7 , with 4o > d — (¢* — 1) due

to (C.3.8). Moreover, the coefﬁ(nent of each of these monomials zJ* is the same that this
monomial would have in 7, (£, 25%) because we saw in Remark C 3.18 that ¢ = ag for
every ¢ € Yy,. If d < ¢° —1, the condltlon from Equation (C.3.8) is always satisfied for
any vz € Jg,. In this case, if we have

U j(d*C2,82) C ASd;

c2 €3a2

then Yy, contains all the minimal elements v € A such that J, = J4_,, ,). Therefore,
we have all the monomlals a:d 2xJ?, for 49 € Jg,, in the support of fay» and we obtain
fo,(0,1,22) = Ta,(&5,25°). The polynomials f; are homogeneous of degree d and, by

Lemma C.2.6, they evaluate to F,. Thus, their evaluation is in PRMg(2).
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For d > ¢°, we can consider instead the condition

U j(d,c%w) C Agd. (C.3.9)

co €3a2 ,c2>d— (q5 —1)

We avoid the case co = d — (¢° — 1) = d as we will study it later, and we consider only
c2 > d—(¢°—1) in order to satisfy Equation (C.3.8). Reasoning as in the previous case, if
the previous condition is satisfied, then f7 (0,1, 22) has in its support all the terms from
Tas (€5,25?) with degree greater than d — (¢° — 1) = d. We claim that, in this situation, it
is always possible to construct a polynomial g;,, whose evaluation is in PRMg(2) and such
that 93;2(1, xlvx?) = ng(l,«Tl,«Tz), 922(07 1,:L’2) = 7:12 (622‘7’32)7 and 922(07 0, 1) =0.

We first note that, in this situation, we can homogenize the equations of the field and
obtain homogeneous polynomials of degree d. By this, what we mean is that we can
consider a multiple of x?s — x;, for ¢ = 1,2, and homogenize it up to degree d. If this
multiple has degree less than d, then that homogenized polynomial evaluates to the 0
vector in P?. However, when the degree of this multiple is exactly equal to d > ¢°, we
can obtain the following polynomials by multiplying the field equations by monomials and
then homogenizing;:

h h
c1,.c2—1¢,4° _ c1,.c2+qg°—1 c1,.C2 _ .c1.c2tg’—1 q°—1_c1,.c2
(551 ry* (25 — I2)) = (% Lo — Ty Ty =T Ty — Ty Xy Ty,

where we are assuming that ¢; +c2+¢° —1 = d and ¢ > 0. We note that we only consider
d < 2(g° — 1) (for a higher degree PRM4(2) is the whole space). Thus, ¢; + co = d. Using
the other field equation, we can get
ca—1,c2(..q° h ca+q®—1_co c1,.c2 h c1+¢*—1_co =1 _c1 .c2
(331 zy? (2 —xl)) = (331 Ty — Ty Ly > =T Ty —Ty Ty Ty,

All of these polynomials are equivalent to z'25?(1 — x¢) in S/I(P?), which is a more
compact way of writing them, and we will refer to them as homogenized field equations.
Although this last expression is not homogeneous, it has the same evaluation in P? as a
homogeneous polynomial of degree d, which implies that its evaluation is also in PRM4(2).
With this in mind, we have that, for any 0 < ¢p < d — 1, the polynomial xil_c%?(l — xo)
can be seen as a homogeneous polynomial of degree d, and its evaluation in [{1} X ng] is
the zero vector, in [{0} x {1} x Fgs] it is the same as the evaluation of 232, and it is 0 in
[0:0:1]. Moreover, the polynomial z1252(1 — x¢) has the same evaluation. For co = d,
we have the polynomial z¢(1 — zp), but in this case the evaluation at [0 : 0 : 1] of this
polynomial is equal to 1. This polynomial will only be considered later when we study the
case with Jg, = J7.

As a consequence, if we add to f;, a homogenized field equation, the evaluation of the
resulting polynomial in [{1} X ng} does not change, and when setting zg = 0,21 = 1, we
obtain f7 (0,1, z2) + x5, for some 0 < ¢p < d — 1. Hence, if J,, # J5, and if we have
the condition chejaz,c2>d—(q5—1) J(d—ca,e0) € A<g (we recall that, under this assumption,
f4,(0,1,22) has in its support all the terms from 7a, (£, 25°) with degree greater than
d), then, adding adequate multiples of the homogenized field equations, we can obtain
a polynomial g}, such that g; (1,2z1,22) = fi,(1,21,22), 9,(0,1,22) = Ta,(&,25°), and
94,(0,0,1) = 0. Therefore, the polynomial g;, is defined as the polynomial obtained
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by adding the necessary multiples of the homogenized field equations to f;, to obtain
9, (0,1, 29) = Ta,(&,25%). Because of all the previous discussion, it is clear that the
evaluation of g;, is in PRMg(2).

Moreover, we see that the polynomial

Hoy =0 | D2 Tel€h,afiag?) | + (1= w0)a Tay (€5,05°)
CEYaQ

has the same evaluation as the polynomial g;,, which means that its evaluation is also in
PRMY(2).

Furthermore, avoiding the case in which J,, = T3, we can express both the case with
d > ¢° and d < ¢° — 1 using the same polynomials and conditions. To see this, we first
introduce the following notation:

Y=Lay€ .Algd | Ja, # J7 such that U J(d—ca,e0) C A<a
62€3a2,02>d—(q5—1)

The elements of Y are just the as € AL 4 such that we can construct a polynomial in
PRMY(2) whose evaluation in [{0} x {1} x Fy] is equal to some trace of x5 with the
previous ideas. In the case d < ¢° — 1, the condition in the set Y is the same that we were
considering before. Note that for as = 0 and d = ¢°* — 1, the condition that we had for
d<q®—1 was

U J-eren = gr-10) = {(@° = 1,0)} C Acge,
C2eja2

which is always satisfied. The condition that we have used for Y when as = 0 and d = ¢°—1
would be
U j(d—cz,cg) =0cC Aﬁda
c2€Ja,y,c2>d—(g5—1)

which is always satisfied as well. The following result summarizes the previous discussion.

Lemma C.3.20. Let 1 <d < 2(¢° — 1), and let &u, be a primitive element in Fynay . The
evaluation of the polynomials in the set

By = U o Z 72(52295?35(232) +(1— 370)3517;2(5223352)7 0<r<mg-—1
as€Y cEY,l2

is in PRMg(2). Moreover, the evaluation of the polynomials in By U By is linearly inde-
pendent.

Proof. In the previous discussion we have showed that, if d > ¢°, all the polynomials in
By have their evaluation in PRMg(2), and we also checked that they evaluate to F, due
to Lemma C.2.6. For the case d < ¢° — 1, these polynomials have the same evaluation as
«,» Which means that their evaluation is also in PRMZ(2).
The evaluation of the polynomials in By is linearly independent since it is linearly

independent in [{0} x {1} X F4s] by the affine case from Theorem C.2.3: in [{0} x {1} X Fs]
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we have univariate traces in xo from different cyclotomic sets. Moreover, the evaluation
of the polynomials in Bs is linearly independent from the evaluation of the polynomials
in By because the evaluation of the polynomials in Bj is zero in [{0} x {1} x Fgs]. O

Remark C.3.21. Let ay € A!, and let

Y, ={aeAcg\ Acq | Jo = 3 for some ¢y € Jy, }.

d—c2,c2)

The set

By=J Sao | D Te(€h,a5'25?) | + (1 — w0)21 Ty (6,252),0 < 7 < gy — 1
a2€Y cEYa’2

has the same properties as By in Lemma C.3.20. This is because, for any a € A4, we
have already considered xo7, (&7 25%), 0 < r < n, — 1, in By, and 207, (&, 21 25*) is in
the span of those traces for any 0 <r < ng, — 1.

Example C.3.22. Let us continue with the setting from Example C.3.19 and compute
the polynomials in the set Bj defined in Remark C.3.21, although we will also compute
all the sets needed to obtain By as well. We first compute Y. We have that as € Y if the
condition (C.3.9) is verified. In this case, d = 21 and d — (¢* — 1) = d = 6. For ay = 0 we
have Jy = {0}, and the union of cyclotomic sets in the left hand side of (C.3.9) is empty,
which means that the condition is satisfied, and 0 € Y.

For az = 1, we verify that {(11,1),(7,2), (13,8),(14,4)} = J21_gg) C A< (note that
8 is the only element in J; greater than d = 6). The condition (C.3.9) is satisfied and
1 € Y. We do not consider az = 3 now since J3 = Jg, which is the case that we will
cover in Example C.3.25. For ay € {5,7,15}, it is easy to check that we have as ¢ Y. For
example, for ag = 7, the cyclotomic set J(9_7 7 = {(14,7),(7,11),(11,13),(13,14)} &
A<a1, because, for instance, (11,13) & A<o;. Therefore, we have

Y ={0,1}.

Now, for each a2 € Y, we have to compute Y,,. This was already done in Example
C.3.19, and Yy = {(3,0)} and Y7 = {(2,1),(5,1),(8,1),(11,1)}. By Remark C.3.21, we
can consider the sets Yy = () and Y{ = {(11,1)} (J(11,1) is the only cyclotomic set that we
have considered which is in A<a; \ Aco1) instead of Yy, Y, respectively, and the set B)
obtained satisfies the same properties as By. For simplicity, we construct B instead of
Bs.

We now obtain the polynomials in Bj. For ag = 0 we have n,, = ng = 1, which means
that we only consider one polynomial, and we also have Y = (). We consider the following
polynomial:

{(1 = 20)a1To(29)} = {(1 — zo)z1}.

For the case az = 1, we have n,, = n1 = 4, and we have Y{ = {(11,1)}. Thus, using
Remark C.3.21, we consider the set of polynomials

{z0Ta1,1) (E1 21 @2) + (1 — o)1 Ti(Ef22),0 < v < my — 1},

91



Subfield subcodes of projective Reed-Muller codes

where &1 is a primitive element in Fyn1 = Fi6. Hence, we have constructed the set
Bhy = {(1 —zo)x1} U {zoTa1, (121 m2) + (1 — mo)z1 Ti (€] 22),0 < v < my — 1},

whose size is n1 +ng = 5. In Example C.3.16 we obtained that the cardinality of By is
127. This means that By U B} (and By U By) contains 132 polynomials whose evaluation
is in PRMY,(2), and the evaluation of these polynomials is linearly independent.

We construct now one last set Bs. In the previous study, we have omitted the case in
which J,, = Jd Therefore, we consider now as € A' be such that J,, = J;. We assume
that as € .A<d (if as & AL, the set B will be the empty set). We follow a very similar
reasoning to the one we did for the set By. For the case 1 < d < ¢°—1, we were considering
the polynomials

= Y Tl )
c€Ya,
to construct Bs. We can still consider such a polynomial if J,, = J4, but in this case,
7 (0,0,1) is the coefficient of 2§ in f7 , which is nonzero if J(0,q) C A<g. We have that
0,(0,0,1) € F, only if r = 0, and in that case the polynomial

loy =0 | Y Telafa) | + (1 — xo)z1Tay (#52) + (1 — m0) (1 — 1) a4
cGYa2

has the same evaluation in P? as f0 . If UC2€J (d—cz,c0) C A<y, 1.e., we have 10,1, 22) =
Tas (252) = Ta(22), lay evaluates to F, and 1ts evaluation is in PRMg4(2) (it has the same
evaluation as f;,).

For the case d > ¢°, we can consider the homogenized field equation acg( 1—xp) to obtain
a polynomial g, such that g (1,21,72) = f7,(1,21,22) and g, (0,1, 22) = a2(§a2 z5?).
The problem that arises in this specific case is the following: the monomial J;2 can be
obtained when setting g = 0,21 = 1, from the monomials x(f‘g*lwg and x4, both of them
of degree d. Hence, followmg the previous notation, we have to study two different cases:
if f7,(0,1,22) has x¢ in its support (which means that z{ 719:% is in the support of f), o
if f7,(0,1,22) does not have xg in its support.

We start with the case in which f; (0,1,22) does not have xg in its support, where
we need to use xg(l — x0) to comstruct g;,. The main difference is that in this case
9a,(0,0,1) is equal to the coefficient of xg, which is nonzero. Therefore, by Lemma C.2.6,
this coefficient has to be in Fy if g, evaluates to F,. We are also interested in obtaining
g5.(0,1, 9) = To, (€,252) for some 0 < r < ng, — 1. The coefficient of 24 in g7, (0,1, z2) is
precisely the coeflicient with which we considered xQ(l — 1) when constructing g;,. Thus,
the only possibility to have this coefficient in [, is that this coefficient is equal to 1 (the
case r = 0), and 982 (0,1, 29) = Tay(25?). With this in mind, it is easy to check that l4,,
as defined previously, has the same evaluation as the polynomial 922 in P? in this case.
As we argued for the set Ba, to ensure that the evaluation of l,, is in PRMg4(2), we need
to have U02€ja2?82>d7(q371) J(d—ca,e2) C A<g. This condition ensures that f0,(0,1,z2) has
all the monomials from 7, (x5?) in its support, except maybe the monomials x5* with
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c2 € {0,1,...,d}, which appear in the support of g22(0, 1,z9) when adding to f32 (0,1, z9)
the corresponding homogenized field equations. B
Finally, we consider the case in which we have z{ 719:% in the support of f; , ie.,

fa,(0,1,22) has xg in its support. If we look at the definition of f; , this happens if and
only if ’J( 1) C A<4. This is equivalent to having that d is the maximal element of J, .
Therefore, the condition cheﬁa2,cg>d—(q8—1) J(d—c,cs) = 0 C A<q is automatically satisfied
in this case. This allows us to construct a polynomial 1;2 which is very similar to lg,:

! qs—l a
la2 = lay — xoﬁqsflﬁu)(l'l z5%).

c1,,.C2

Indeed, we can subtract the polynomial 7?; z{'x5?) from fg2, and, adding the corre-

5_173)( -
sponding homogenized field equations (we will need to use z%(1 — z¢) in order to obtain

Ta, (25?) when setting xo = 0,21 = 1, as we have subtracted the monomial :E({Lla:g), we

would get a polynomial g}, such that g}, (1,z1,22) = fo, (1,21, 22) — 7—(q5_1,a2)(x35—1x;2),
90, (0,1, 29) = Ta, (25?), g0,(0,0,1) = 1. Hence, the polynomial I, has the same evaluation
as the polynomial g/, which means that the evaluation of [, is in PRMZ(2).

On the other hand, we saw previously that the condition U02€3a2702>d_(q3_1) J(d=ca,ea) C
A<, is satisfied in this case. Hence, adding homogenized field equations to f;, as we did to
obtain the set Bs, we can obtain a polynomial gy, such that g; (1,21, 22) = fg, (1,71, 22),
90,00, 1,21) = Ta,(&,25%),95,(0,0,1) = 0. Note that in this case we are not using the

homogenized field equation J:g(l —1xg) to construct g;, since we already have the monomial

qulxg in the support of f; , which reduces to :Eg when setting zg = 0,21 = 1. It is easy

to check that the polynomial

Mo, =0 | Y Tel€h,afas?) | + (1 —wo)e1Tay (€,25°),

CGYaQ

where &, is a primitive element in Fyna,, has the same evaluation in P? as Ja,- Therefore,
the evaluation of the polynomials k[, is equivalent modulo S/I(P?) to the evaluation of
some homogeneous polynomials of degree d, and they evaluate to I, which means that
the evaluation of the polynomials Ay, is in PRMg(2). We can now define the set B3 in the
following way:

(8) T3y 1 7) © Dca, we set By = {lay—00Tigr 1.0 (2] ' 25) }U{1G,,0 <7 <1y —1}-
(b.1) If UCQEja27CQ>d—(qS—1) J(d—co,co) C D<a, we set Bz = {lq, }-
(b.2) We set Bs = () otherwise.

With this definition, we can summarize everything discussed thus far in the following
result.

Lemma C.3.23. Let 1 <d <2(¢°—1) and let as € Al such that Jay, =J5. If Bs # 0, the
evaluation of the set Bz is in PRM(2), and the evaluation of the set B = By U By U Bs
18 linearly independent.

93



Subfield subcodes of projective Reed-Muller codes

Proof. In the previous discussion we have seen that, under the stated conditions, the
evaluation of the polynomials in Bs is in PRMY(2), i.e., for each polynomial in Bj, a
homogeneous polynomial of degree d with the same evaluation can be constructed, and it
evaluates to [Fy.

The set By U By is linearly independent due to Lemma C.3.20. The polynomial I,
(respectively, the polynomial [,, — xoﬁqs,l,GQ)(a:‘{s_lazgz)) is not contained in the span of
B1 U By since it is the only polynomial that we are considering with nonzero evaluation
at [0 : 0 : 1]. With this in mind, the same argument as in Lemma C.3.20 proves that
the evaluation of the rest of polynomials in Bs (if any) is linearly independent, and the
evaluation of these polynomials is also linearly independent with the evaluation of the
polynomials in B; U Bs. O

Remark C.3.24. We can argue as in Remark C.3.21 to construct simpler polynomials
than the polynomials h,, and l,,. This gives rise to a set Bj with the properties stated
in Lemma C.3.23.

Example C.3.25. Let us continue with the setting from C.3.22. We did not study the
case az = 3 because J,, = J3 = J; = Jg. This case is covered by Lemma C.3.23, and
we construct the set Bf from Remark C.3.24 in this example. Following the statement of
Lemma C.3.23, we check first if j(qsflﬂ) C A<y, for d = 21, d=6and ¢° —1=15. We
have

Js,6) = 1(15,3), (15,6), (15,9), (15,12) }.

We see that J(;56) ¢ A<ai, for example we have (15,9) with 15+ 9 = 24 > 21.
Now we have to verify the condition (C.3.9). The only elements c in J,, = {3,6,9,12}
such that co > d are 9 and 12. The corresponding cyclotomic sets J(a1_g9) and J(o1_12,12)

are
Ji9,3) = 1{(9,3),(3,6),(12,9), (6,12)},
J6,3) = 1(6,3),(12,6),(3,9),(9,12)}.

Hence, we see that the condition (C.3.9) is satisfied since both cyclotomic sets are
contained in A<g;. Therefore, we have to construct l,,, for which we have to compute
Y3. We have J(91_6,6) = J(15,3) from before, but we have seen that this cyclotomic set is
not contained in A<s;. Thus, (15,3) € Y3. On the other hand, we have just seen that

(6,3),(9,3) € Yy,, as both of them are contained in A<g;. The last cyclotomic set that
we have to consider is the following:

j(m,&;) = {(37 3)7 (67 6)7 (97 9)7 (127 12)}7

which is not contained in A<g;. Hence, Y3 = {(6,3),(9,3)}. Using Remarks C.3.21 and
C.3.24 in this case gives Y3 = Y3, which means that we have B = Bj. The only polynomial
in B3 is

ls = x0 (To3)(2123) + T(o.3)(2923)) + (1 — mo)a1 Ta(23) + (1 — wo) (1 — 21)a3".

We obtain that there are 133 polynomials in By U By U Bs, with linearly independent
evaluation, and this evaluation is in PRM$;(2).

The following results show that the case where 1 < d < ¢° — 1 is particularly simple.
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Lemma C.3.26. Let 1 <d < ¢® — 1 .We have that |I4| = 1 if and only if d = Aqqs_—_ll, for
some integer 1 < A < q—1.

Proof. We only need to observe that

s 1
I =1 < dg=dmod¢* —1 < d(q—l):)\(qs—l):)\(q—l)qq_l
¢°—1
< d= A\ 1,forsonrlelg)\gq—l.

O

Proposition C.3.27. Let 1 < d < ¢®* —1. Then Bs # 0 if and only if d is a multiple of
%. In that situation

By = {z4}.
1

Proof. 1f d is a multiple of qqs%l, by Lemma C.3.26, we have that |J4| = 1 and J(g gy C A<q.
By Lemma C.3.23, Bs = {l;}. We have Y; = {(0,d)} from its definition. Then, by the
definition of Iy we have lg = z0T(0.q)(24) + (1 — o)a1Ta(a§) + (1 — xo)(1 — 21)x§ =
zord + (1 — z0)w124 + (1 — 20) (1 — 71)2¢ = 2.

On the other hand, if Bs # () and we consider as € A1<d with J,, = J4, by Lemma C.3.23
we have that Uc263a2 J(d—ca,es) C D<q. Using Lemma C.3.26, we assume that [Jg,| > 1,
and we will obtain a contradiction. Let e € J,, with e # d. This implies that there is an
integer [ > 0 such that d = ¢'e mod ¢* — 1. Therefore, we have (¢/(d — €),d) € J(g—c.e),

with ¢!(d — e) # 0. This implies that J(d—ee) € A<d, a contradiction. O

In order to assert that B is a basis, we would need to show that B generates the whole
code PRMY(2). However, we have already computed the dimension for PRMZ’L(Q). By
Lemma C.3.23, we know that the evaluation of the polynomials in B is linearly indepen-
dent, which means that if we show that |B| = n — dim PRMZ’L(Q), then this implies that
B is a basis. To see this, we will introduce a new decomposition of the sets B and D.

Let 1 <d <2(¢°—1), and d+ = 2(¢* — 1) — d. For the set B, we first define I'y = Bj.
On the other hand, let as € A' such that Ja, = J3, and we define I'y in the following way:

1. If j(qsflﬂ) C Acq, we set

FQZBQU{}LQQ,OSTSTLCLQ—l}.

2. We set
FQ - BQa

otherwise.

And we define I's = B\ (I'; UT'3). Equivalently, we consider the following definition:

(a) If Jg—1,9) € B<d, we set
U5 = {lay — 20T(gs 1.0 (2] '25)}.
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(b.1) If ch63a2,cg>d—(qs—1) j(d_CQ’@) C Agd, we set
Ty = {Iu,}.

(b.2) We set

otherwise.

It is clear by construction that B =T'; UT'2 UT's. The idea behind this decomposition is
that in I'; we have sets of size n, for some a € A, in I'y we have sets of size ng, for some
as € A, and in I's we have a set of size 1 (if any). Now we define a similar decomposition
for D, and we will see later why we are interested in this decomposition.

For the set D, we define first Ff = D;. Let ay € A' such that Jay = J3. Now we define
F§- as follows:

1. If there is an element ¢ € A such that co = a9, J. # 3(
monomials of the two types, we set

0.45)’ and M. (d") contains

I's = (zg — 1)(x1 — 1).

2. We set

otherwise.

We can now define I'y = D\ (I'f UT'3). This can also be expressed in the following
way:
Iy = (Do U D3 U Dy)\ {(zo — 1)(z1 — 1)}. (C.3.10)

Again, by construction we have D =T} UTy UT4.

Remark C.3.28. The condition in (1) from the definition of T's implies that M(0 dj)(dL)

contains monomials of the two types. Indeed, if d+ > ¢°, M( (dt) always contains

0,d 1)
monomials of the two types, and if d- < ¢° — 1 and there is an element ¢ € A such
that co = a9, J, # TJ(O pant and M.(d") contains monomials of the two types, this means

that there is v € J. with 41 > 0 such that v, + 72 = d* by Lemma C.3.7, with v €
J,.. Therefore, d* is not the minimal element in J,1, which means that M(O,dL)(dL)

contains monomials of the two types. Hence, we have (ro — 1)(z; — 1) € I's if and only if
(.’L‘O — 1)(%1 — 1) € Ds.

Let by € A! such that J,, = J, for some degree 1 < d < 2(¢° —1). For ease of use, we
recall here the sizes of the set we have just defined:

(a.l) [Ty =|B1| = ZaEA<d Ng.

(3.2) ‘F2| = ‘Bg| +ng = ZaQGY Nay + Ng if j(qs_l’g) - Agd, and ’FQ’ = ’BQ’ otherwise.

(a.3) |I's| =1if U02€jb2762>d7(q571) J(d—ca,es) € A<a, and [['3] = 0 otherwise.
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(b.1) |FH = |D1| =3 ,cp Na-

(b-2) [Ty | = |Da|+[Ds\ {(wo — D)(w1 = D} +IDal = Xg,ev ay +ng+[Dal if M 7y (dF)
contains monomials of the two types, and |Fj" = D a,cv Nay +|Da| otherwise, where
|D4| =1if d =¢° — 1, and |D4| = 0 otherwise.

(b.3) |I'g| = 1 if there is an element ¢ € A such that c; = by, Jo # 3( and M,(d")

contains monomials of the two types, and |F3L| = 0 otherwise.

O,dT) ’

Definition C.3.29. Let b = (by,b9) € ng. We define
b = (b),05) = (¢° —1—b1,¢° — 1 —b).
Remark C.3.30. Let ¢ € A. Then ¢y € J,, ifand only if ¢, =¢* —1—cy € Jay-

We are interested in doing these decompositions because the length of these codes is
n = ‘{;S:E = ¢ + ¢° + 1, and we also have Y oacANa = 7%, > anedl Nay = q°. We prove
now that |I't| + [TT| = ¢*, |T2| + |Tg| = ¢* and [I's] + [I'3| = 1. This is reminiscent of
the affine case, in which if we evaluate the traces corresponding to a € A for the primary
code, then for the dual code we do not need to consider the traces corresponding to J,.
The strategy in our case will be similar: for each a € A such that we consider its traces
in B, we will see that we do not consider the traces corresponding to J, in D. We start

with the sets I'; and Fll.

Lemma C.3.31. With the definitions as above, we have || + ‘Fﬂ = ¢>.

Proof. By definition, it is clear that we have ¢** — |I'y| = 2 aeM\A_, Ta- We note that
a € A\ Ay if and only if there is (c1,c2) € J, such that ¢; + ca > d. Therefore,
2(¢°* — 1) —e1 —ca = ¢) + ¢y < d*, which means that My (dt) # (. It is easy to
see that n, = ny, and we have EaEA\A<d ng = Za’eA\Ma/(dl);é@na' = ’Fﬂ Thus,
Ty +|T1| = ¢*. O

For the case of I'y and T'y, we need the following technical results.

Lemma C.3.32. Let 1 <d <2(¢° — 1), d* =2(¢°* — 1) —d and ¢ € A. Then M,(d")
contains monomials of the two types if and only if J. N (Ag U AZ(qu)idj) #+ 0 and
Je ¢ Acq, where A, =0 if 2 <0.

Proof. By Lemma C.3.7, M, (d") contains monomials of the two types if and only if
Jo MA_gr # 0 and T N (A UAZT) # 0. The condition 3o N A_y1 # @ implies that
there is (7},75) € Jo such that 2(¢° — 1) —y1 —y2 < d* <= v + v > d. Thus,
v € Jc ¢ Acg. The condition J» N (Ayr U Azr) # () implies that there is an element
(V4,7,) € T with either 2(¢° — 1) — 41 —v2 = d* or 2(¢° — 1) — 41 — 2 = d*-. Hence,

v e Ag U AQ(qS—l)—dT' ]

Remark C.3.33. It is easy to check that 2(¢°—1)—d+ = difd > ¢°—1, and 2(¢°—1)—d*+ =
d4+q*—1ifd<q*—2.
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The following result, among other things, relates the set

V=< aye ALy, 0q, # 75| U Jd—caes) C Ded (C.3.11)
c2€Ja,y,c2>d—(g5—1)

with the set V = {az € A' | Jo, # J;r and 3 ¢ € A with ¢ = ag and M,(d+) contains
monomials of the two types}.

Lemma C.3.34. Let as € Algd. Then U0263a2702>d7(q571) J(d—ca,c0) C A<q if and only if
there is no c € A with 3o # 7
of the two types.

(0.4’ ch € Iy, and such that M (d*Y) contains monomials

Proof. Let ay € AL, By Lemma C.3.32, we can translate the statement to the fol-

lowing: we have U82€3a2702>d_(q5_1) J(d=co,c2) C Axq if and only if there is no ¢ € A,

J. # j(qS—l,dT/)’ with ¢ = a9, J.N (AdUAz(qs_l)_dj) # () and J, ¢ A<4. In what follows,

we will use this last statement instead of the original one. We also note that dT-/ =d if
d+#¢ —1,and dX =0ifd =g —1.

We assume that U82€3a27c2>d_(q5_1) J(d—cs,c5) € A<q and we consider ¢ € A, J. #
j(qs—l,dT/)’ with co = as. If 3. N Ay # 0, we have (d — y2,7v2) € J. for some vo € Tg,.
This implies that d — 9 < ¢°* — 1, ie,, 2 > d—(¢° — 1). If 79 > d — (¢° — 1), then,
by our assumptions, J. = J(4_y,,) C A< If we had 72 = d — (¢° — 1) and d > ¢°,
then this would imply that (¢° — 1,d) € J., which is a contradiction with the fact that
J.# j(qsflﬂ)' If d = ¢° — 1, then 2 = 0, which implies that (d —7y2,72) = (¢° — 1,0) and
J. ={(¢° — 1,0)}, a contradiction with the fact that J. # J

On the other hand, if J.N Ay = 0 and J. N Az(qsq
Y1+ = 2(q5—1)—dT-, and y2 € J,,. Considering Remark C.3.33, if d > ¢°—1, this implies
~v € Ay, a contradiction with the assumption J.N Az = 0. If d < ¢° — 2, then we note that
72 < dsince ag € A<g, and 1 < ¢° —1, which implies y1 +v2 < d+¢*—1=2(¢° —1) —dr.
We can only obtain the equality if 1 = ¢°* — 1 and ~» = d, which is a contradiction with
the assumption J. # 3( ¢ —1,3)"

For the other implication, we assume now that thereisnoce A, J. #7J (¢s—13T")’ with
co = as, Jcﬂ(AdUA%qsil)idj) # (0 and J. ¢ A<y. For each vp € Jg,, with v > d—(¢°—1),
there is an element ¢ € A such that 3. = J(4_,, ,,)- Because of the ordering chosen for
the elements in ZZ2:, we must have ¢y = az. We clearly have (d — y2,72) € J. N Aqg # 0.
By our assumption, we must have J. = J(4_, 1,) C A<q. O

(¢5—1,aL)y — Jg*=1,0)-
)—aT # (), we have v € J. with

Remark C.3.35. Lemma C.3.34 implies the following. Let ay € AL g With Jo, # J5.
Then as € Y if and only if there is no ¢ € A with ¢, € J,y, I # 3(07dj), and such that
M (d*+) contains monomials of the two types.

Recalling that d=dlitd #q¢°—1, and d=0ifd= q° — 1, we see that if d # ¢° — 1,
Jay # J7 together with ¢, € ﬁaé already implies J. # j(O7dT). For d = ¢° — 1, in the case
a2 = 0, we see that the previous statement says: 0 € Y if and only if there is no ¢ € A
with ¢ € Jgs—1, Jor # J(0,45—1), and such that M (¢° — 1) contains monomials of the two
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types. However, Mg 4_1)(¢° — 1) = {xghl} does not have monomials of the two types.

Therefore, in this case we can also omit the condition J. # 3(0 )
Thus, we have the following statement. Let ag € Aléd with Jq, # J5. Then ay € Y if
and only if there is no ¢ € A with ¢, € Jay, and such that M (d*) contains monomials of

the two types.

Lemma C.3.36. Let 1 <d < 2(¢°—1),d" =2(¢°—1)—d. Ifd # ¢°—1, then M

(O,dT) (dL)

contains monomials of the two types if and only if j(qs—lg) Z Acyq.

Proof. If d*+ > ¢°, then M (0.45) (d+) contains monomials of the two types because xgs_lng,
rd € M(07dj)(dL). In this case, we have d < ¢°* — 2, which ensures that j(qs_1,8) 7 Acy.
Ifdt < ¢*—1, M, (0,d%) (d+) contains monomials of the two types if and only if d* is not the
minimal element of J,1. We have (d+)' = ¢*—1—d*+ = ¢*—1—(2(¢° —1)—d) = d—(¢*—1).
The condition d*+ < ¢° — 1 implies that d > ¢° — 1. Taking into account the assumption
d # ¢® — 1, we can assume now that d > ¢° — 1. Thus, (d*) = d, and we obtain that
M(OydL)(dL) contains monomials of the two types if and only if d* is not the minimal

element of J,;1, which happens if and only if (d*)’ = d is not the maximal element of J,
which happens if and only if j(qs_l 2 Z A<g. ]

Lemma C.3.37. We have that |T'a| + ’FQL’ = q°.

Proof. We start with the following decomposition:

¢ = Z Ngy = Z Ngy T+ Z Nay + Z Nay +N7.
aze Al agE.AlSd,aQGY,’JaQ #35 aQEAlgd,aQQYJaQ #J5 age.Al\.AlSd,ﬁa2 #37
We recall that }_, AL,

Al | 34, # Jrand Jc€ A cy = a and M,(d+) contains monomials of the two types}.
Let as € AL,. By Remark C.3.35, if d # ¢° — 1, we have that as € Y if and only if the
minimal element of Jaé is not in V. Taking into account that n,, = Ny, We have that

E Ngy = E 'l’Lb/2 .

a2€AL ;,a2@Y Jay 735 b€V Ty =Tay,a2€ AL,

€Y Ty #77 Thaz = |B2|. We also recall the definition V' = {ag €

If d > ¢° — 1, we have .Algd = A', and the only thing left to do is to consider the
cyclotomic set J7. However, if d < ¢° — 2, we can consider ay € Al \.A1<d. We have
that d < ¢° — 2 <= d+ > ¢, and ay € Al \.Al<d implies that there is 72 € J,, with
Y2 > d <= 74 < dt in this case. Hence, we can consider ¢ = (d+ — ~4,~4), and
we have that {acgs_lmclll_%a:gé,mfl —véxgé} C M_(d"), which means that M.(d") contains
monomials of the two types, and T, # Jo1, L.e., if we consider by € Al such that J;, = J
we have by € V.

Reciprocally, if we consider as € A! and we have ¢’ € A such that ¢, € Jay, # I3 and

/
aq?

M (d+) contains monomials of the two types, there is (7],74) € Jo with o] +~5 = d+ =
d* — (¢® — 1), which means that v +v2 = d + (¢° — 1), with 75 € Jg,. If 1 < ¢° — 1, then
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v2 > dand ay € A\ A<q. If v = ¢° — 1, then v, = d, a contradiction since in this case
Jal # Jo implies Jq, # Jg.
Thus, we have obtained that

> Nay + > Nay = Y iy, = |Dal.

a2€AL ;,a2¢Y Jay #35 az€ANAL T30, #35 bhev

We now focus on the cyclotomic set J7. We use Lemma C.3.36, as we are still in the
case d # ¢° — 1. If d < ¢° — 1, we always have [['s| = |By| by definition, and we also

have |I's| = | D3| 4+ nq because {:cgtlxgl,xéﬁ} C M(07dj)(dL>, ie., M(()’dj)(dl) contains
monomials of the two types. If d > ¢° — 1, we have |I's] = |Bs| + ng if and only if

M(mdL)(dL) does not have monomials of the two types, by Lemma C.3.36, and |I's| = |Ba|
otherwise. Thus, we have that |T's| = |Bs| 4 ny if and only if |T'y| = |D,|, and |I's| = | By
if and only if }FQH = |D2| 4 ng. Hence, for d # ¢° — 1 we have proved that

IT| + 3| = g

On the other hand, if d = ¢ — 1, the condition Ja, # J3 = Jgs—1 implies To; # To
instead of J,; # J;r = Jgs—1. For any as € Algd = Al as € {0,¢° — 1}, the previous
relations between elements in Y and elements in V hold by Remark C.3.35. For a2 = 0 and
ag = q° — 1 we have that Mg 4s_1)(¢° — 1) and M(4s_; )(¢° — 1) are the only sets M. (d+)
with co = 0/ or co = (¢° — 1), respectively, such that 2 does not divide all the monomials
in M.(¢*—1), and none of them contains monomials of the two types. Hence, for d = ¢°—1,
we obtain that 0 ¢ V, and also that |Ds| = Za’QEV Ny, since Mg gs—1y(¢° — 1) does not
have monomials of the two types, and there is no other ¢ € A with ¢s = ¢° — 1 such that
M_.(¢° — 1) contains monomials of the two types. On the other hand, for d = ¢° — 1 is
easy to see that 0 € Y. Moreover, for d = ¢° — 1 we have that A'\ AL, = 0, and we
have J(gs_1,45—1) € Ags—1, which means that [Ta| = [Ba| = >, cy Na,. Summarizing all
of this, we have

Ta2| + |D2| 4+ ngs—1 = ¢°,
because for any as € A, as & {0,¢° — 1}, we have that either ay € Y or @), € V as before,
and we have that 0 € Y, ¢° -1 € Y and ¢° —1 € V. Obviously, in this case ngs_1 = 1, and

for d = ¢° — 1, looking at the definition of I' from (C.3.10), we see that [Tz | = [Ds| + 1
(the previous argument shows that, in this case D3 = (). Therefore, |T'3| + ’FQL‘ =¢. O

Lemma C.3.38. We have that |I's| + |3 | = 1.

Proof. Let ay € A' such that J,, = Jor. By Remark C.3.28, we have that Iy # 0
if and only if there is an element ¢ € A such that ¢o = a9, J. # j(o7dT)7 and M,(d*)
contains monomials of the two types. By Lemma C.3.34, this happens if and only if
U62€5a2762>d_(q5_1) J(d=co,cs) € A<q. By the definition of I's, this happens if and only
if I's = (). The cardinality of these sets is 1 if they are nonempty, which implies that

Ts|+ 3| = 1. O

Now we state the main result of this section.
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Theorem C.3.39. Let 1 <d <2(q° —1). The image by the evaluation map of the set
B = B, U By U B,

with By, Bo, By as defined in Lemmas C.3.15, C.3.20 and C.3.23, respectively, forms a
basis for the code PRM(2).

Proof. By Lemma C.3.23, we know that the image by the evaluation map of the set B is
in PRMg(2), and it is linearly independent. By Lemmas C.3.31, C.3.37 and C.3.38, we
have that |B| + |D| = |B| + dimPRMg’LQ) =¢q¢>+q+1=n. Thus, B is a maximal
linearly independent set, and we obtain the result. O

Remark C.3.40. The sets B, and Bj obtained using Remarks C.3.21 and C.3.24, respec-
tively, also satisfy that By U By U Bj is a basis for PRMg(2).

We have that PRMY(2) is a subcode of PRMg4(2). Thus, we should be able to obtain
PRMY(2) as the evaluation of some set of homogeneous polynomials of degree d. In fact,
in all the discussions leading to Lemmas C.3.15, C.3.20 and C.3.23, we showed how to
construct homogeneous polynomials with the same evaluation as the ones considered in
Theorem C.3.39. Concrete expressions for these homogeneous polynomials can be given,
but they get considerably more involved than the expressions obtained for the polynomials
in B.

Example C.3.41. Continuing with Example C.3.25, Theorem C.3.39 states that the
image by the evaluation map of the set B = B; U B} U Bs that we have constructed
in those examples gives a basis for the code PRM$,(2). Indeed, it can be checked with
Magma [2] that the dimension of PRMS$;(2) is precisely 133 (the cardinality of B), and
that the evaluation of the polynomials in B is in PRM$, (2).

Corollary C.3.42. Let 1 <d < 2(q°* —1). We have the following formula for the dimen-
sion of PRMY(2):

dim(PRMY(2)) = [Bi| + |Ba| + [Bs| = > na+ Y na, +6
a€Aq a2€Y

where, if we consider by € Al with Ty, = Jg, then e = ng+ 1 if j(qS—l 7 C Acg; e=11f
Jigr—1.a) £ A< and U02€3b2762>d7(q571) Jd—ca,c0) C A<a; and € = 0 otherwise.

We have seen in Lemma C.3.38 that we have the evaluation of a polynomial with 24 in
its support in PRMY(2) if and only if we do not have the evaluation of (zg — 1)(x; — 1)
in PRMZ’L(2). If we have the evaluation of (zg — 1)(xz; — 1) in PRMZ’L(Q), this implies
that PRMY(2) is a degenerate code, with a common zero at the coordinate associated to
[0:0: 1] for all its vectors. However, if we only have one common zero, the code that
we obtain after puncturing are still different than the ones obtained in the affine case.
Nevertheless, if we obtain that all the points in [{0} x {1} x Fgs] are common zeroes of
the vectors in PRMY(2), then, after puncturing, we obtain a subfield subcode of an affine
Reed-Muller code.

101



Subfield subcodes of projective Reed-Muller codes

The only parameter left to estimate is the minimum distance. For a code C' we denote
its minimum distance by wt(C'). For the code PRM(2) we have the bound given by the
minimum distance of PRM;(2) (see [20]):

wt(PRMY(2)) > (¢° — t)g**—"), (C.3.12)

where d — 1 =17r(¢° — 1) +1t, 0 <t < ¢®— 1. This is the usual way to bound the minimum
distance of a subfield subcode, for instance see [12] for the subfield subcodes of projective
Reed-Solomon codes. For the subfield subcodes of projective Reed-Muller codes, this
bound is sharp in most of the cases that we have checked with Magma [2] (¢* < 9). For
example, in Table C.2 from Section C.5, the bound is sharp except for d = 2, which
corresponds to a degenerate code, and for d = 10 (the bound is 8 instead of 9).

For the dual code PRMZ’J‘(2), there is no straightforward bound for the minimum
distance, as we see next. Given C C Fy., if €7 = C, where we understand this as the
component wise power of the code, we say that C is Galois invariant. By [1, Thm. 4],
we have that Tr(C) = C°. Writing Theorem C.2.7 as C*+ N Fy = Tr(C)*, we note that
Ccto=Ctn Fy = (C%)*+ = 0%+, Therefore, when C' is Galois invariant, we have

wt(CoL) = wt(CH7) > wt(CH).

This bound has been used frequently in the affine case [8,10], but in the projective case
we do not have Galois invariant codes in general and we do not have the previous bound,
nor the equality between PRMZ’L (m) and PRMj’U(m).

C.4 Codes over the projective space

In this section we want to deal with the case of m variables, for m > 2. We have seen
that, for m = 2, obtaining bases for the subfield subcodes is quite technical. Hence, we
do not aspire to give explicit results in this section for the bases of the subfield subcodes
of projective Reed-Muller codes with m > 2, but we can show that all the basic ideas can
be generalized to treat this case. First we give a universal Grobner basis for the vanishing
ideal of P™, which was a fundamental tool for the previous section when m = 2. With
respect to the terminology for Grébner bases, we refer the reader to [4]. Particular cases
of the following result were already presented in [12,19].

Theorem C.4.1. The vanishing ideal of P™ is generated by:

s

S 3
I(Pm) :<$%—$0,ZL’? —$1,$g —2327---753?;—$ma($0—1)($%—$1)a

(0 = 1)(@1 = 1)(23 = x2),..., (w0 = 1) -+ (2hyy = Tm1), (w0 — 1) -+ (2 — 1)),

Moreover, these generators form a universal Grébner basis of the ideal I(P™), and we
have that

s

: my\y — /(.2 ,.4° ,.9° 2 2 2
in(I(P™)) = (xg, 2] ,x5 ..., 2z} o], o125, ..., ToL1 -+ Tpy_1, TOL1 " * Tp)-

Proof. We consider the polynomials fo = 22 — zo, f1 = :U‘fs —x1, fo = a:gs - T9,...,
fm = :):?n — T,y and g1 = (JJ() - 1)(.%% - x1)7 92 = (x() - 1)(1‘1 - 1)(%% - $2)?' -y Gm—1 =
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(w0 — D)(w1 — 1)+ (w2 — ) (22, 1 — Tm-1), gm = (x0 — 1) -+ (¥ — 1), and set J :=
(for- ooy fms g1, s Gm)-

Due to the generators f;, © = 0,1,...,m, it is clear that the variety defined by J over
the algebraic closure [Fgs is the same as the variety defined over Fys. By using [11, Thm.
2.3], if we prove that the variety defined by J over Fys is P™, then we can conclude that
J =I(P™).

Given P € P™, we have that P =0 :0:---:0:1: Py :---: Pyl for some [,
0 <1 <m,with P, € Fgs for i =1+ 1,...,m. One can check that each generator of J
vanishes at P, which means that P™ is contained in the variety defined by J.

Conversely, if all the generators of J vanish at a point P = [Py : Py : --- : Py,], because
of the generator fy the first coordinate is either 0 or 1. Considering the generator g,,, we
also have that

(Po—1)(PL— 1)+ (Pn —1) = 0.

This means that there is an integer [ such that P, = 1, and we choose this [ to be the
smallest with that property. If { =0, then P =[1: P, :---: P,] € P™. If [ > 0, using
the generator ¢g;_1 we obtain

(Po—1)(Pr—1)---(P2y — Pi1) = 0.

Hence, P,_1 = 0 since Py, P, ..., P,_1 are different from 1 due to the choice of [. Doing
this recursively we get that Py = P = -+ = P,_1 = 0, which means that P=[0:0:---:
0:1:Pyy:---: Py] € P Therefore, we have J = I(P™).

The only thing left to prove is that the generators of I(P™) form a universal Grébner
basis for I(P™). For any monomial order we have that x; > 1, ¢ = 0,1,...,m. Looking
at each generator, we see that its initial monomial does not depend on the monomial
order. Thus, if we prove that all the S-polynomials reduce to 0, and these reductions do
not depend on the monomial order, we will have that these generators form a universal
Grobner basis for I(P™) using Buchberger’s criterion [4, §9 Thm. 3, Chapter 2], and we
will also obtain the stated initial ideal.

To show that all the S-polynomials reduce to 0, we will use two facts:

(a) If the leading monomials of f and g are relatively prime, then S(f,g) reduces to 0
by [4, §9 Prop. 4, Chapter 2]. In particular, if f and g depend on different variables,
then S(f,g) reduces to 0.

(b) If f and g share a common factor w, then S(f,g) = wS(f/w, g/w). Moreover, if we
can apply (a) to S(f/w,g/w), i.e., S(f/w,g/w) reduces to 0 using f/w and g/w,
then S(f, g) reduces to 0 using f and g.

On one hand, for all ¢,j, 0 < i < j < m, we have that S(f;, f;) reduces to 0 by (a). On
the other hand, for all k,1, 1 < k <1 < m, using (b) we have

S(gr,g) = (20 = 1)+~ (-1 — V(= D)S(a, (@ra1 — 1) -+ (w-1 = 1) (af — 21)),

where the last S-polynomial reduces to 0 by (a). For [ = m, the same argument applies,
as we have

S(gks gm) = (o — 1) -+ - (xp—1 — 1) (wg — 1)S(@k, (Thg1 — 1) -+ (T—1 — 1) (zm — 1)).
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Finally, we consider S(f;,gx), for 1 <i <m, 1 <k < m. If i > k, this S-polynomial
reduces to 0 by (a). If i = k, using (b) we have

S(frrgr) = (22 —2p)S(U 4z + -+ 2L 72), (a1 — 1) - (xp_1 — 1)),

and the last S-polynomial reduces to 0 by (a). If i < k, applying (b) we obtain

(zi — D)S(zi(l+ a4+ a7 %), (21— 1) (i1 — V(g1 — 1) - (2} — 1)),

where the last S-polynomial reduces to 0 by (a). For the cases with i = 0 or kK = m, an
analogous reasoning proves that the S-polynomials reduce to 0. O

Remark C.4.2. If ¢° > 2, from the proof of Theorem C.4.1 we also obtain that the
universal Grobner basis obtained in Theorem C.4.1 is in fact the reduced Grobner basis
with respect to any monomial order. Moreover, the same happens for any subset of the
generators given in Theorem C.4.1 and the ideal that they generate.

Now we give a convenient basis for S/I(P™), and also we show how to express any
monomial in S/I(P™) in terms of this basis, i.e., we give the result of using the division

algorithm for any monomial with respect to the universal Grébner basis from Theorem
C.4.1.

Lemma C.4.3. The set given by the classes of the following monomials

am

a a a a S -
{{ - apm xoxg? - - xp™, L Lo T2y, T Tm—1 | 0 < a; < ¢F — 1,1 <i < m}

is a basis for S/I(P™).

Proof. Let M be the given set of monomials. We have that there is no monomial from
M contained in in(I(P™)) by Theorem C.4.1. We also have that | M| = ¢*™ + ¢*(m~1) +
et + 1= qs(::% = |P™|, which is the dimension of S/I(P™) as a vector space (by
definition, this is equal to deg(S/I(P™)), which is equal to |P™| by [16, Prop. 2.2]). We
finish the proof by noting that the classes of the monomials not contained in in(I(P™))
form a basis for S/I(P™) [6, Thm. 15.3]. O

Lemma C.4.4. Let z(°x{" - a% = [[[, xf" such that ap > 0,a1 > 0,...,a; > 0 and

aj+1 =0, with 0 <1 <m (a :=0 for k >m). Assume also that a; < ¢* —1, 1 <i<m.
(a) If Il < m, then

m m l
a; — a; a;
i=0 i=1

1=[42

+(zg — 1) <+(x11)<-~ (CL‘?Z+($1_11)SC[> ))) mod I(P™),

where we understand that the product from s to t with s >t is equal to 1.

104



C.4. Codes over the projective space

(b) If l = m, then

m m

a; __ a;
[+ = {11
=0 =1

+ (zo — 1) (Hx;“ +(x1 — 1)( (xfnm + (Tm-1 — 1)) ))) mod I(P™).
=2

Proof. Two polynomials belong to the same class in S/I(P™) if and only if their evaluation
in P™ is the same. Thus, to check the stated equivalences, it is enough to verify that both
sides have the same evaluation in P™. We assume first that [ < m. We claim that

l l l
[ =]+ (w0 - 1>(H 2+ (o~ 1) ( - (azl + (w1 - 1>wz>~ | )) mod I(P™).
=0 =1 =2

Indeed, if we decompose P™ as in the proof of Lemma C.2.6, we can check that the
evaluation of both sides is the same at each A,, 0 < r < m. Because of the assumption
ap > 0, the left hand side is 0 at every point which is not in Ag. Both sides evaluate to
the same values in Ag. For the evaluation in A,, with 1 < r < [, we can set g = ©1 =
-«-=a,_1 = 0, and in the right hand side we get

l l
(=1)r*! (ngz _ ( H x4 (z, — 1)( (xé” t(z1oq — 1)301) ))) _
i=r i=r+1

Setting x, = 1, we obtain 0, which is what we get in the left hand side as well. If r = [,
when we set zg = 1 = --- = 2;_1 = 0 we obtain

(=D (a7 =)

which is equal to 0 when we set 2; = 1, as the left hand side. For A, with [ < r < m, the
right hand side is always 0 since it is divisible by z;. Now (a) follows by considering the

following factorization:
m m l
i=0 1=0

i=1+2
An analogous argument shows that, when | = m, the polynomial stated in (b) has the

same evaluation as [, z}* in P™. O

Remark C.4.5. It is not hard to see that all the monomials appearing in the right hand
side of the expressions given in Lemma C.4.4 are part of the basis from Lemma C.4.3.

Hence, we have seen that the basic tools we have used for the case m = 2 can be
generalized to the case m > 2. For the duals of the subfield subcodes, the reasoning
that led to (C.3.1) and (C.3.2) shows that, in order to obtain a basis for 7(Sy), for each
monomial 7 € Sy, it is enough to consider the traces

{T5(&27) [0 <7 <njy — 1}, (C.4.1)
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where in this case we are considering cyclotomic sets in m coordinates, and we extend
the definitions for 4 and 75 to this case in the obvious way. Hence, to obtain a basis we
have to extract a maximal linearly independent set from the union of the previous sets.
Theorem C.4.1 and Lemma C.4.4 give the necessary tools to do that, but getting a general
explicit formula for such a basis is quite involved.

For the primary code, the idea would be to consider homogenizations of the traces from
the basis of the affine case from Theorem C.2.3, and then consider linear combinations of
these polynomials such that, when setting zo = 21 = --- = x; = 0 for some 0 < j < m —1,
we obtain traces in less variables, similarly to what we did in the case of the projective
plane.

C.5 Examples

In this section we show some examples of the parameters obtained from subfield subcodes of
projective Reed-Muller codes over the projective plane. For computing the dimension, we
can use Corollary C.3.13 and Corollary C.3.42, and for computing the minimum distance
we use Magma [2]. We will denote the parameters of PRMY(2) by [n,k,d], and the
parameters of the dual code PRMZ’L(Z) by [n, k*,6+]. With respect to the parameters
of the codes that we obtain, it is only possible to compare these codes with the codes
from [13] for small finite field sizes. This is because the codes that we obtain have length
C{;:__ll = ¢% + ¢° + 1, which gives rise to very long codes when we increase ¢ or s.
Moreover, it is better to consider moderate values of s due to the fact that the size of the
corresponding cyclotomic sets increases for larger s, and therefore if we start with degree
d and we consider degree d — 1, for each monomial of degree d that we are no longer
evaluating, all its powers of ¢ (seen in S/I(P?)) will not appear in any trace from the
basis that we have given for PRMY(2), and the size of the set formed by the monomial
and its powers of ¢ is precisely the size of the corresponding cyclotomic set. This can
cause significant drops in dimension, leading in some cases to codes with worse parameters
compared to the cases with smaller s. Thus, we first consider binary codes and ternary
codes arising from extensions of small degree.

For the extensions F4 D Fy and Fg D Fy, we obtain the parameters from Table C.1. For
the extension Fg D Fo we omit the codes with d = 2,3 as they are equal to PRM{(2). In
the cases where 6+ is 1, we have that PRMy(2) is a degenerate code. For instance, for
the extension F4 D Fo, for d = 1 we have ¢° + 1 = 5 common zeroes for all the vectors in
the code, which means that, after puncturing, we obtain the same as the subfield subcode
of an affine Reed-Muller code. However, for d = 2 we only have 1 common zero, and the
corresponding code after puncturing does not correspond to the subfield subcode of any
affine Reed-Muller code. With respect to the parameters, some of the codes from Table
C.1 have the best known parameters for a linear code with its length and dimension,
according to [13]. For example, that is the case for the codes with parameters [21,9, 8],
[21,12,5]2 and [21, 16, 3]s.

With respect to ternary codes, we consider the extension Fg D F3. The parameters of
the corresponding codes are presented in Table C.2, where we have omitted the case d = 2
since it corresponds to the same code as PRMY (2).

We can compare the parameters of these codes with the ones obtained with affine Reed-
Muller codes. Besides the fact that we obtain longer codes for the same field size, if we

n =
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Table C.1: Binary codes corresponding to the extensions Fy D Fo and Fg D Fs, respec-
tively.

[dln[kToTrTo"]
1 |73 1 |64 72 1
4 |73 2 1401 71 1
ldln [k ]o [k [or ]l 5|77 3261
1|21 1 16 || 20 1 6 | 73 8 |24 | 65 1
2121 2 |12 19 1 7T |73 27 | 16 || 46 9
3121 9 8 12 5 8 1731 28| 8 45 1
4121111 4 10 2 9 | 731 32| 8 41 2
5121116 | 3 5 8 10| 73 || 40 | 8 33 1
61211 20| 2 1 21 11 |73 51| 5 22 | 16
12173159 | 4 14 4
13173166 3 32
14|73 72| 2 1 73

Table C.2: Ternary codes corresponding to the extension Fg D Fj3.

[dn] k[0 ]k ]o]
1 (91 1 |81 90| 1
3191 2 (6389 | 1
4 1911 9 |54 82 | 4
5 |91 9 |45 82 | 1
6 |91 10|36 | 81 | 1
719119 27| 72| 1
8 |91 36 |18 55 | 10
9 191 38| 9 || 33| 2
1091 45] 9 | 46 | 4
11191 || 58| 7 | 33 | 18
12191 || 70| 6 | 21 | 36
13191735 | 18] 6
141911{ 8 | 4 || 11 | 36
151918 | 3 5 | 54
16 191 90 | 2 1 191

consider % as a measure of how good a code is, we usually have that the projective

code PRMg(2) is better in that sense than RM(2). For example, we have that the code
RMY (2) corresponding to the extension Fg O [F3 has parameters [81, 9, 45]3, and PRM{(2)
has parameters [91,9, 54]3, and one can check that PRM(2) has better parameters with
respect to the value %. In fact, the parameters of the code PRM(2) are the best known
parameters for a code with length 91 and dimension 9 over F3, according to [13]. Moreover,
the codes from Table C.2 with parameters [91, 21, 363, [91, 82, 4]3 and [91, 86, 3|3 are also
the best known according to [13].

For extensions of higher degree, or for fields with higher ¢, the codes that we obtain
in this way are too long to be compared to the ones from [13]. As we have seen in the
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previous examples, some of the codes that we obtain have the best known parameters,
while others do not have great parameters. Focusing on the ones with better parameters,
in Table C.3 we provide some long codes that surpass the Gilbert-Varshamov bound for
different field extensions. For the minimum distance, we use the bound (C.3.12) since
these codes are too large for Magma [2].

Table C.3: Long codes exceeding the Gilbert-Varshamov bound.

lals[d] n [ k [d=]
214128 | 273 | 255 4
214129 | 273 | 264 3
41215 273 9 192
4 12|28 | 273 | 262 4
412129 | 273 | 268 3
52| 6 651 9 500
51246 | 651 | 640 4
52147 | 651 | 646 3
313|950 | 757 | 741 4
313151 | 757 | 750 3
25|60 | 1057 | 1035 4
25|61 | 1057 | 1046 3
7T12| 8 | 2451 9 2058
712 |94 | 2451 | 2440 4
71295 | 2451 | 2446 3

Finally, for the case m > 2, in Table C.4 we show the binary codes obtained by consid-
ering the subfield subcodes of projective Reed-Muller codes over P? with respect to the
extension Fy D Fy, where we have computed the parameters with Magma [2]. The codes
with parameters [85, 16, 322, [85, 60, 8]2 and [85, 78, 3] have the best known parameters
according to [13].

Table C.4: Binary codes corresponding to the extension F4 D Fo with m = 3.

[d[n k[ [r 1]
T[S5] 1|64 sd] 1
2085 2 |48 83| 1
3085163269 5
4|85 18|16 67| 1
58533 12 52 2
68560 8 | 25|21
7|85 (67| 4| 18] 8
s|s5| 78| 3| 7|32
9|85 |s4]| 2] 1|85
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D.1 Introduction

Binary affine Reed-Muller codes can be constructed recursively via the (u | u+wv) construc-
tion, and, more generally, ¢g-ary affine Reed-Muller codes can be constructed recursively
using the matrix-product code construction [5, Thm 5.6]. These recursive constructions
provide a wealth of information about the code. For example, the recursive construction
from [5] provides a simple proof for the minimum distance of affine Reed-Muller codes.
Moreover, the subfield subcode of a code obtained using the (u | u+v) construction can be
obtained by applying the (u | u+wv) construction to the subfield subcodes of the component
codes. In this work we are interested in a recursive construction for projective Reed-Muller
codes, a generalization of affine Reed-Muller codes obtained by evaluating homogeneous
polynomials in the projective space P which was introduced by Lachaud [18] and whose
basic parameters are presented in full generality in [20]. We apply this recursive construc-
tion to obtain information about the subfield subcodes and generalized Hamming weights
of projective Reed-Muller codes.

Given a code C' C Fys, its subfield subcode with respect to the extension Fys D F, is the
linear code CNFy. This is a standard procedure that has been used to construct long linear
codes over a small finite field. In particular, this technique has been applied to obtain
BCH codes as subfield subcodes of Reed-Solomon codes [4], and in the multivariate case,
the subfield subcodes of J-affine variety codes (in particular, affine Reed-Muller codes)
are well known and have been applied in several contexts [10-12]. The subfield subcodes
of projective Reed-Solomon codes and projective Reed-Muller codes were studied in [13]
and [14], respectively. The primary challenge when dealing with subfield subcodes is the
computation of a basis for the code, which, in particular, gives the dimension of the subfield
subcode. However, one can check in [14] that, for m = 2, the expressions for the basis of
the subfield subcode get quite involved, and for m > 2, obtaining explicit expressions for
the basis in general seems out of reach. In Section D.4, we show that, for certain degrees,
the recursive construction we obtain for projective Reed-Muller codes can be applied to
their subfield subcodes as well. This directly gives the dimension of these subfield subcodes
in a recursive manner, for any m > 2. Moreover, an explicit expression for a basis of these
subfield subcodes can be obtained in terms of the basis from the subfield subcodes of affine
Reed-Muller codes and the subfield subcodes of projective Reed-Muller codes with fewer
variables. We also show that these particular degrees give codes with good parameters.

With respect to the generalized Hamming weights of a code, these are a set of param-
eters that generalize the minimum distance of a code. One of the main applications of
the generalized Hamming weights is that they characterize the performance of the code
on the wire-tap channel of type II [21]. The generalized Hamming weights of affine Reed-
Muller codes were completely determined more than 20 years ago in [16]. However, the
computation of the generalized Hamming weights of projective Reed-Muller codes in gen-
eral remains an open problem and only partial results are known [1,6,8]. In [3], many of
the previous results and hypotheses are collected, and the authors obtain the generalized
Hamming weights of projective Reed-Muller codes in some cases for degree d < ¢°. In
Section D.5, we use the recursive construction from Section D.3 in order to give a recursive
lower bound for the generalized Hamming weights of a projective Reed-Muller code of any
degree. Moreover, we also provide an upper bound that gives us a criterion to ensure that
the bound is sharp in many cases. In the particular case of m = 2, we are able to give a
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more explicit expression for these bounds. By considering the general properties of gen-
eralized Hamming weights and our bounds, we obtain the exact values of the generalized
Hamming weights of projective Reed-Muller codes in many cases.

D.2 Preliminaries

We consider the finite field IF, of ¢ elements with characteristic p, and its degree s extension
Fgs, with s > 1. We consider the projective space P over F,s. We denote by p; the
number of points in P7, i.e., pj = % = ¢ + ¢*U=1 4 ... + 1. Throughout this
work, we will fix representatives for the points of P™: for each point [Q] € P™, we choose
the representative whose first nonzero coordinate is equal to 1. We will denote by P™
the set of representatives that we have chosen (seen as points in the affine space A™*+1).

Therefore, we have the following decomposition
P™ = ({1} x F2) U ({0} x {1} x Ft ') U--- U {(0,...,0,1)}.
Moreover, we also can obtain this recursively by noting that
P™ = ({1} x FJt) U ({0} x P 1) (D.2.1)

We consider now the polynomial ring S = Fgs[xo,...,2n]. Let n = |P™| = p,,. We
define the following evaluation map:

ev:S —=TFi, frr (f(Ql)a---af(Qn))Qier'

Let d be a positive integer. If we consider S; C 9, the set of homogeneous polynomials
of degree d, we have that ev(Sy) is the projective Reed-Muller code of degree d, which we
will denote by PRM,(¢®, m), or PRMy(m) if there is no confusion about the field. For
m = 1, we obtain the projective Reed-Solomon codes (sometimes called doubly extended
Reed-Solomon codes), which are MDS codes with parameters [¢° + 1,d + 1,¢° — d + 1].
For a code C C Fy, we will denote its minimum distance by d1(C) (using the notation for
generalized Hamming weights that we will consider in Section D.5). For the case m > 2,
we have the following results from [20] about the parameters of projective Reed-Muller
codes and their duality.

Theorem D.2.1. The projective Reed-Muller code PRMy(q*,m), 1 < d < m(q° — 1), is
an [n, k]-code with

qs(m+1) -1

¢ —1 7

T (B

t=d mod ¢*—1,0<t<d \ j=0 J

n =

For the minimum distance, we have
d1(PRMg4(¢°,m)) = (¢° — u)qs(m_”_l), where d—1=v(¢° —1)+pu, 0<pu<qg®—1.
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Theorem D.2.2. Let 1 <d < m(¢® —1) and let d- = m(q® — 1) — d. Then

PRM (¢, m) = PRM . (¢°, m) if d # 0 mod (¢° — 1),
PRMj(qS, m) = PRM,1(¢°,m) + ((1,...,1)) ifd=0mod (¢° —1).

Let d > 0 and let M; = {z" - 2%, |o| = d,0; > 0,0 < aj < ¢° — 1,4 < j < m}, for
i=0,1,...,m, and M = |J;2, M;. One can check that M is a basis for Sq/I(P™)q =
PRM,(m) (for example, see [2]), where I(P™) is the vanishing ideal of P™, i.e, the ideal
generated by the homogeneous polynomials that vanish at all the points of P™. This also
implies that the image by the evaluation map of M is a basis for PRMy(m).

We will also need to use affine Reed-Muller codes, which we denote by RMg4(q*, m), or
simply RMg(m) if there is no confusion about the field. We consider the evaluation map

EeVA R — FZTS, f = (f(Ql)a o 7f(Qn))Q16]FZ§ ’

where R = Fys[z1,...,2Zm]|. Let R<4 be the polynomials of R with degree less than or equal
to d. Then we have RMy(m) := evy(R<4). The following result about the parameters of
affine Reed-Muller codes appears in [9,17].

Theorem D.2.3. The Reed-Muller code RMg4(q®,m), 1 <d < m(q¢®—1), is an [n, k]-code
with
n=q ,

Sy (1) (A,

d
k= b
t=0 j=0 —J4

For the minimum distance, we have

di(RMg(q®,m)) = (¢ — )@Y, where d=v(¢® = 1) +pu, 0< < ¢ — 1.

D.3 A recursive construction for projective Reed-Muller
codes

In this section, we introduce a recursive construction for projective Reed-Muller codes
from affine Reed-Muller codes and projective Reed-Muller codes over a smaller projective
space. The inspiration behind this idea was the fact that affine Reed-Muller codes can be
obtained recursively by using matrix-product codes [5, Thm. 5.6].

In order to state this recursive construction, we need to consider a specific ordering
of the points in P": we are going to assume that the first ¢°™ points of P™ are the
points of ({1} x %) (see decomposition (D.2.1)). Therefore, we have that the first ¢*™
coordinates of the evaluation of a polynomial in P™ correspond to the evaluation at the
points ({1} x %), and the rest of coordinates correspond to the evaluation at the points
in the second part of the decomposition (D.2.1). Let { € Fys be a primitive element. We
are also going to consider the following decomposition

Fpt =P tug- P tu- U2 PP U {(0,...,0)) (D.3.1)
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This decomposition is obtained by noting the following: given a point @ in Fg:\{(0, ..., 0},
its first nonzero coordinate is equal to " for some 0 < r < ¢° — 2, which implies that
Q € ¢ - P~ Therefore, using (D.2.1) and (D.3.1) we have

P = ({1} x (P tug- Pty U2 PP U{(0,...,0))) U ({03 x P

(D.3.2)
We fix an ordering {Q1, ..., @),  } of the points of Pm™=1 We are going to assume that the
first p,,—1 coordinates of the image of the evaluation map correspond to the evaluation at
the points {1} x P™~! (with the fixed ordering for P™~!), the following p,,_1 coordinates
correspond to the evaluation at the points {1} x &- P™~! etc. We fix this for all the points
in {1} x Fg, and for the rest of the coordinates, which correspond to the evaluation in
{0} x P™~! we also assume that we are using the same fixed ordering for P™~!.

Hence, for a given ordering of the points of P™~!, we fix the ordering of all the points
of P™ as shown above. In what follows, we assume that the projective Reed-Muller codes
are obtained by using the evaluation map over P with this ordering for the points, and
the affine Reed-Muller codes are obtained by evaluating in 3, ordered in the same way
that we ordered {1} x Fy:.

Theorem D.3.1. Let 1 < d < m(¢® — 1) and let £ be a primitive element in Fgs. We
have the following recursive construction:

PRMg(m) = {(u + v¢,q,v) | u € RMg_1(m),v € PRMg(m — 1)},
where vg g == v X £y x - x @Dy 5 [0) = (v, &%, 2y, ..., @ 2dy ().

Proof. Taking into account that xg divides all the monomials in My and the decomposition
(D.2.1), it is clear that (ev(Mp)) = RMy_1(m) x {0}Pm-1.

Now we consider a monomial z* € [JI; M;. Its evaluation in {0} x P™~! (the second
part of the decomposition (D.2.1)) is in PRMg(m — 1) because z® only involves the last
m variables. In fact, the evaluation of all the monomials in [J"; M; at the points of
{0} x P! gives a basis for PRMy(m — 1). Now assume that the evaluation of 2% at the
points {0} x P 1isv. Let € € Fys be a primitive element. Then, because of the ordering
that we have chosen and the decomposition (D.3.1), it is clear that the evaluation of z®
at the points {1} x [F3: is precisely ve 4. We have obtained the evaluation of the monomial
x® at both parts of the decomposition (D.2.1). Thus, ev(z®) = (v¢.q4,v).

If we have f € k[xo,...,zm]a/I(P™)q = PRM4(m), then it can be written as

m
f= Z/\ibz‘ + Z%’az’abi € Mo, a; € U Mi, Aiyvi € Fgs.
i i i=1

We have seen that ev(b;) = ux {0}Pm-1, for some u € RMg_;(m), and ev(a;) = (v¢ q4,v), for
some v € PRMy(m —1). We finish the proof by considering the linearity of the evaluation
map. ]

Remark D.3.2. For d = 0 mod ¢° — 1, the construction is simpler and, to some extent,
resembles the (u | u + v) construction:

PRMg4(m) = {(u + ve q,v),u € RMg_1(m),v € PRMg(m — 1)},

with ve g = (v,v,...,v,0).
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With the construction from Theorem D.3.1 we can recover the dimension of projective
Reed-Muller codes from Theorem D.2.1 in a different way, which was already noted in [19,
Lem. 9.

Corollary D.3.3. We have that
dim(PRMy(m)) = dim(RMg4—1(m)) + dim(PRMg(m — 1)).

Proof. Using the notation in Theorem D.3.1, we have dim(RMy_1(m)) linearly indepen-
dent vectors corresponding to v = 0, and we have dim(PRM(m —1)) linearly independent
vectors corresponding to u = 0. By the construction from Theorem D.3.1, every codeword
of PRMg4(m) can be obtained as the sum of a vector with v = 0 and a vector with v = 0,
and we obtain the result. O

D.4 Subfield subcodes of projective Reed-Muller codes

As we stated at the beginning of the previous section, in some cases the recursive con-
struction from Theorem D.3.1 resembles the (u | u + v) construction. It is not hard to
check that, given two codes C, Cy, the subfield subcode of the resulting code after using
the (u | u 4+ v) construction with C7 and Cs is equal to the code obtained by applying
the (u | u 4 v) construction to CY and C§. Therefore, one may wonder if we can use the
construction from Theorem D.3.1 in order to obtain results about the subfield subcodes of
projective Reed-Muller codes, or even a recursive construction for them, which is what we
study in this section. In [14] the subfield subcodes of projective Reed-Muller codes were
studied, mainly for the case m = 2. Our approach in this section can be applied recur-
sively for any m, and for the case m = 2 our method provides an easier way to obtain the
basis of the subfield subcode for some degrees. We start with a result about the minimum
distance and dimension of the subfield subcodes of projective Reed-Muller codes.

Corollary D.4.1. Let 1 <d <m(q® —1). We have the following inequalities:

d1(RMg—1(m)) < di(PRMgG(m)) < di(RMg_,(m)),
dim(PRMY(m)) > dim(RMg_;(m)),

and the last inequality is strict if PRMg(m) is non-degenerate.

Proof. We have that d; (PRMg(m)) < di(PRMg(m)) because PRMg(m) C PRMgy(m), and
one can check that dj(PRMg(m)) = di(RMg—1(m)) using Theorem D.2.1 and Theorem
D.2.3. For the other inequalities, by Theorem D.3.1 we obtain RM4_1(m) x {0}Pm—1 C
PRMg(m), which implies RM7_;(m) x {0}P=-* C PRMg(m). O

In most of the non-degenerate cases we have the equality for the three minimum dis-
tances in the previous result, although the bound is not always sharp as it was seen in [14].
In the non-degenerate case we have dim(PRM(m)) > dim(RM7_;(m)), which may also
be true in many degenerate cases, as one can check for the case m = 2 in [14, Cor 3.41].

For some specific degrees we are able to obtain a recursive construction for the subfield
subcodes of projective Reed-Muller codes, which in turn allows us to give more precise
results about the parameters.
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Corollary D.4.2. Let £ € Fys be a primitive element. Let m > 1 and let dy = )\qqs_—_ll for
some A € {1,2,...,m(q—1)}. Then we have

PRMg (m) = {(u + v¢ a,,v),u € RMg, _;(m),v € PRMZ, (m —1)}.
As a consequence, we obtain:
dim(PRMg, (m)) = dim(RMg, _;(m)) + dim(PRMg, (m — 1)).

Proof. We have that
(gd/\)q_l — 6/\((15—1) — 1 _— gd/\ c Fq-

Then it is clear that for any u € RMg, _;(m), v € PRMg (m — 1), we have v¢ 4, € Fy and
(u + ve gy, v) € PRMZ, (m) because of Theorem D.3.1.

On the other hand, if we have w € PRMg, (m), by Theorem D.3.1 we know that w is of
the form (u + vg q,,v), for u € RMg_1(m),v € PRMg(m — 1), and its coordinates are in
F,. Therefore, v must have its coordinates in Fy, i.e., v € PRMg(m —1). Moreover, taking
into account that ¢4 € F ¢» We also get that ve 4, € Fy, which implies that u € RMY_,(m).
Arguing as in Corollary D.3.3 we obtain the formula for the dimension. O

Remark D.4.3. Note that the hypothesis about the degrees in Corollary D.4.2 is neces-
sary. For instance, in [14, Cor. 3.41] it can be seen that the formula for the dimension
from Corollary D.4.2 does not hold in general when d # dy for any A € {1,2,...,m(¢g—1)}.

In all the cases from Corollary D.4.2 we can obtain a set of polynomials such that their
image by the evaluation map is a basis for PRMg (m) in a straightforward manner. In
order to do so, for a given degree d > 0, we define the homogenization up to degree
d of a polynomial f € Fys[x1,..., 7] with degree deg(f) < d as f" = xdf(x1/z0) €
Fgs[xo, ..., 2m]q. Note that, with this definition, we always have that x( divides fh.

Corollary D.4.4. Let dy = A"Z_—_ll for some A € {1,2,...,m(q — 1)}. Let {fi}; C
Fgs[@1, ..., xm]<a—1 (resp. {gj}; C Fgs[z1,...,xmla) be a set of polynomials such that
their evaluation in FJt (resp. P™1) is a basis for RM3_ (m) (resp. PRMZ(m —1)).
Then the image by the evaluation map of {f'}i U{g;}; C Fyslwo,...,2m] over P™ is a
basis for PRMg(m).

Proof. Assume that we have the sets {f;}; and {g;}; as in the statement. Then we have
that { fl-h}i is a set of homogeneous polynomials of degree d, and the image by the evaluation
map of this set generates RM7_; (m) x {0}Pm-1 i.e., the vectors with v = 0 of the recursive
construction from Corollary D.4.2.

Let £ € Fgs be a primitive element. If the evaluation of a polynomial of {g;}; over
Pm=!is v € PRMY(m — 1), then, when regarding this polynomial in Fys[xo, ..., Zm], the
evaluation over P™ is precisely (v¢q,v) (this is the idea of the proof of Theorem D.3.1).
Therefore, the image by the evaluation map of {f?}; U {g;}; over P™ generates

{(u+ve g,,v),u € RMG, _1(m),v € PRMg, (m — 1)},
which is PRMY(m) by Corollary D.4.2. O
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In both Corollary D.4.2 and Corollary D.4.4, in order to use the recursion we need
to obtain bases for affine and projective Reed-Muller codes for some m > 1. Sets of
polynomials whose evaluation are a basis for the subfield subcodes of affine Reed-Muller
codes are known for any number of variables [10, Thm. 11], and for projective Reed-Muller
codes we also know how to obtain such sets of polynomials in the case of projective Reed-
Solomon codes [13] and in the case of projective Reed-Muller codes over the projective
plane [14]. For m > 2, we can apply Corollary D.4.2 and Corollary D.4.4 recursively until
we reach the known cases of m =1 or m = 2.

Example D.4.5. Let ¢° = 9, d = 4, m = 2, and let £ be a primitive element of Fy.
We are going to obtain a set of polynomials such that its image by the evaluation map
is a basis for PRMg(m). Using Corollary D.4.4, we need to compute a basis for RMg(2)
and PRMY(1). In the following we adopt the notation from [10] and [13] for denoting the
polynomials we are going to use. The notation itself is not relevant for this example and
we just use it to denote each polynomial. From [10, Thm. 11], we obtain that the image
by the evaluation map over F3 of the following polynomials is a basis for RM$(2):

Too)(1) =1, Tagy(z1) = 21 + 23, Tao)(Exr) = o + €27,
T, (w2) = 22 + 25, To1)(bx2) = Emg + 225,
From [13, Ex. 3.6], the image by the evaluation map over P! of the polynomials
To'(a3) = 21, T5'(«3) = afws + 2123, T3 (623) = Eajwe + Earay, T{ (23) = a3,
forms a basis for PRMJ(1). By Corollary D.4.4, the image by the evaluation map over P?
of the following set of polynomials is a basis for PRMY (2):
{5, wgw1 + woxt, Exgmy + Ewoat, agwa + wowd, Exjwa + oz U
{z1, 2wy + 2123, Eafwy + Exra3, 23},

We also obtain dim PRMJ(2) = 9, which can also be obtained directly from Corollary
D.4.2 because, as we have seen above, dim RM$(2) = 5 and dim PRM{(1) = 4.

As the dual of a projective Reed-Muller codes is another projective Reed-Muller code for
d # 0 mod ¢° —1 (by Theorem D.2.2), the recursive construction from Theorem D.3.1 can
be used for the dual codes, except for the case d = 0 mod ¢° — 1. However, it is not true
in general that PRMJ ™" (m) := (PRMY(m))* is equal to PRM;" (m) := (PRMg(m))?.
Therefore, the construction from Corollary D.4.2 does not apply to the dual code of the
subfield subcode of a projective Reed-Muller code. Nevertheless, in the next result we
show that the dual codes can also be obtained from a similar recursive construction.

Proposition D.4.6. Let £ € Fys be a primitive element. Let m > 1 and let dy = )\%
for some XA € {1,2,...,m(q —1)}. Then we have
L L L
PRM;A (m) = {(u', 0" — ug,d), = RMZA_I(m),vt € PRM;A (m—1)},
where, taking into account the decomposition (D.5.1), if ut = (uf,ut,... ,uztz,ués,l),
with ufy, ..., ubs o € Fg" " and uls | € Fy, then

q°=2
t .t d, t S—2)d, t _ i-d, t
uE,d'_u0+£U1+"'+f(q )uqs_2_251 ui-
=0
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Proof. The vector space {(u’,v" —ug 4),u" € RM;’;‘_l(m),vt € PRMZ’;‘(m — 1)} has di-

mension dim RM{ " | (m)+dim PRM{ ™~ (m — 1), which is the dimension of PRM"(m) ac-

cording to Corollary D.4.2. Therefore, if we consider u € RMg, _;(m), v € PRMg, (m—1),

ul € RMg’l_l(m) and v! € PRMZ’L(m —1), by Corollary D.4.2 we just need to verify that
A A

t t
—v-ug—O.

(u+vea,v) - (u, vt — ué’d) =Vgd- U
By considering the decomposition (D.3.1), we can divide the vector u! as in the statement
of this result, and the previous expression can be written as

vg,d-ut—v'ué = v-u+EM-ul 4 ~+£(q872)dv-ufzs,2 —v- (uh+ &%l +-- '+§(qs*2)dufls,2),

which is equal to 0. 0

As with the recursive construction from Corollary D.4.2; the previous result can be used
recursively because we know bases for RMZ’A{I(m) (for example, see [12]), and also for

PRMZ’AL(m), for m =1 and m = 2, see [13,14].

D.4.1 Examples

In this subsection we show that we can obtain good parameters with the subfield subcodes
of projective Reed-Muller codes appearing in Corollary D.4.2 and Proposition D.4.6. For
m = 2, the codes arising from Corollary D.4.2 are a particular case of the codes studied
in [14]. However, for the degrees considered in Corollary D.4.2 we have an easier construc-
tion, and we show in Table D.1 that many of the codes with good parameters from [14]
correspond precisely to the codes from Corollary D.4.2 or their duals from Proposition
D.4.6. For the minimum distance of the codes from Corollary D.4.2 we can use the bound
di(PRMZ(m)) > di(PRMg4(m)), and for the duals we can compute the minimum distance
with Magma [7]. All codes presented in Table D.1 exceed the Gilbert-Varshamov bound,
and some of them have the best known parameters according to codetables [15], as stated
in [14].

Table D.1: Codes with good parameters appearing in [14] that can be obtained from
Corollary D.4.2 or Proposition D.4.6.

H

NN O ONDNDDNDNDDNDN®

AResult [ n [k [di(C)>]
1[ D42 ] 21 |9 8
1| D46 | 21 |12 5
1| D42 || 85 |16 | 32
2| D46 | 8 |25 | 21
2| D42 | 8 |60 8
1
1
1
1
1
1

D.4.6 85 | 69 5)
D.4.2 91 9 o4
D.4.6 91 | 82 4
D.4.2 273
D.4.2 651
D.4.2 ]| 2451

192
500
2058

O R W W N NN NN N
NN NN W W W W NS

O O ©
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Furthermore, as the recursive approach from this work allows us to work easily with
m > 2, we can also provide examples of good parameters which do not appear in [14]. As
these codes are very long when we increase ¢°, we only provide a few examples that still
have moderate lengths. For the extension F4 D Fy and m = 4, for A = 1,2, from Corollary
D.4.2 we obtain the codes [341,25,128], and [341,295, 8]2, respectively, which surpass
the Gilbert-Varshamov bound. The dual of the code with parameters [341, 25, 128]5 has
parameters [341, 316, 5], which also exceed the Gilbert-Varshamov bound.

For the extension Fg D F3 and m = 3, we can consider A = 1 in Corollary D.4.2, which
gives a code with parameters [820,16,486]3. Its dual has parameters [820,804, 4|3, and
both of them surpass the Gilbert-Varshamov bound. We also note that, as we claimed in
the introduction, by considering subfield subcodes we are able to obtain long codes with
good parameters over a small finite field.

D.5 A bound for the generalized Hamming weights of pro-
jective Reed-Muller codes
In this section we provide a lower bound for the generalized Hamming weights of any

projective Reed-Muller code. Let C' C Fys be a linear code and D C C. The support of
D, denoted by supp(D), is defined as

supp(D) :=={i|JFec=(c1,...,cn) € D, ¢; # 0}.

If D is a linear subspace contained in C, then we say that it is a subcode of C. The rth
generalized Hamming weight of C, denoted by d,.(C), is defined as

d,(C) = min{|supp(D)| | D is a subcode of C' with dim D = r}.
Remark D.5.1. Given a basis B = {b1,...,b} for a subcode D, we have that

k
supp(D) = [ supp(bi).
1=1

The generalized Hamming weights satisfy a Singleton-type bound and they are monoto-
nous, as it is shown in the following results from [21].

Theorem D.5.2 (Monotonicity). For an [n, k] linear code C' with k > 0 we have
1 <di(C) <da(C) < -+ < di(C) < n.
Corollary D.5.3 (Generalized Singleton Bound). For an [n, k] linear code C we have
d(C)<n—k+r, 1<r<k.

For an MDS code C' with length n and dimension k, Theorem D.5.2 and Corollary D.5.3

imply that
d-(C)=n—k+r, 1<r<k.

For the affine case, the generalized Hamming weights of Reed-Muller codes were obtained
in [16], where the authors give several ways to compute them. We present one of them now,
which does not require additional machinery, see [16, Thm. 5.10]. Let Q = {0,...,¢° —1}.
We consider the set @™ with the lexicographic order. For 8 € Q™, we denote deg() =

21'11 Bi-

120



D.5. A bound for the generalized Hamming weights of projective Reed-Muller codes

Theorem D.5.4. Let B be the rth element in Q™ in the lexicographic order with the
property that
deg(B) >m(¢° —1)—d—1.

Then

m
dr(RMd(m)) = Z Bm—i-l—lqs(iil) + 1.
i=1
Our goal in this section is to provide a general lower bound for the generalized Hamming
weights of any projective Reed-Muller code using the construction from Theorem D.3.1.
We consider a degree d and £ € Fys a primitive element. Let k, = dim(RMg_;(m))
and k, = dim(PRMgy(m — 1)). We consider a basis {ui}fil for RMg_1(m) and a basis
{v9 };?v:l for PRM,(m —1). Then, by Theorem D.3.1, we have that B = {u’ x {0}Pm-1}k |
{(”é,(p vj)};?”:l is a basis for PRM,(m). Given any subcode D of PRMy(m) with dim D = r,
we consider a basis
ku k”

Bp={b,1<I<r}=Y N x {0+ (vl yv7), 1< 1<
i=1 j=1

Now we divide the vectors b; into two parts, b; = (b1, b;2), where

ku kv kv
b 1= Z ALiu' + Z Nl,j”é,d , bio = Z ,uld-vj. (D.5.1)
i=1 j=1 j=1

Remark D.5.5. By the definition, it is clear that b2 € PRMg(m — 1). On the other
hand, if b2 = 0, then p;; = 0 for all j and b;; € RMg_1(m). Moreover, in general
we have b ; € RMy(m). This is because by is the first part of b, which is a vector
from PRMg4(m), i.e., is the evaluation of a homogeneous polynomial f of degree d. The

evaluation of f in the first part of the decomposition (D.2.1) is the same as the evaluation
of g:= f(1,z1,...,2m) in A™, which belongs to RMg(m).

If we consider the matrix G whose rows are given by the vectors in Bp we obtain

bi1 b1z

ba1 b2

br,l br,2
By performing row operations in G, and reordering the b;; if necessary, we can assume
that there is an integer av < r such that the set {b12,...,ba2} is linearly independent, and
bat1,2 = -+ = byo = 0. Therefore, we have
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With the current ordering, note that the set {bq+411,...,b.1} is linearly independent
(because Bp is a basis and G is a full rank matrix). Therefore, we can perform row
operations in such a way that, after reordering the b;; (if necessary), for 1 <1 < a, we
have an integer v < « such that b1; = --- = b, = 0, and the set {by4+11,...,br1} is
linearly independent. Therefore, we can assume that G has the form

0 b1,2
0 by,2
by+11 byyi12
G = : : = (G1 Ga), (D.5.2)
boa,l ba 2
bat1,1 0
br1 0
where {b12,...,ba2} and {by41,1,...,b,1} are linearly independent sets. Now we will give

a lower bound for [supp(D)| for any subcode D of PRMy(m) depending on the values of «
and . Note that these values do not depend on the choice of Bp. For technical reasons,
in what follows we will understand that do(C) = 0 for a code C' C Fy..

Assuming that G has the form from (D.5.2), by using Remark D.5.5 we see that
{ba+1.1,---,br1} is contained in RMg_;(m) and {b12,...,bq 2} is contained in PRMy(m —
1). Both of these sets are linearly independent because of the assumptions on the form
of G. Therefore, r — dimRMy_1(m) < a < dimPRMy(m — 1) (we also have the obvious
condition o < 7).

In order to bound [supp(D)|, we note that supp(D) is the union of the supports of by,
1 <1 <r, by Remark D.5.1. Therefore, it is enough to study the union of the supports
of the rows of G. Moreover, we can study the union of the support of the b; 1 and b;,
1 < 4,5 < r, separately, which corresponds to studying the union of the supports of the
rows of G1 and G, which we denote by supp(G1) and supp(G2), respectively.

For G1, by considering the last  —« rows it is clear that [supp(G1)| > dr—o(RMg_1(m))
using Remark D.5.5. Another possible bound is |supp(G1)| > d,—(RMg(m)), which is
obtained by considering all the rows of G; and Remark D.5.5. Therefore,

[supp(G1)| = max(dy—a(RMg-1(m)), dr—y (RMg(m))).

For Gj, using Remark D.5.5 we have |supp(G2)| > do(PRMg(m — 1)). This bound can
be improved by studying the first v rows of G. This is because in order to have b;; = 0,
by Theorem D.3.1 we also must have bj; = u + veq = 0 for some v € RMy_q(m),
v € PRMg(m — 1). The vector u is the evaluation of a polynomial f of degree at most
d—1in A™, and ¢ 4 is the evaluation of a homogeneous polynomial g of degree d in A™.
We have the isomorphism given by the evaluation over the affine space

Fqs[xl,...,xm]/@‘{s —xq,. . xd —x,) 2 A™
As f ands g have the opposite evaluation in A™, we must have f = —g mod <x‘fs —
T1,...,28 — o). This implies that, if we consider f and g the polynomials obtained
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by reducing all the exponents of the monomials of f and g, respectively, modulo ¢° — 1,
then f = —g. As f is of degree at most d — 1, f and g are of degree at most d — 1.
Taking into account that ¢ is homogeneous of degree d, we deduce that all the exponents
of the monomials of g can be reduced modulo ¢°* — 1 (in order to have g of degree at most
d — 1), which implies that all the monomials from g reduce to monomials of degree at
most d— (¢°— 1) in g. Hence, g has the same evaluation as some homogeneous polynomial
of degree d — (¢° — 1). Thus, v € PRMg_(gs_1)(m — 1). What we have obtained is that
b2 € PRMg_(gs—1)(m — 1), 1 <1 <, and

|supp(G2)| > max(do(PRMg(m — 1)), dV(PRMd_(qs_l)(m - 1))).
Therefore, for D we have

|supp(D)| > Ba,y :=max(d,—(RMg(m)), d,—o(RMg_1(m)))

+ max(de(PRMg(m — 1)), dy (PRMy_(gs_1y(m — 1))). (D.5.3)

Note that, because of the previous reasoning and the form of G, we must have r —
dim RMg(m) < v < dim PRMg_(gs—1)(m — 1) (besides v < a).

Remark D.5.6. The previous reasoning about PRMy_(4s_1)(m — 1) implies that we can
only have v > 0 if d > ¢°.

We summarize what we have obtained in the following result, where we understand that
PRM, = {0} for d <0, and, as before, do(C) = 0 for a code C' C Fy..

Theorem D.5.7. Let 1 <d <m(q¢° —1) and 2 < r < dim(PRMy(m)). We consider

v = () : max{r —dimRM,_1(m),0} < a < min{dim PRMg4(m —1),r}
-\ max{r — dim RMy(m), 0} <~ < min{dim PRMy_¢4s_1y(m — 1),a} |~

Then we have
d.(PRMy(m)) > min Bg.~,
( a(m)) (@)€Y Y

where B, ~ is defined in (D.5.3).

Proof. Given any subcode D C PRMg4(m) with dim D = r, we can obtain a basis Bp for D
such that when we consider the matrix G whose rows are the vectors of Bp, this matrix is of
the form from (D.5.2). Therefore, by the reasoning prior to this result, [supp(D)| > Bay,
for the integers o and v deduced from G. By considering the bounds for the parameters
a and -y obtained before, we obtain the set Y and we finish the proof. ]

With the previous result we obtain lower bounds for all the generalized Hamming weights
of projective Reed-Muller codes recursively. This is because we can apply the previous
theorem recursively until we get to projective Reed-Solomon codes, in which case we have
d,(PRMy4(1)) = max{¢® —d + r,r}, for 1 < r < d+ 1. With this starting point, and
using Theorem D.5.4 for the generalized Hamming weights of affine Reed-Muller, we can
compute the value of the previous bound for the generalized Hamming weight of any
projective Reed-Muller code. This contrasts with the results from [3], where the authors
are able to compute the generalized Hamming weights of projective Reed-Muller codes
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in some cases and they also provide lower bounds, but only for d < ¢°, while our bound
works for any degree and any r.

We have checked by computer that the bound in Theorem D.5.7 is sharp for all the
generalized Hamming weights with m = 2,3, and ¢°* = 2; m = 2 and ¢° = 3; and also
for some particular degrees, such that m =3, ¢ =3 and d = 1; and m = 2, ¢° = 4 and
d = 1,2. As computing the generalized Hamming weights of a code is computationally
intensive, we can only do it for smaller examples. It is therefore desirable to have some
criterion to guarantee that the bound from Theorem D.5.7 is sharp in some cases, which
is the purpose of the following result.

Lemma D.5.8. Let 1 <d <m(q¢°—1) and 2 <r < max{dim RMy_;(m),dim PRMy(m —
1)}. Then

dr(PRMg(m)) < min{d,(RMq-1(m)),¢" - d-(PRMg(m — 1))},

where if r > dim RMg_1(m) orr > dim PRMy(m—1) we do not consider the corresponding
generalized Hamming weight in the minimum.

Proof. We are going to find subcodes E’ of PRMy(m) such that [supp(E’)| = d,(RM4_1(m))
or [supp(E")| = ¢° - d,(PRMg4(m — 1)). Assuming r < dim RM,4_1(m), there is a subcode
E C RMy_1(m) with dim E = r and |supp(E)| = d,(RMg_1(m)). Then, the subcode
E' = E x {0}Pm=1 C PRMy(m) verifies [supp(E’)| = d,.(RMy_1(m)).

If we assume that r» < dim PRMy(m — 1) instead, there is a subcode E C PRMy(m — 1)
with dim F = r, such that |supp(E)| = d,(PRMg4(m — 1)). The subcode

E":={(ve4,v),v € E} C PRMy(m)
verifies [supp(E’)| = ¢° - d,(PRMy(m — 1)). O

We can use Lemma D.5.8, together with Theorem D.5.2, in order to ensure that the
bound from Theorem D.5.7 is sharp in many cases. We see this in Example D.5.9 and
in Subsection D.5.3, where we show the tables that we obtain using our results for the
generalized Hamming weights of projective Reed-Muller codes for several finite fields.
Notwithstanding the foregoing, as we will see in Example D.5.10, we can also find particular
cases in which the bound is not sharp.

Example D.5.9. Let ¢° =4, d =5, m = 2 and r = 2. In this example we are going to
compute the bound from Theorem D.5.7 for da(PRMj5(2)). From Theorem D.2.3 we can
obtain dim RM4(2) = 13 and dim RMj5(2) = 15. For m = 2, PRMg(m — 1) is a projective
Reed-Solomon code, and for d = 5 > 4 = ¢° we have PRMj5(1) = ng“, which implies
dimPRM;5(1) = ¢® + 1. Moreover, for d — (¢° — 1) = 2, we have dim PRMy(1) = 3.
Therefore, we obtain

0<a<?2

R RSl S CONORERINCIORERINEESE

Now we have to compute min(, ,)cy Ba,y- In order to do it, we need to obtain the gener-
alized Hamming weights for affine Reed-Muller codes and projective Reed-Solomon codes.
For projective Reed-Solomon codes, we have already stated that we have d,(PRMg4(1)) =
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max{q¢® — d + r,r}, and for affine Reed-Muller codes we can use Theorem D.5.4 in order
to obtain
With all of this we can compute all the values B, 5, for (a,v) € Y:

By = d2(RM4(2)) =

B o = max{da(RM;5(2 )) 1(RM4(2)} + di(PRM5(1)) = max{3,3} + 1 =4,
By = max{d;(RM5(2)), d1 (RM4(2))} + max{d; (PRM5(1)), d; (PRM3(1))} = 6,
By o = d2(RM5(2)) + d2(PRM5(1)) =3 +2 =5,

By1 = di(RM5(2)) + max{da(PRM5(1)),d; (PRM3(1))} = 2 4+ max{2,3} = 5,

BQ}Q = max{dg(PRMg)( )) dQ(PRMg( ))} = maX{Q, 4} =4.
Therefore, we have obtained

d.(PRMg(m)) > min B, = 4.

(PRMq(m)) > min B,

Moreover, as min, yyey Ba,y = Bo,o = d-(RMg_1(2)), by Lemma D.5.8 we know that we
have the equality d,(PRMg(m)) = 4.

Example D.5.10. In this example we show a particular case in which the bound from
Theorem D.5.7 is not sharp. Let ¢°* =4, d =3, m = 2 and r = 2. Using Theorem D.2.3,
we obtain dim RM3(2) = 6 and dim RM3(2) = 10. For PRMy(1), we have that this code
is a projective Reed-Solomon code, and therefore its dimension is d + 1 = 4 in this case.
Thus,

0<a<?2

v={@n: o220 F= 100000

Note that v = 0 because d < ¢°, see Remark D.5.6. With respect to the generalized
Hamming weights of affine Reed-Muller codes, we can use Theorem D.5.4 to obtain:

d
d

Now we have all the values required in order to compute the bound from Theorem D.5.7:

Boo = da(RMs(2)) = 11,
Bl,O = max{dQ(RMg(Q), dl(RMg(z))} + dl(PRMl(l)) = max{?, 8} + 2 =10,
Byp = do(RM3(2) + dQ(PRMl(l)) =743 =10,

where we have used that d,(PRMy(1)) = ¢°* — d + r for d < ¢°. Therefore,

d2(PRM3(2)) > min B, , =min{11, 10,10} = 10.
(a)ey

However, according to [3, Ex 7.5], the true value is do(PRM3(2)) = 11 in this case.
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Example D.5.11. We mainly use Lemma D.5.8 with the bound
d,(PRMg(m)) < d,(RMg4_1(m)) = B0,

but the part
dr(PRMg(m)) < ¢° - d,(PRMg(m — 1))

is also useful in some cases. For example, for ¢° =3, d =1, r = 2, m = 2, one can check
that min, y)ey Ba,y = 12. We cannot use the bound d,(PRMg4(m)) < d,(RMg_1(m))
because dimRMy(2) = 1 < 2 = r. However, we have r = 2 = dimPRM; (1), and
12 = qs . dg(PRMl(l))

In the previous case, the bound was useful because we could not use d,(PRMg(m)) <
d-(RMg4_1(m)). Nevertheless, there are also cases in which the bound d,(PRM4(m)) < ¢°-
d,(PRMg(m—1)) is better than the bound d,(PRM4(m)) < d,(RMg_1(m)). For instance,
for ¢ =3,d =3, r =2, m = 3, we have d2(RM2(3)) = 15 > 12 = 3 - d2(PRM3(2)). In
fact, one can also check in this case that min(, ey Ba,y = 12 and we can state that the
bound from Theorem D.5.7 is sharp due to Lemma D.5.8.

D.5.1 A bound for the projective Reed-Muller codes over P?

Even though the bound from Theorem D.5.7 is not hard to obtain by computer in general,
it can be obtained in more efficient ways in some particular cases. In this subsection, we
are going to obtain the bound from Theorem D.5.7 in a more explicit way and requiring
less values of B, - in order to compute the minimum over Y, for the case m = 2.

Theorem D.5.12. Let 1 <d <2(¢°—1), 2 <r <dim(PRMg4(2)), and Y as in Theorem
D.5.7.

(a) Ifd < ¢°, we consider oy the smallest integer such that dy—q,(RM4-1(2)) < dr(RM4(2)),
po = max{ap,r —dimRMy_1(2)} and A = min{d + 1,7}. Then

d,(PRM4(2)) > min B,y =

min{BO’o, Ha070} ’Lf r < dim RMd_l(Q),
(ayy)eY

Bao,O if?" > dim RMd_1(2),

where By = d,(RMg_1(2)) and

Ho o= dr(RM4(2)) + ¢° — d + po if ap <\,
o drx(RMg-1(2)) +¢* —d+ X ifag> A

(b) If d > ¢°, we consider
E = {v | max{r — dimRMy(2),0} < 7 < min{d - ¢° + 2,7}}.

Let i < a; < 1 be the smallest integer such that d,_n,(RMg-1(2)) < dr—i(RM4(2)), for
i € E. We also consider p; = max{a;,r —dimRMy_1(2)} and A = min{¢® + 1,r}. Then

d,(PRM4(2)) > min B, =

min{ By o, min,cg{Hao,~}} if 7 < dimRMg_(2),
(7)€Y

minyep{Ha, ~} if 1> dimRMg_1(2),
(D.5.4)
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where By = d,(RMg—1(2)) and

dr(RM4(2)) + po if v =00y <A
dr—A(RMg-1(2)) + A ifv=0,0y> A,
dr—(RMg(2)) + max{py,2¢° —d+~v =1} if v>0,ay <A,
dr—A(RMg_1(2)) + max{\,2¢°* —d+~v—1} if y>0,a, > A

Ho,n = (D.5.5)

Moreover, in both cases if ming, ey Bay = Boo = dr(RMg_1(2)) or min(, y)ey Bay =
q¢® -max{q® —d+r,r}, forr <dimRMy_1(2) or r <min{d+ 1,q¢° + 1}, respectively, then
the bound is sharp.

Proof. We are going to prove the statement for d > ¢° and r < dim RMy4_1(2) because the
rest of the cases are argued in the same way (for instance, the case d < ¢® is analogous to
the case of v = 0 with d > ¢°, see Remark D.5.6). If we prove the equality in (D.5.4), the
rest follows from Theorem D.5.7 and Lemma D.5.8.

For d > ¢°, we can rewrite the set Y from Theorem D.5.7 for the case m = 2 in the
following way:

v = L) max{r — dimRMy_1(2),7} < o <min{¢® + 1,7}
R max{r — dim RMy4(2),0} <~ <min{d —¢°* +2,r} |’

where we have used the expressions for the dimension of the corresponding projective
Reed-Solomon codes and we have written the conditions for « in terms of 7. For each

~v € E we consider
Yy ={a| () €Y}

This set is nonempty for each v € E because v < min{d — ¢* + 2,7} < min{q¢® + 1,r}, and
we also have r —dim RMy_1(2) < min{¢® + 1,7} because of Corollary D.3.3. We have that
Y =U,cp Yy, and therefore

min B, -~ = min{min B, .
(a,y)eY w7 ’yGE{aGYAY OL”Y}

For v € F fixed, we are going to study now the behavior of B, , as defined in (D.5.3),
as a function of a. We first consider the case with v > 0. As we are assuming 2(¢° — 1) >
d > ¢°, we have that PRMy(1) = IE‘Z;H. Therefore, for a > v > 0, we have

max{ds(PRM,4(1)), dy(PRMg_(4s—1)(1))} = max{e,2¢” —d + v — 1}.

For v > 0 fixed, max{c, 2¢®* —d+~ — 1} is a nondecreasing function of a. For 1 < o < v,
we have that

max{dy_(RMy(2)), dy—a(RMy_1(2))} = dyr_a(RMg_1(2)).

Using Theorem D.5.2, we see that this value decreases in at least one unit when we increase
« in one unit, while max{«,2¢®* — d + v — 1} is going to increase by at most one unit.
Therefore, B, is a nonincreasing function of a, for 1 < a < a,.

For a > a,, we have

max{d,(RMq(2)), dr—a(RMa-1(2))} = dr—(RMq(2)),
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which is constant for a fixed 7. As max{«a,2¢° — d + v — 1} is nondecreasing, we obtain
that B, is a nondecreasing function of a, for oo, < ar <.

Therefore, we know the behavior of B, , and we can obtain mingey,, Ba . Indeed, for
1 < a < ay, Ba, is nonincreasing, and therefore, minaey, a<a, Ba,y 15 attained at the
largest value of o € Y, such that o < a, (if any). And, as B, is nondecreasing for
ay < a < r, we have that minaey, a>a., Ba,y is attained at the lowest value of o € Y,
such that a > ay. In order to obtain mingey, Ba,y, We just need to consider the minimum
between the minimums in the case 1 < a < a, and ., < a < r. We have two cases:

(a) If @y, < A: by definition, ay > 7. Therefore, we have o, € Y, if and only if
r — dimRMg4_1(2) < a,, which happens if and only if pu, = «,. If ay > r —
dim RMg_1(2), all the values of Y, are larger than «,, i.e., we are in the nondecreasing
part of By ~, and the minimum of B, over Y, is thus obtained at the lowest value
of Y,, which is precisely r — dim RMg4_1(2) = 1y in this case. By the definition of
oy, we have

By~ = dr—(RMy(2)) + max{p,2¢° —d + v —1}.

On the other hand, if o, < r — dimRMg_;(2), i.e., @y = iy, then the minimum
in the nondecreasing part is By, = By, as above. If a, —1 ¢ Y, this is the
minimum over Y,. If a, — 1 € Y,, we have to also consider the minimum over the
nonincreasing part, which, taking into account the definition of ., would be

Bo, -1y = dr—(a,—1)(RMg-1(2)) + max{a, — 1,2¢° —d + v — 1}.
If we compute the difference we obtain
Boy-14— Bay,v 2 drf(awfl)(RMd—l(z)) - dr—v(RMd@)) —120

because of the definition of a.,. Hence, in this case we also obtain minaey, Bay =

B,U"‘/ Y

(b) If oy, > A: we have that all the values of Y, are below o, i.e., we are in the
nonincreasing part of B, . The minimum is thus obtained at the maximum value
in Y., which is A, and by the definition of ., we have

By, = dr—x(RMg4-1(2)) + max{\,2¢° —d +~v — 1}.

For the case with v = 0, we have max{d,(PRMg4(1)),d,(PRMg_(4s—1)(1))} = a. The
previous argument also applies in this case for the o € Yy with o > 0 because this does
not change the behaviour of B, (it only changes the exact expression of B, ,, as seen
in the statement). Therefore the minimum of B, in Yy \ {0} is either B, . or By, as
before. If 0 € Yp, which happens if and only if » < dim RMy_1(2), we also have to take
into account for the minimum the bound By g = d,(RMg_1(2)). We complete the proof by
noting that H,. - is equal to B, or B) ,, depending on where the minimum is attained
in each case. O

One can also express the previous result in a more explicit way by taking into account

that s
+ . s

fd<
dim RM,(2) = {( d?ﬂ) nasa

( 2 ) - Q(d—q3+2) ifg*<d< 2((]5 - 1)7 <D56)
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which can be proven from Theorem D.2.3.

Although Theorem D.5.12 looks more involved than Theorem D.5.7, it can greatly
simplify the procedure of computing the bound from Theorem D.5.7 for the case m = 2,
as we show in the next example.

Example D.5.13. Let ¢° =4, d =5, m =2 and r = 5. We are going to use Theorem
D.5.12 in order to obtain a bound for ds(PRM5(2)). As we have d < ¢°, we compute
dim RMj5(2) = 15 with (D.5.6) and we obtain

E={y]0<~y<3}

Using Theorem D.5.4, we can compute

From this table we obtain ag = 2, @1 = as = 3 and a3 = 4. For example, we check that
d5,3(RM4(2)) =4<5= d572(RM571(2)), but d572(RM4(2)) =6>95= d572(RM5,1(2)),
which implies e = 3. Using (D.5.6) again, we can compute dim RM4(2) = 13, which
implies that r — dimRMy4(2) < 0 and p; = «; for i = 0,1,2,3. We also have A =
min{q¢®+ 1,7} = 5. Thus, a; < A for i = 0,1,2,3. The only thing left to do is to compute
By and Hy, -, for v € E. We obtain

Boo =
H20=d5RM52 M0—6—|—2—8

d5(RM4(2))
(RM5(2)) +

Hs31 = ds(RM5(2)) + max{p1,2¢° —d+1—1} =5+ max{3,3} =
(RM5(2))
(RM5(2))

H32—d3 RM5(2 —|—max{,u2,2q —d+2—1}—4+max{3 4}—8
Hy3 = d2(RM5(2)) + max{pus, 2¢° —d+3 — 1} = 3 + max{4,5} = 8.

The minimum of these values is 8, and we have ds(PRMj5(2)) > 8. Furthermore, as the
minimum is equal to By, by Theorem D.5.12 (or Lemma D.5.8) we have the equality
ds(PRM;5(2)) = 8.

Note that if we want to use Theorem D.5.7 in order to obtain the bound for ds(PRM5(2)),
we would have to consider the minimum of |Y| terms. In this case, we have

_ . y<asmin{¢"+1,r} =5
Y—{(a,’y). 0<y<min{d—¢"+2,r} =3 |~

Thus, using Theorem D.5.7 we would have to consider the minimum of |Y| = 18 terms,
while using Theorem D.5.12 we only needed 5.

D.5.2 A bound for the generalized Hamming weights of the subfield
subcodes of projective Reed-Muller codes

The subfield subcodes of Section D.4 are subcodes of projective Reed-Muller codes and
therefore the generalized Hamming weights of projective Reed-Muller codes give lower
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bounds for the generalized Hamming weights of the corresponding subfield subcodes. How-
ever, as the dimension of the subfield subcode is usually much smaller than the dimension
of the original code, this bound is not sharp for most of the generalized Hamming weights.
Nevertheless, Theorem D.5.7 and Lemma D.5.8 can be adapted for the subfield subcodes
as well.

Corollary D.5.14. Let § € Fys be a primitive element and m > 1. Let dy = )\q;_;II for
some A € {1,2,...,m(¢—1)} and 2 <r < dim(PRMg(m)). We consider

vo - max{r —dimRMg _,(m),0} < o < min{dim PRMg (m — 1), 7}
=4 (a,7): max{r —dimRMg (m),0} <~ <min{dimPRM7 _ . ;,(m —1),a} [~

Then we have
dr(PRMg, (m)) > min Bg

(a,y)EY @ o’
where
By ., = max(d,—(RMg, (m)),d;—a(RMg, _1(m)))
+ maX(da(PRMgk (m - 1))7 dV(PRngf(qsfl) (m - 1)))

Proof. We consider the recursive construction from Corollary D.4.2, and we apply an
analogous reasoning to the one above Theorem D.5.7. O

Corollary D.5.15. Let § € Fys be a primitive element and m > 1. Let dy = )\q;_;ll for
some A € {1,2,...,m(q — 1)} and 2 < r < max{dim RMg, _;(m),dim PRMg, (m — 1)}.
Then

dr(PRMg, (m)) < min{d,(RMg, _;(m)),¢" - d-(PRMg, (m — 1))},

where if r > dimRMgG, _;(m)) or r > dim PRMg (m — 1) we do not consider the corre-
sponding generalized Hamming weight in the minimum.

Proof. We consider the recursive construction from Corollary D.4.2 and argue as in the
proof of Lemma D.5.8. ]

With respect to the values that appear in these results, we have formulas for the di-
mension of the subfield subcodes of affine Reed-Muller codes [10, Thm. 11] and for the
subfield subcodes of projective Reed-Muller codes over P2 [14, Cor. 3.41]. However, we do
not have explicit results about the generalized Hamming weights of the subfield subcodes
in the affine case or the projective case, besides the bounds given by the generalized Ham-
ming weights of the affine or projective Reed-Muller codes. Therefore, although Corollary
D.5.14 and Corollary D.5.15 are of theoretical interest, their practical utility is more lim-
ited than that of Theorem D.5.7 and Lemma D.5.8.

D.5.3 Examples

In this subsection we provide tables showing examples of how one can use the results
in Section D.5 to determine the generalized Hamming weights of some projective Reed-
Muller codes. In order to use the bound from Theorem D.5.7, we are going to use the
true values for the minimum distances of projective Reed-Muller codes from Theorem
D.2.1. We are going to use Theorem D.5.7 in order to provide a lower bound, and we can
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use Lemma D.5.8 in order to give an upper bound in some cases. Moreover, if we know
the true value of a generalized Hamming weight d,.(PRMy(m)), for ' < r we know that
d (PRMg4(m)) < d.(PRMg(m)) — (r — ') due to the monotonicity from Theorem D.5.2,
which provides another upper bound. With this we can obtain the tables that we present
below. Note that we are only using the bounds that we have just stated, we are not
considering the values obtained in other papers such as [3]. For instance, by considering
the values given in Example D.5.10, we see that da(PRM3(2)) = 11 for ¢° = 4. Looking
at Table D.4, we see that this also implies that d3(PRM3(2)) = 12 by Theorem D.5.2, and
we would therefore obtain all the generalized Hamming weights of PRM3(2) for ¢° = 4.
Nevertheless, as it is seen in the tables, we can still obtain many of the true values of the
generalized Hamming weights for projective Reed-Muller codes.

With respect to the notation, we will use dots when the generalized Hamming weights
grow by one unit when increasing r. Unless stated otherwise, the value of the bound from
Theorem D.5.7 coincides with the value of the generalized Hamming weight that appears
in the table. When that does not happen (or if we do not know the true value), we will
write the lower bound from Theorem D.5.7 and the best of the upper bounds that we have
discussed above. We note that, for all the values that we omit by using dots, the bound
from Theorem D.5.7 is sharp.

As we stated previously, for ¢° = 2 we have checked by computer that we obtain the
true values of d,.(PRMg(m)) for m = 2,3. However, this case is not that important in the
projective setting because, for ¢° = 2, we have P = A"+ \ {(0,...,0)}. Therefore, the
projective Reed-Muller codes over Fy in P™ are equal to the shortening of affine Reed-
Muller codes over in m + 1 variables over Fy at the point (0,...,0).

Table D.2: Generalized Hamming weights for ¢° = 3, m = 2.

d\r‘ 2 3 4 5 6 7 8 9 10 11 12 13

1 12 13

2 8 9 11 12 13

3 |45 6 v &8 9 10 11 12 13

4 3 4 5 6 v 8 9 10 11 12 13

Table D.3: Generalized Hamming weights for ¢° = 3, m = 3.

d\r | 2 3.4 5 6 7 8 9 10 11 12 13 -+ 20

1 36 39 40
2 ] 2324 26 27 32-35 35-36 36-37 38 39 40

3 12 13-17 18 21 22-23 24 25 26 27 30-31 31-32 33 --- 40
d\r|2 3 4 5 6 7 8 9 10 11 --- 17 18 -+ 29
4 |8 9 11-12 12-14 1315 1516 17 18 20 21 --- 27 29 --- 40
d\r| 2 3 456 7 8 9 10 11 --- 36
5 45 6 7 8 9 10-11 11-12 1213 13-14 15 --- 40
d\r |2 - 39
6 [3 -+ 40

We see in Table D.2 that we recover all the generalized Hamming weights for ¢° = 3
and m = 2, besides the one corresponding to d = 3, r = 2. For ¢° = 3 and m = 3,
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Table D.4: Generalized Hamming weights for ¢° =4, m = 2.

d\r 2 3 4 ) 6 7 8 9 10 11 --- 20
1 20 21
2 15 16 19 20 21
3 |10-11 11-12 14 15 16 18 19 20 21
4 5-7 8 9-10 10-11 12 13 14 15 16 17
5 4 5-6 7 8 9 10 11 12 13 14 ---
6 3 4 5 6 T 8 9 10 11 12 ... 21

Table D.5: Generalized Hamming weights for ¢°* =5, m = 2.

d\r 2 3 4 ) 6 7 8 9 0 11 --- 30
1 30 31

2 24 25 29 30 31

3 | 1819 19-20 23 24 25 28 29 30 31

4 |12-14 13-15 17-18 18-19 19-20 22 23 24 25 27

) 6-9 10 11-13  12-14 15 16-17 17-18 18-19 20 21

6 5 6-8 9 10 11-12  12-13 14 15 16 17

7 4 ) 6-7 8 9 10 11 12 13 14 -

8 3 4 5 6 7 8 9 10 1 12 .- 31

we obtain most of the generalized Hamming weights (see Table D.3), although in some
cases we cannot claim that we have the equality with the bound from Theorem D.5.7. For
example, for d = 5, we obtain directly 30 out of the 35 generalized Hamming weights for
r > 1 (we recall that the bound is sharp for all the values represented with dots), and for
the ones for which we only have bounds, the difference between the bound from Theorem
D.5.7 and the true value is at most 1.

For ¢° = 4,5, and m = 2, we show the values that we obtain in Table D.4 and Table D.5.
We see that for high values of r we obtain the true values of the generalized Hamming
weights, and for moderate values of d and r, even in the cases where we are not able to
state what the true value is, we have a small interval of possible values due to the bounds
we are using.

The tables can be further improved by using the following duality theorem for the
generalized Hamming weights from [21].

Theorem D.5.16 (Duality). Let C' be an [n, k| code. Then

{d(C):1<r<k}={12,....n}\{n+1—-d,(CH):1<r<n-—k}.

The set {d,-(C) : 1 < r < k} is called the weight hierarchy of the code C'. From Theorem
D.5.16, we see that the weight hierarchy of a code is completely determined by the weight
hierarchy of its dual, and vice versa. As the dual of a projective Reed-Muller code is
another projective Reed-Muller code (for d # 0 mod ¢* —1), this gives us more restrictions
for the possible values appearing in the previous tables.

Example D.5.17. Let ¢° = 3, d = 3 and m = 3. Looking at Table D.3, we see that for
r=3,6,11,12, we do not know the exact value of the corresponding generalized Hamming
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weight of PRM3(3). Using Theorem D.2.2, we know that PRM3(3) = PRM3(3). We
are going to use Theorem D.5.16 to obtain the true value of more of the generalized
Hamming weights of PRM3(3). Using Theorem D.2.1, we know that d;(PRM3(3)) = 9.
Therefore, by Theorem D.5.16, n + 1 — d;(PRM3(3)) = 41 — 9 = 32 is not in the weight
hierarchy of PRM3(3). Looking at Table D.3, this implies that dj2(PRM3(3)) = 31. By
the monotonicity from Theorem D.5.2; this also implies that di1(PRMj3(3)) = 30.

If we consider dijo(PRM3(3)) = 27 from Table D.3, by Theorem D.5.16 we see that
41 — 27 = 14 is not in the weight hierarchy of PRMj3(3). Considering the next weight
d11(PRM3(3)) = 30, we obtain that 11 is not in the weight hierarchy. But by Theorem
D.5.16, as these are consecutive generalized Hamming weights and we have the monotonic-
ity from Theorem D.5.2, this implies that 12 and 13 are contained in the weight hierarchy
of PRM3(3). Thus, d3(PRM3(3)) = 13. Finally, by considering d4s(PRM3(3)) = 18, we
obtain that 41 — 18 = 23 does not belong to the weight hierarchy of PRMj3(3), and there-
fore dg(PRM3(3)) = 22. Hence, we have been able to obtain the whole weight hierarchy
of PRM3(3) by using the bound from Theorem D.5.7 and the general properties of the
generalized Hamming weights from [21].

The ideas from Example D.5.17 can be applied to improve the previous tables. For the
case ¢° = 3, m = 2, the only value that we did not have exactly was do(PRMj3(2)), which
must be equal to 4 because PRM3 (2) = PRM;(2) and d;(PRM;(2)) = 9, which means
that n + 1 — di(PRM;(2)) = 5 is not in the weight hierarchy of PRMj3(2). For the rest
of the tables, we show the improved values in Tables D.6, D.7 and D.8. We note that we
obtain almost all of the exact values of the generalized Hamming weights corresponding
to the previous tables for d #Z 0 mod ¢° — 1.

Table D.6: Improved table of the generalized Hamming weights for ¢° = 3, m = 3, with
d # 0 mod ¢° — 1.

dr|2 3 4 5 6 7 8 9 10 11 12 13 --- 20
1 [36 39 40

3 112 13 18 21 22 24 25 26 27 30 31 33 --- 40
514 6 7 8 9 10 11 12 13 15 16 17 --- 40

Table D.7: Improved table of the generalized Hamming weights for ¢° = 4, m = 2, with
d # 0 mod ¢° — 1.

dr|2 3 4 5 6 7 8 9 10 11 -.- 18
1 |20 21

2 |15 16 19 20 21

4

5

5 &8 9 11 12 13 14 15 16 17 .-
4 5 v 8 9 10 11 12 13 14 ... 21
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Table D.8: Improved table of the generalized Hamming weights for ¢° = 5, m = 2, with
d # 0mod ¢° — 1.

d\r 2 3 4 5) 6 7 8 9 10 11 --- 28
1 30 31
2 24 25 29 30 31
3 | 1819 19-20 23 24 25 28 29 30 31
) 6 10 11 12-14 15 16 18 19 20 21
6 ) 6 9 10 11 13 14 15 16 17 ---
7 4 5 6 8 9 10 11 12 13 14 --- 31

We also note that the generalized Hamming weights of projective Reed-Muller codes
seem to achieve the generalized Singleton bound D.5.3 in many cases. This can be
checked in the tables by considering, for a fixed degree d, the smallest value r* such
that d,+1(PRMg(m)) — d,(PRMgy(m)) = 1 for all » > r*. All the generalized Hamming
weights d,(PRMg(m)) with » > r* achieve the generalized Singleton bound. For instance,
in Table D.7, for d = 4 we have that d,(PRM4(2)) achieves the generalized Singleton
bound for » > 5 (in this case, n —k+r =21 —-154+r =6 +r).

For the cases where we have d = 0 mod ¢° — 1, the weight hierarchy of PRMy(m) gives
information about the weight hierarchy of PRMz(m) = PRMy.(m) + ((1,...,1)). In
particular, if we consider r* as before, then

di(PRM= (m)) = di(PRM gL (m) + ((1,...,1))) = n+ 2 — d,~(PRMy(m)).

As we are able to obtain exactly the value of the generalized Hamming weights for large
values of r in all the cases that we have checked, we can obtain the minimum distance of
PRMj3 (m) for the case d = 0 mod ¢* — 1. The minimum distances of these codes are the
only basic parameters missing in [20] for the family of projective Reed-Muller codes and
their duals. Clearly, by using more of the generalized Hamming weights of PRMg(m) we
can obtain (or at least bound) more generalized Hamming weights of PRM (m) besides
the minimum distance in the case d = 0 mod ¢°* — 1.
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Abstract

By solving a problem regarding polynomials in a quotient ring, we obtain the relative hull
and the Hermitian hull of projective Reed-Muller codes over the projective plane. The
dimension of the hull determines the minimum number of maximally entangled pairs re-
quired for the corresponding entanglement-assisted quantum error-correcting code. Hence,
by computing the dimension of the hull we now have all the parameters of the symmetric
and asymmetric entanglement-assisted quantum error-correcting codes constructed with
projective Reed-Muller codes over the projective plane. As a byproduct, we also compute
the dimension of the Hermitian hull for affine Reed-Muller codes in 2 variables.
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E.1 Introduction

Evaluation codes, have a rich algebraic structure and can be studied using tools from
commutative algebra [16,21,22]. In particular, projective Reed-Muller codes are a family
of evaluation codes obtained by evaluating homogeneous polynomials of a given degree at
the projective space [20,27]. In [20] it is shown that these codes can outperform affine
Reed-Muller codes in some instances. Taking into account that Reed-Muller codes were
one of the first families of linear codes used to construct quantum error-correcting codes
(QECCGCs) [29], it is natural to consider projective Reed-Muller codes for constructing
quantum codes. When one evaluates over the projective line, this family corresponds to
projective Reed-Solomon codes, which have been used for constructing QECCs in various
contexts [2,13]. As we will see, by using evaluation codes we translate problems about
quantum and classical codes to questions regarding polynomials in a quotient ring.

The importance of QECCs is growing in parallel to the interest in quantum computing,
as QECCs are necessary to achieve fault tolerant computation [26]. One can construct
QECCs from classical linear codes using the CSS construction and the Hermitian construc-
tion [6,19,28], but these constructions require to have some self-orthogonality conditions
for the corresponding classical codes. Using entanglement assistance, it is possible to
remove the self-orthogonality restrictions, giving rise to entanglement-assisted quantum
error-correcting codes (EAQECCs) [5]. Both the CSS construction and the Hermitian
construction can be generalized to this context, see Theorems E.4.1 and E.4.8 from [11]
and [10], respectively.

For the CSS construction, one can consider two codes C7 and Cs, and the minimum
number required of maximally entangled quantum states is equal to ¢ := dim C; —dim C1 N
C’Ql. Therefore, the dimension of the relative hull of C1 with respect to Co, defined as

Hullg, (C}) := C1 N Cy,

determines the parameter ¢ [1]. For the Hermitian construction, we only use one code C,
and the parameter ¢ is given by dim C' — dim C' N C*», where C1» is the Hermitian dual
of C. The Hermitian hull of C is thus defined as

Hull (C) := CnCte,

Going back to projective Reed-Muller codes, as they are evaluation codes, we can view
their codewords as classes of polynomials in a quotient ring. This motivates Section E.3
of this paper, where we compute bases of polynomials for some appropriate subspaces
of the quotient rings associated to projective Reed-Muller codes by using Grébner bases
techniques. As a consequence of this computation, we give a basis for the relative hull of
projective Reed-Muller codes over the projective plane P2. We also estimate the dimension
of the Hermitian hull, and give bases in some cases. The estimate that we obtain is sharp in
all the cases we have checked. As a byproduct of these computations, we also compute the
Hermitian hull of affine Reed-Muller codes in 2 variables, which was known to be trivial in
some cases [12,24], but was not known in general. With this knowledge, in Section E.4 we
give the parameters of the EAQECCSs obtained by using projective Reed-Muller codes over
P2, since the dimension of the hull determines the parameter c. Although projective Reed-
Muller codes had already been used to construct QECCs in some particular cases [25], the
cases that required entanglement assistance had not been yet addressed. We focus on the
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case of P? because it offers a good trade-off between providing long codes over a small finite
field and avoiding computations that are too involved, making explicit formulas unfeasible.
For the general case of P, one has to make additional assumptions, such as restricting to
the Euclidean case and requiring C; = Cs, see [17].

E.2 Preliminaries

We consider the finite field F, with ¢ elements, and the projective space P™ over F,.
Throughout this work, we will fix representatives for the points of P™: for each point
[Q] € P™, we choose the representative whose leftmost entry is equal to 1. We will denote

by P™ = {Q1,...,Qu}, with n = |P™| = -1

have chosen (seen as points in the affine space A™*1). For a set of points A C A" we

, the set of representatives that we

will denote by [A] the set of points {[ag : -+ : am] | (ag,...,am) € A\ {0}} (using the
representatives that we have chosen).
We consider now the polynomial ring S = F,[zo,...,zp]. The evaluation map is the

Fy-linear map defined by
eV:S%F?? f’_> (f(Ql),,f(Qn))

Let d be a positive integer. If we consider S; C 9, the set of homogeneous polynomials
of degree d, we have that ev(Sy) is the projective Reed-Muller code of degree d, which we
will denote by PRMy4(q, m), or PRMg(m) if there is no confusion about the field. For a
code C' C Fy, we denote its minimum distance by wt(C'). The following results about the
parameters of projective Reed-Muller codes and their duality appear in [27].

Theorem E.2.1. The projective Reed-Muller code PRMy(q,m), 1 < d < m(q—1), is an
[n, k]-code with

s (B

t=d mod q—1,0<t<d \ j=0 J t=Jq
For the minimum distance, we have
wt(PRMg(q,m)) = (¢ — 8)¢™ "', where d—1=r(qg—1)+s, 0<s<q— 1.
Theorem E.2.2. Let 1 < d <m(q—1) and let d* = m(q—1) —d. Then
PRMj(q, m) = PRM, 1 (¢, m) ifdZ0mod q—1,
PRM; (¢,m) = PRMy1 (¢,m) + ((1,...,1)) ifd=0mod q — 1.

Remark E.2.3. Theorem E.2.2 states that, if d # 0 mod ¢ — 1 the dual of a projec-
tive Reed-Muller code is another projective Reed-Muller code. If we define PRM(2) =
((1,...,1)), then for d = m(g—1) we can also say that the dual of a projective Reed-Muller
code is another projective Reed-Muller code. Hence, for m = 2, the case we are going to
study in this paper, the only case in which the dual of a projective Reed-Muller code is
not another projective Reed-Muller code is when d = ¢ — 1.
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With respect to affine Reed-Muller codes, we denote them by RMy(g, m), or by RMy(m)
if there is no confusion about the field. We have the following results about their param-
eters and their duality from [8,18].

Theorem E.2.4. The Reed-Muller code RM4(q,m), 0 < d < m(q—1), is an [n, k]-code

with
n=q",
d m + . 1
E=3 (—1>j<”7>< ~Jatm= )
=0 =0 J l—1Jq

For the minimum distance, we have
wt(RMy(q,m)) = (¢ — 8)¢™ "', where d=7r(q—1)+s, 0<s<q— 1.
Theorem E.2.5. Let 0 < d <m(q—1). Then
RM#(Q: m) = RMm(q—l)—d—l(Q7 m).

Going back to projective Reed-Muller codes, we have seen that PRMy(m) = ev(Sy),
which gives the isomorphism

PRMg(m) =2 Sq/(I(P™) N Sq) = (Sq + I(P™))/I(P™),

where I(P™) is the vanishing ideal of P™. This is because, if we restrict ev to Sy, the
polynomials in the kernel are precisely the polynomials from Sy that vanish at each of
the points of P™, which are the polynomials in I(P™) N Sy. This isomorphism allows
us to view the vectors of the code as polynomials in a quotient ring. It is important
to note that two polynomials in S/I(P™) have the same evaluation if and only if their
classes in S/I(P™) are the same. This is why we can discuss linear independence both in
PRMy(m) C Fy and in S/I(P™).

Moreover, we can express many important aspects of the code purely in terms of poly-
nomials, for example the minimum distance [16] or their duals [21]. The theory of Grébner
bases is one of the main tools that are used for studying evaluation codes using this ap-
proach. In the rest of this section, we introduce some of the Grébner-related results for
projective Reed-Muller codes that we will use in the rest of the paper.

In what follows, we will abuse the notation and denote Sy/I(P™) = (Sq+I1(P™))/I(P™).
Moreover, for a polynomial f € S, we will use the same notation f for both the polynomial
and its class in S/I(P™). We refer the reader to [7] for the basic concepts of Grébner
bases. For f € S, we denote by in(f) the leading monomial of f (without the coefficient).
For an ideal I C S, in([) denotes the ideal generated by the leading monomials of the
polynomials in I. We have the following result for the vanishing ideal of P™ from [14].
Theorem E.2.6. The vanishing ideal of P™ is generated by the following polynomials:
I(P™) =(x3 — zo, 28 — 21,08 — 29,.. ., 0L — 2, (v0 — 1) (2] — 21),

(20 — 1)(x1 = 1)(23 —2), .., (w0 — 1) - (21 — @), (w0 — 1) -+ (2 — 1)),

Moreover, these generators form a universal Gréobner basis of the ideal I(P™) (i.e., they
form a Grébner basis for any monomial order), and we have that

in(I(P™)) = (xd, 29,23, . .. 2%, wox}, xox123, ..., 201 - T2 _1, L1 - Ton).-
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In this work we will study the case m = 2, in which we have
I(P?) = (w§ — w0, 2] — @1, 25 — w9, (w0 — 1)(a] — 21), (w0 — 1) (w1 — 1) (w2 — 1)).
We introduce now the bases of polynomials that we will use in the following sections.

Lemma E.2.7. Let 1 <d < 2(q—1). We consider the following sets of monomials:

Ail = {zg°z{ 5% | ap > 0,a0 + a1 + a2 =d,0 < aj,as < g — 1},
A = {z{'25? | a1 > 0,a1 + a2 =d,0 <ap < q—1},
A = {23}

Then, A% = A{U AU AZ forms a basis for Sq/I(P?).

Proof. A% is a basis for Sy/I(IP?)4 (for example, see [3]), where I(IP?) is the vanishing ideal
of P2, i.e, the ideal generated by the homogeneous polynomials that vanish in all the points
of P2. Therefore, the image by the evaluation map of A? is a basis for PRMg4(2), which
means that the classes of these polynomials in S/I(P?) are also a basis for Sy/I(P?). O

Remark E.2.8. Let 1 < d < 2(¢ —1) and k¥ = dimRMy_1(2). Then it is clear that
‘Aﬁl} = k, and the previous result shows that we have the following formula:

k+d+1 ifl<d<qg-—1,

dim PRMy(2) =
a(?) {k+q+1 if g <d<2(qg—1).

From [14], we have the following lemma about S/I(P?).

Lemma E.2.9. The set of monomials {z{*x5%, xoxy*, xox1 |0 <a; <qg—1,1<i <2} is

a basis for S/I(P?).

We show now how to express any monomial from A¢ in terms of the basis from Lemma
E.2.9. The following definition is useful for this purpose.

Definition E.2.10. For an integer z > 0, we denote by z the integer 1 <z < ¢ — 1 such
that Z=zmod ¢ —1if 2 >0, and Z =0 if z = 0.

. . . . o .
Remark E.2.11. Any monomial z(°z7"z5% with ap > 0 is equivalent to z,°z]"z5? in

S/I(P?), for any of) > 0, because we have the polynomial 3 — z¢ in I(P?). In particular,
zg°x]tx5? is equivalent to xox]'x5? if ap > 0. Moreover, in Definition E.2.10 we treat

the case z = 0 separately so that we have

ag .01 .62 — .00 .01 .02 2
xo’ 2] 2y? = 2’2 5 mod I(P*),

for any 0 < ag, a1,as < 2(q¢ —1). Notice that, for evaluation codes, having exponent g — 1
is not the same as 0 since, for instance,

) =1% ngl mod I(P?).

This can be checked by evaluating 1 and mg_l at any point of the form (0,1, x2), z2 € Fy
(recall that two polynomials are equivalent modulo I(P?) if and only if they have the same
evaluation).
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The following Lemma from [14] shows how to express any monomial in terms of the
basis from Lemma E.2.9.

Lemma E.2.12. Let ag, a1, a2 be integers.

1. If ag =0, then

P xd? = 29252 mod I(P?).
2. If a1 =0, then B
r3025? = 2oxy® mod I(P?).

3. If ag > 0 and a1 > 0, then

ag .01 ,,02 — .01 .02 az ag 2
o’z s = 21 w5? 4+ woxy® — x5° 4+ xor1 — o — 21 + 1 mod I(P7)

= 2725 4 (xg — 1) (25 + z1 — 1) mod I(P?).

In particular, Lemma E.2.12 allows us to express all the monomials from the basis in
Lemma E.2.7 in terms of the basis from Lemma E.2.9. This is crucial because the idea of
the next section is, for 1 < d; < ds < 2(q — 1), to consider the bases from Lemma E.2.7
for Sy, /I(P?) and Sy, /I(P?), and express them in terms of the basis for S/I(P?) from
Lemma E.2.9 using Lemma E.2.12. Once we have all the polynomials expressed in this
way, it is easier to find the polynomials lying in Sy, /I(P?) N Sy, /I(P?), which, as we will
see, determines the relative hull of PRMy, (2) and PRMy, (2). For the Hermitian case, the
ideas are also very similar, although the computations are more involved.

E.3 Computing the hulls of projective Reed-Muller codes

The aim of this section is to obtain bases for the relative hull and Hermitian hull of
projective Reed-Muller codes. We do this by computing first a basis of polynomials for
some appropriate subspaces of S/I(P?). We deduce, in particular, the dimension of the
hull, which will determine the entanglement parameter ¢ for the EAQECCs constructed
with projective Reed-Muller codes in Section E.4.

E.3.1 Euclidean hull

In this subsection we compute a basis for Hullg,(C1) = C; N Cy, the relative hull of Cy
and C, when C; = PRMg, (2), for i = 1,2. For PRM?{2 (2), by Theorem E.2.2 we have
that, if do # g — 1, then PRMUll2 (2) = PRM . (2), where d3 = 2(q — 1) — da (assuming
PRMy(2) = ((1,...,1))). We avoid the case where dy = ¢ — 1 because, by Theorem
E.2.2, in that case we have PRMé‘Q(Q) = PRMdé_(2) + ((1,...,1)), which is no longer
isomorphic to Sdgl/ I(P?). Assuming dy # ¢ — 1, the problem of obtaining a basis for
PRMy, (2)ﬁPRMj2 (2) becomes equivalent to computing a basis for PRMy, (2)NPRM4, (2),
for any 1 < dy < dy < 2(q—1), do # ¢ — 1, and that is the problem we solve in what
follows. In [25, Thm. 10.7] the authors construct quantum codes using pairs of projective
Reed-Muller codes such that the dual of one of the codes is contained in the other. In
particular, they obtain the following result.
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Lemma E.3.1. Let 1 < dy < dy <m(q—1). Ifdi = do mod ¢ — 1, then PRMy, (m) C
PRMg, (m).

Therefore, when d; = do mod ¢ — 1, with do # ¢ — 1, the relative hull is straightforward
to obtain. To avoid making exceptions in many of the following results, we exclude the
case di = dy mod ¢ — 1, which is already covered by Lemma E.3.1.

Because of the isomorphism Sy, /1(P?) = PRMy,(2), for i = 1,2, the problem of com-
puting a basis for PRMy, (2) N PRMg,(2) can be understood as computing a basis for
Sy, /I(P%) N Sy, /I(P?), as a subspace of S/I(P?). Hence, computing the dimension of
Sy, /I(P?)N Sy, /I(P?) for arbitrary 1 < d; < dy < 2(q — 1) gives the parameter ¢ for any
pair of projective Reed-Muller codes over P? (except when we have dy = ¢ — 1). We give
now some preliminary results.

Lemma E.3.2. We have that 1 & Sy/1(P?) for 1 <d <2(q—1).

Proof. Ifd < g—1 and we had 1 € S;/I(P?), then we would have the evaluation of z3—1 in
PRM(2), which has Hamming weight ¢>+¢+1—¢* = ¢+1 < (¢—d+1)q = wt(PRM4(2)).
For ¢ < d < 2(q— 1), if we had 1 € S3/I(P?), then we would also have the evaluation of
zd — :Bgflx(li_(q_l) +2¢ —1=ad + (1 —x0)z¢ — 1 mod I(P?) in PRM4(2) (recall Remark
E.2.11), which has Hamming weight 1 < wt(PRMy(2)). O

Let f € Sy,. The following lemmas show when we have f € Sy, /I(P?) depending on the
monomials that are in the support of f. This will allow us to determine which polynomials

are in Sg, /I(P?) N Sg,/I(P?) and, thus, to obtain a basis.

Lemma E.3.3. Let 1 < dj < dy <2(q—1). We have that the classes of the monomials
in A are contained in Sq,/I(P?).

Proof. Let z00z%'232 € A%, Then zlot®2 %1552 ¢ S, /I(P?), and z20z{ x5
o td2=d1 01,92 1164 T(P?) by Remark E.2.11.

Il

Let 1 < d; < d2 < 2(¢—1). We note that the monomials in A‘f1 and A‘li2 generate
RMg, —1(2) and RMg,_1(2), respectively, when considering their evaluation in [{1} x F2].
Thus, dim (Sq, /I(P?) N Sq,/1(P?)) > dim RMg, _1(2).

Example E.3.4. Let F, = F4, and we consider d; = 4 < 5 = d2. By Lemma E.3.3, we
have that Af is in Sy/I(P?) N S5/I(P?). In this case, we have

4 4 .3 3 2.2 .2 2.2 3 2 2 3
AT = {xg, xpx1, THX2, THXT, THT1T2, THTS, TOTT, TOTI T2, TOT1Ts, TOTS }-

If we multiply all the elements of A} by g, we obtain a set of monomials of degree 5 which
have the same evaluation at P? as these monomials (see Remark E.2.11).

Lemma E.3.5. Let 1 <d; <dy <2(q—1) with d; # do mod ¢—1. Let f € Sg, such that
it only has monomials from Agl i its support, i.e., it can be expressed as
f= Z )‘ahazxclllx?’ )‘a17a2 € F!I'
a1+taz=d1,0<a1,0<as<qg—1
LetY ={0,1,...,min{d; — 1,d2 —q}} and Yy = {0 < a2 < q—1| Agj—ay,a0 # 0}. Then
f € Sa,/I(P?) if and only if Yy C Y.
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Proof. Assuming that f € Sy, /I(P?), there is also an expression

f= Z Yag,a1,a2 % 27" 25* mod I(P2)>'7ao,a17a2 €F,. (E.3.1)

ag a1 ,,92 - Ad
Ty T Ty €AY

We have f(0,0,1) = 0, which means that v 94, = 0. We consider now a monomial

order with g < x1 < @2, and let in(f) = 2{'23> = 2{'23> mod I(P?), with a; > 0,

0 <as < qg—1and a1 + ay = dy. Therefore, because of (E.3.1), we must have some

monomial in A% such that its expression in the basis from Lemma E.2.9 contains x{'z4>
in its support. The only monomials that satisfy that are x‘f1+q_1§c52 if do = a1+az+(qg—1),

or xgox‘?lxg% with ¢g = do — a1 — as > 0. In the first case, we have d; = dy mod ¢ — 1, but

we are assuming d; # de mod ¢ — 1. In the other case, by Lemma E.2.12 we have

a0 2§ = 22 + (zo — 1) (23> + x1 — 1) mod I(P?).

Hence, to obtain z{'25> in the right-hand side of (E.3.1), we must have Ve a1.05 = May.az-

We denote now (A%2)(1) := A%\ {029 232}. We obtain
fO =F = Aay a2 75’

= Z Yao,01,00 TG TT TS + Voo aras (2o — 1) (252 + 21 — 1) mod I(P?).
zo 0z zy2e(Ad2) D)
(E.3.2)
Now we have in(f(")) < in(f). We can consider in(f(")) = 22252 and argue as before
to obtain a polynomial 3 such that in(f(2)) < in(f(l))7 which can be expressed as in

(E.3.2) in terms of a set (A%)(2) = Ad2\ {xgox‘?lxgz,mgéxl?lm?}.
We can do this until we get f() = 0 for some [ > 0. At that step, we have

0= Z Yao,on,00 L0 ] 5 4 (20 — 1) Z Yeo.at.az (25?4 11 — 1) mod I(P?),
mgoz?lm;QG(AdQ)(l) a2€Yy

(E.3.3)

where Yy = {0 < a2 < ¢ — 1| A\ —ap.ar # 0}. With this notation, we have that (A%)") =

Ad2 \Ua2€yf {a?gz_(dl_@)_@x‘lil_azx?}. If we express all the monomials in (E.3.3) in terms
of the basis from Lemma E.2.9, then we must have the coefficient of each element of the
basis equal to 0. The monomials from (E.3.3) in the second sum are already expressed
in terms of the basis from Lemma E.2.9. If we focus on the monomial z3* for some
az € Yy with ag > 0, we see that all the monomials z5°x{"z3> € (A9)® with 0 < aq,
0<a; <qg—1,0 #di —ag, and ap+ a1 +az = dy, have z5? in their expression in terms
of the basis from Lemma E.2.9 by Lemma E.2.12:

200z 2§’ = 23 2? + (20 — 1) (25> + 21 — 1) mod I(P?). (E.3.4)

In fact, these are the only monomials from (A%)®) with 232 in their expression (note that
the monomial with a; = d; — a2 is not in (AdQ)(l)). However, if we have va4,01,00 # 0,
some other monomial from (A%)") must cancel the monomial z§'25> that appears in
(E.3.4) from (E.3.3). The only other monomial in (A%)®) with 28252 in its support when
expressed in terms of the basis from Lemma E.2.9 is x?ﬁq*lx?, ifag+as+q—1=ds

(which implies ag = ¢ — 1).
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Therefore, if dy < g — 1, given ap € Y, ag > 0, the monomial z5? from (E.3.3) cannot
be cancelled with any monomial from (A9)® which means that we must have Yeo,at,a2 =
Aay,a = 0, a contradiction with the fact that as € Yy. This means that there isno az € Yy
with ag > 0. Taking this into account, the only possible term in the second sum of (E.3.3)
corresponds to the case ag = 0, and we have ¢y at,a (To—1) (#*2+31-1) =7, 77 o(0—1)z1.
This polynomial cannot be generated by polynomials from A% because its evaluation has
Hamming weight ¢ +¢+1—¢?> —1 = ¢ < wt(PRM,(2)) if d2 < ¢—1. Thus, ifdy < ¢—1,
we have must have Yy = () and f = 0.

Lets assume now that do > ¢. For each as € Y; with ay < dy, we can consider
a1 = dy — ag > 0. We have seen that

wy0r ey — ot e = (v — 1) (2§ + 21 — 1) mod I(P?).

Note that in the monomials that we have excluded to obtain (A%)® from A% we have that
the exponent of z7 is equivalent to d; —as modulo ¢g—1. The oy that we have chosen in this
case is equivalent to do — ag modulo ¢ — 1, which means that the corresponding monomial
is still in (AdZ)(l), unless di = do mod ¢ — 1, which is the case that we do not cover. Hence,
for every as € Yy with ay < do, if we choose Yag,at,az = —V0,014q—1,a2 = Adj—as,a9> The
polynomial (zg — 1)(x5? + z1 — 1) is cancelled from (E.3.3). If we had some as € Yy
with ag > dy, we can argue as in the previous case and obtain that Adi—ag,as = 0, @
contradiction.

We also have that ap < d; — 1 for every az € Yy. Therefore, Yy C {0,1,..., min{d; —
1,dy —1}}. Thus, Yy C Y = {0,1,...,min{dy — 1,d2 — ¢}}, where if dy — ¢ < 0 we
understand that Y = (), which covers the case with do > ¢ and the case with ds < g — 1.

On the other hand, let f € Sy, such that it only has monomials from Agl in its support,
and with Yy C Y. For each as € Y; we have

xill a2xg2 :wllb azxgz m82—012 da—as a2 —|—$ —d1 d1 —as a2 mod I(P2)

This is easy to check because both sides have the same evaluation at P? = [{1} x F2] U

[{0} x {1} x FJU{[0: 0 : 1]}. Hence, 2* 2252 € S4, /I(P%)N Say /I(P?) for each ay € Yy,
which means that f € Sy, /I(P?) N Sd2/I(P2) O

Example E.3.6. We continue with Example E.3.4. Using the notation from Lemma
E.3.5, we have Y = {0, 1} and we obtain that the set of monomials {x}, z3x5} is contained
in Sy/I(P?) N S5/I(P?). In fact, following the proof of Lemma E.3.5, we have that

r] = 2} — 23t 4 xoz} mod I(P?),

1:?:52 = 1:‘11:52 — x%xlxg + :1:033:1)’1:2 mod I(P2).

These equivalences can be easily checked by evaluating both sides at P? = [{1} x F3] U
[{0} x {1} x F4JU{[0:0:1]}.

Lemma E.3.7. Let 1 < dj < dy < 2(q — 1) such that dy # dy mod q — 1. There is some
f € Sa, with xgl in its support and such that f € Sy, /I(P?) if and only if di > q.

Proof. Let f € Sg,. By Lemma E.3.3, if there is some monomial from A‘li1 in the support
of f, we can consider the polynomial f’ obtained by subtracting that monomial from f,
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and f' € Sg,/I(P?) if and only if f € Sy,/I(P?). Therefore, we can assume that the
support of f is contained in Agl U Adl, i.e., it can be expressed as

ai _.a d
f= § /\a17a2$11x22 + )‘0,d1w217 )‘a17a2 € FQ’
a1+az=d;,0<a1,0<a2<q—1

We assume that Ao 4, # 0. As in the previous result, we must have an expression

f Z Yag,a1,a2 % 27 25 mod I(P2)>’7ao,a17a2 SR (E.3.5)

ag a1 ,.92 - Ad
Ty T Ty €AY
1

The only monomials in A% with a;g in their expression in terms of the basis from Lemma

E.2.9 are z(z{" mz , for some 0 < ag, 0 < a; < ¢— 1, such that ag + a; +d; = da, and m
if di = do mod ¢ — 1, which is the case that we do not cover. Therefore, we focus on the
first type of monomials, which by Lemma E.2.12 can be expressed as

xgox‘flccgl = :z:‘flxgl + (zo — 1)(1’371 + 21 — 1) mod I(P?). (E.3.6)

If dg < q—1, we have d; = d; and the monomials z{ x21 have degree greater than

di. Thus, they cannot be in the support of f and they have to be cancelled in the
ag a1 .di

expression from (E.3.5) if we consider some monomial 227" 25" . The only other monomial
in A% with 29729 in its expression from the basis from Lemma E.2.9 is {79 zdt if
dy = a1 +di + ¢ — 1. We have a; > 0, which implies do —d; — (¢ — 1) = a3 > 0. We also
have that ag + a1 + di = do, which means that ag = ¢ — 1, and the only monomial that we

can consider then is a;g_lxilrdl*(q*l)xgl if do —dy — (¢ —1) > 0. From (E.3.6) we obtain
g = prdigh nglxclirdr(qfl)mgl + (zo — 1)(z1 — 1) 4 oz mod I(P?).

We have seen that ;1:§ is the only monomial that we can consider to ob-
tain the monomial 25" in the right hand side of (E.3.5), and we need to consider afllrdlmgl

o—d1—(q—1) di
25" (

—1_do—di—(¢—1) d;
Ty Lg

with the opposite coefficient to cancel the monomial mil the expression of
:L‘frdlxgl in terms of the basis from Lemma E.2.9), i.e., we must have —v,_1 4,4, —(¢—1),d; =

s d di—
Vo.dy—dy.dy = Ao,y We can define in this case (A%)(1) = Ad2\ g8~ 27" (¢=1) gt pfemdigdy
and consider

fY =f = Doy
> Yeoaratd '@ a8 = doa (20— 1)@ — 1) + w0z ) mod I(P?).

220201252 ¢(Ad2)(1)

(E.3.7)
Now f() only has monomials from Agl in its support, and we can argue as we did in
Lemma E.3.5 to obtain f(l) = 0 after [ > 0 steps. Taking into account that dy < ¢—1, we
see that the monomials left in the support of f(1) are of the type (' x5? with a1 +ag = dj,
0 < aj, which implies that ao < d; — 1. Therefore, in the process of obtaining f(l)
we do not need to use the monomials that we have used to obtain f() because those
monomials have d; as the exponent for 3. Hence, after | steps we obtain an expression

similar to (E.3.3), but with the extra term —\g g, <(m0 —1)(z1—-1)+ :coa:gl> in the right
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hand side. The same argument proves that we can only have \g, _g,.4, 7 0if a2 € Y =
{0,1,...,min{d;—1,da—q}}. If we are in that situation, then we can cancel all the terms in
the second sum of the right hand side in (E.3.3). Thus, in that case, we would obtain a sum
of monomials in (A%)®) equal to Ag 4 (((E() —1)(z1—1)+ xomg1>. This implies that we

have the evaluation of (xg—1)(z1—1) —i—:coxgl in PRMg, (2). This is a contradiction because
we have the evaluation of xgrdla:gl in PRMy, (2), and (zg—1)(z1—1)+zozd" —xgrdla:gl =
(vo — 1)(z1 — 1) mod I(P?), whose evaluation has Hamming weight 1. This means that
we cannot have d; < ¢ — 1 and :Bgl in the support of f simultaneously.

On the other hand, if d; > ¢, we consider the following polynomials:

Qd1,d2 - xgl + xihfdzxgz + xglfdzxgz + $g1fd2x61l27d1 xgl € Sy, (E ; 8)
Qyay = 75 + > a2l + 2~ Mg 4 2 Ml T Rag? € S,

These polynomials are obtained by realising that if l'gl is in the support of f, then we
must also have ng in (E.3.5) to obtain f(0,0,1) # 0, and adding monomials to obtain
polynomials with the same evaluation at P?, we arrive at the polynomials Qdy,4, and

’d% 4, As they have the same evaluation at P2, these polynomials are in the same class in
S/I(P?). This also implies that this class is in Sg, /I(P?) N Sg,/I(P?) and Qg, 4, satisfies
the conditions in the statement. O

Example E.3.8. We continue with Example E.3.6. We had ¢ = 4 < dj < d2 = 5.
Thus, by Lemma E.3.7, we have the polynomials Q4 5 and Q'574 from (E.3.8) in Sy/I(P?)N
S5/ 1(P?):

Qup = x% + x%x% + x%:z:% + x%mlxg,

QQ)A = xg + 17%.%'2 + xéxg + xox%x%.
It is easy to check that both polynomials have the same evaluation at [{1} x F3] as zo +

x3 + 129 + 2323, the same evaluation at [{0} x {1} x Fy] as 2 + 22, and both evaluate
to 1 at [0:0: 1]. Therefore, they have the same evaluation at P2.

With the notation as above, we present the main result of this section.

Theorem E.3.9. Let 1 <dy <dy <2(q—1), andletY ={0,1,...,min{dy —1,d2 — q}}.
If di = dy mod q — 1, A% is a basis for Sq, /I1(P?)N Sy, /I(P?). If di # dz mod q — 1, the
following set B is a basis for Sy, /I(P?) N Sq,/I(P?):
A ifdy<q-1,
B = Acll1 U UQQGY{xf““%g?} ifdi < q—1<dy,
AP U (Uggey {28 72052} ) U{Qarar ) ifa < i,

with Qq, .4, defined as in (E.3.8). In particular, the image by the evaluation map of B is
a basis for PRMy, (2) N PRM4g,(2).

Proof. The case dy = do mod g—1 is covered by Lemma E.3.1. We assume d; # do mod ¢—
1 now. First, we are going to see that the set A9 U (UQQGY{xill_a2$§2}) U{Qdy.do} 18

linearly independent in S/I(P?), which proves that all the sets we are considering are
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linearly independent. A% U (UQQGY{w‘lh_”w‘Q”}) is linearly independent because it is

a subset of A%, which is linearly independent. And, when we consider the union with
{Qa,.d, }, We preserve linear independence because Qg 4, is the only polynomial of this
union that has nonzero evaluation in [0 : 0 : 1], which implies that its evaluation is
linearly independent from the rest. On the other hand, these sets are clearly contained in
Sy, /I(P?), and the proofs from Lemmas E.3.3, E.3.5 and E.3.7 show that these sets are
also contained in Sg,/I(P?).

Hence, we only need to prove that B is a system of generators for Sy, /I(P?)NSg,/I(P?).
Let f € Sq/I(P%) N Sq,/I(P?). If £(0,0,1) = X # 0, then f has zJ' in its support
when expressed in terms of the monomials in A%. By Lemma E.3.7, we must have
g < dy. Moreover, we can subtract AQq, 4, from f and obtain a polynomial f (1) such that
f1(0,0,1) = 0, its expression in terms of the monomials in A% only contains monomials
from A% U A% and ) e Sy /I(P?) N Sg,/I(P%). On the other hand, if f0) has
monomials from A({ll in its support when expressed in terms of the monomials in A%,
by Lemma E.3.3 we know that we can subtract adequate multiples of those monomials
and obtain a polynomial f) € Sy, /I(P?)N Sy, /I(P?) that only has monomials from A%
in its support. Finally, we can apply Lemma E.3.5 to f(2) and obtain that f(2) can be
generated by UaQGY{mfr”mgQ}. If £(0,0,1) = 0, we can apply the reasoning we have
used above for (). O

Note that the basis from the previous result is formed by monomials, except when
g < di, where we consider (g, 4,- This polynomial cannot be reduced to a monomial
subtracting other monomials from the basis B of Theorem E.3.9 because both a:gl and
:L‘flfdz’:ngb are linearly independent from the rest of monomials from B by Lemma E.2.7
(also check the definition of Y from Lemma E.3.5 and note that da — ¢ < da).

Example E.3.10. Continuing with Examples E.3.4, E.3.6 and E.3.8, we see that the set
AU {af, ¥} U {o) + 223 + a2l + 2dz 20}
is a basis for Sy/I(P?) N S5/I(P?).

By counting the elements of the set B in Theorem E.3.9, we obtain the dimension of
Sa, /I(P) 1 S, /I(P?).

Corollary E.3.11. Let 1 < dy < da < 2(q¢—1). Let k1 = dimRMy, 1(2). If di =
dy mod g — 1, then dim(PRM, (2) N PRMg,(2)) = dimPRMy, (2). If d; # da mod ¢ — 1,
then

k1 ifde < q—1,
ChIIl(P}.{[\/Id1 (2) N PRMd2 (2)) =<k + min{dl, dy — (q — 1)} ifdy < q—1<do,
k1+d2—q+2 Z'fqul.

In the case where dy = di = 2(q — 1) — d1, Corollary E.3.11 simplies to the following.

Corollary E.8.12. Let 1 < d < q—1, let Y = {0,1,...,min{d — 1,¢ — d — 2}}, and
let ky = dim RMy_1(2). If 2d = 0 mod ¢ — 1, then PRM,(2) N PRM2(2) = PRM(2). If
2d # 0 mod q — 1, a basis for PRMg(2) NPRM (2) is given by AU (Ua2ey{x‘f_“2x§2}>.
Consequently, dim PRMy(2) N PRMj(Q) = k1 + min{d,q — d — 1}.
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Proof. For the case d = ¢ — 1, we have that PRM,_1(2) = PRM,_1(2) N PRM;‘_l(Q) by
Theorem E.2.2. For 1 < d < ¢—1, from Theorem E.2.2 we see that PRM (2) = PRM,. (2),

with d+ = 2(¢—1) —d. The result is obtained by applying the previous results with d; = d,
dy = d*. O

Note that for ¢ < d < 2(¢ — 1), we can also obtain the dimension of the hull by
considering PRM ;1 (2) in the previous result. For d = 2(¢—1), by Theorem E.2.2 the dual
code is generated by the evaluation of 1, and by Lemma E.3.2 we obtain PRMy(,_1)(2) N
PRMy, )(2) = {0}.

E.3.2 Hermitian hull

In the Hermitian case, we consider codes defined over IFZQ, and the Hermitian product of
two vectors v, w € IF;Q is

n
Vpw = E viwg.
i=1

The Hermitian dual of a code C' C F}, is defined as Chr:={ve B | vpw=0,Vwe C}.

We recall that we defined the Hermitian hull as Hull” (C') = C'n C*t». Tt is easy to check
that, for a code C' C IF’;Z, we have that C+» = (C+)9, where we consider the component
wise power of ¢. In particular, this implies that the Hermitian dual and the Euclidean dual
have the same parameters. In this section we show that we may apply similar techniques
to the ones used in the previous section to compute the Hermitian hull in some cases. In
what follows, as we are working over 2, we change ¢ by ¢? in the definitions of S, A;i,
for i = 1,2,3, etc. We show now how the main definitions from the other sections are
adapted to the Hermitian case in this section:

1. §= FqQ [1’0,1‘1,.%‘2].
2. Projective and affine Reed-Muller codes are defined for 1 < d < m(q2 —1).

3. A% is defined for 1 < d < 2(q? — 1). If we have rg'xtry? € A4 then 0 < ap,as <
¢* — 1, and if z3°z{' 25> € A4, then 0 < as < ¢> — 1. For Lemma E.2.9, we have

0<a;<¢>—1,for1<i<2.

4. Now Z is the integer 1 < Z < ¢®> — 1 such that Z = z mod ¢> — 1 when z > 0, and
Z = 0 otherwise.

In the affine case, Reed-Muller codes are either contained in their Euclidean dual or they
contain it, which means that the computation of the Euclidean hull is trivial. However,
the following result from [12] remarks that computing the Hermitian hull is more difficult
than computing the Euclidean hull in the affine case.

Proposition E.3.13. The codes’ inclusion RMg4(q?,m) C RMjh (¢%,m) holds if, and only
if, 0 <d<m(qg—1)—1.

Moreover, it is not hard to obtain a basis for the intersection of a Reed-Muller code
with the Hermitian dual of another Reed-Muller code.
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Definition E.3.14. Let 0 < dy,ds < m(q? — 1). We define
Udy ay = {2$'25* |0 < a1,02 < ¢* — 1, a1 + ag < dy, qa1 +qag < 2(¢° — 1) —dp — 1}.

Proposition E.3.15. The image by the evaluation map over A% of Ud, a4, is a basis for
RMg, (¢%,2) NRM " (¢2,2).

Proof. The monomials z{'z5* with 0 < ay,as < ¢*> — 1 have linearly independent eval-

uations over A% and their evaluations generate F Z; (the full code). The evaluation of
a monomial z{'z$? with 0 < aj,az < ¢> — 1 and a1 + a2 < dj is in RMdLQh(qQ,Q)
if and only if z{'2%2 = (25'25)% mod I(A?) for some 0 < by, by < ¢> — 1 such that
b1+ by <2(¢*> — 1) —dy — 1, where I(A?) = <a:‘{2 — 1, ng — x9) (we have used the duality
from Theorem E.2.5 and the fact that RMdl; (¢%,2) = (RMg, (¢%,2))?). If a; # O for some
i =1,2, then z{*25* = (xlfa:gz)q mod I(A?) implies a; = gb; mod ¢? — 1 with b; # 0, which
is equivalent to having b; = ga; (recall Remark E.2.11). If a; = 0 for some i = 1,2, then

29252 = (22 252)7 mod I(A?) implies b; = 0 = ga; in this case as well. Therefore, in both
cases b; = qa;, which finishes the proof. O

Remark E.3.16. The previous result can be extended in the obvious way to the Reed-
Muller codes in m variables. For the Hermitian hull of affine Reed-Muller codes we only
need to consider Uy 4, but for projective Reed-Muller codes we will also consider Ug_1 4,
and that is why we expressed Proposition E.3.15 in full generality with two degrees d; and
ds.

Using that C+r = (C1)4, if we consider (A9)? := {(%)9 | 2* € A%} and d+ = 2(¢* —
1) — d, we have that the image by the evaluation map of (AdL)q = U?Zl(AgL)q is a basis
for PRMjh (¢,2) = (PRM 1 (¢?,2))? (if d # 0 mod ¢*> — 1). Following the notation from
the previous section, we will denote by S7, /I (P?) the vector space generated in S/I(P?)
by U?:l(AzU'lL)q-

To compute the dimension of the Hermitian hull of projective Reed-Muller codes it is
enough to consider the case with d < ¢®> — 1. This is because if we assume d > ¢?> — 1, then

PRMy(q?,2) N PRMY, (¢%,2) = (PRMY(¢%, 2) N PRM 1 (¢%,2))?,

and then at the right-hand side of the previous equality we have the Hermitian hull of a
projective Reed-Muller code of degree d- < ¢?> — 1, to the power of g. Moreover, because
of Theorem E.2.2 we are going to avoid the case with d = ¢> — 1 when giving results for the
Hermitian hull (for results about Sg/I(P?) N S%, /1(P?) we will still consider d = ¢* —1).
This is because in that case PRM3 (¢%,2) = PRM 1 (¢%,2) + ((1,...,1)) # PRM 1 (¢%,2),
and PRMjh(qQ, 2) = (PRMy1 (¢%,2)+((1,...,1)))? # PRM?, (¢?,2) = 5%, /I(P?). Hence,
if d = ¢*> — 1 we do not have the isomorphism between PRMé‘h(qQ, 2) and S, /I(P?), and
also this case is the least interesting for quantum codes because we do not have a bound
for the minimum distance of the dual code.

As a consequence of Proposition E.3.13 and Proposition E.3.15, we have the following
result.
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Lemma E.3.17. Let 1 < d < ¢ — 1 and let U := {zd 7229129 | 2$'25? € Uy_1 4} C
Sq. Then, the classes of the monomials in U are contained in S3, /I(P?). Moreover, if
d<2(qg—1), U= Ad.

Proof. Let 1 <d < ¢?>—1, and let 23°z{*24? € U. By definition, it is clear that z3°z{ 25> €
Liiii —_ —_

S%,/I(P?) because x( x{'zy? = (xg 90902 40 23920 mod I(P?), where qat + gaz <

dt —1 by the definition of U1 4. If d < 2(q — 1), we consider zf°x{?z5> € A{. Therefore,

a1+ as < d—1 and we have that

qai +qaz < qa1 +qaz < q(d —1) <2(¢* 1) = 2(¢ - 1) —¢ < 2(¢* 1) —d - 1.
This means that Ail C U in this case, and the other contention always holds. O

Example E.3.18. We consider ¢ = 3 and d = 7. Hence, we work over Fs2 and d >
2(¢ — 1) = 4 in this case. One can check that we have

U = AD\ {zox123, woxlay, woxiad, woxdey, edeiad, xiriad, xiria, ),
where A7 is formed by all the monomials of degree 7 that are divisible by x in this case.
For instance, for the monomial xoxl:pg we have a1 = 1, as = 5, and we check

which implies zor123 & U.

Remark E.3.19. To compute the dimension of the hull of projective Reed-Muller codes
we will need the size of the set U from Lemma E.3.17. We give a combinatorial formula for
|U| in Lemma E.5.1 of the Appendix. Moreover, it is possible to obtain a combinatorial
formula for |Ug 4| as well, as we note in Remark E.5.2, which gives the dimension of the
Hermitian hull for affine Reed-Muller codes in 2 variables.

In the following results we argue in a similar way to Section E.3.1 to show which poly-
nomials can be in Sq/I(P?) NS4, /I(P?) depending on whether the monomials in the
support of these polynomials are contained in Ag or if they have wg in their support (we
recall that A? = {x}). We restrict to the case 1 < d < 2(q — 1) in some results because
in that case we have U = A‘i'l by Lemma E.3.17, which is similar to what happens in the
Euclidean case. For the following results, recall that Z is a representative of the class of z
modulo ¢% — 1.

Lemma E.3.20. Let 1 <d <2(q—1). Let f € Sy such that it only has monomials from
Ag in its support, i.e., it can be expressed as

_ E : ai a2
f= )‘al,azml Lo 7)‘6117(12 € FqQ'

a1+az=d,0<a1,0<a2<q?—1

Let T = {az | a2 < d, d+ >qT2+(q2_1)} ande:{OSGZ <g-1] Ad—az,az # 0}.
ThenfES;ﬂ/I(]ﬂ) if and only if d=0mod qg—1 or Ty CT.
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Proof. Assuming that f € Sg . /I(P?), there is an expression

= Z Hag,ar,az (25 2] ¥5%)? mod I(PQ)a Hag,o1,02 € Fgz. (E.3.9)

(558096‘111:1:;‘2)46(%1‘1L )e

We have f(0,0,1) = 0, which means that y o 4+ = 0. Following the proof of Lemma E.3.5,
we consider in(f) = z{'z3?, with a; > 0,0 < ag < ¢>—1 and a1 +az = d (since d < 2(g—1),
we also have a; < ¢2 — 1). Because of (E.3.9) we must have some monomial in (A% )4
such that its expression in the basis from Lemma E.2.9 contains z{'z5* in its support.
Let v; = qa;, for i = 1,2, which implies that ¢vy; = a; mod ¢> — 1. The only monomials
in (Adl)q that contain z{'x%? in their expression in terms of the basis from Lemma E.2.9
are (a:ilL_Wxgz)q if ¢(d+ —792) = a1 mod ¢? — 1, and (2°z]'23*)? if vo = dt — 1 — 72 > 0.

In the first case, ¢(d+ — 72) = a; mod ¢® — 1 implies that ¢gd* = d mod ¢* — 1, which
happens if and only if d = 0 mod ¢ — 1. Taking into account that d < 2(¢ — 1), we have
dt > ¢®> — 1 > 79, and we have z{'25*> = (:L‘(IF_Wxgg)q mod I(P?). Moreover, in this
situation we can do this for all the monomials from Ag in the support of f.

If d # 0 mod g — 1, the only monomial in (Adl)q with z{*25? in its expression in terms
of the elements of the basis from Lemma E.2.9 is (z°z]"23%)? with 7o = d- — v — 7o, if
d*+ —~1 — ¥ > 0. This is because, by Lemma E.2.12, we have that

(zx] 23?)? = 29252 + (20 — 1) (5% + 21 — 1) mod I(P?),
if 49 > 0. Hence, we must have fiy, 4, yo = Aaj,a0- 1f We denote by ((AT)0)D) = (492 \
{(z3°x]* x3?*)?}, we obtain
fU =F = Aoy i 5?

= Z Hag,a1,02 (xgoxtlhxgz)q (E.3.10)

(g 0y iy ?)a€((A) 1) (D)
(zo — 1)(25% + 21 — 1) mod I(P?).
Arguing as in the proof of Lemma E.3.5, after | steps we get
0= Z Hao,az,a2 (7027 5%
(a5 2y ey ?)ae((A) D)

+(xo—1) Y Pt =) —ams.atd—an)qas (%5 + 21 — 1) mod I(P?),
azGTf

+ Ha' —qar—qaz,qa1,q03

(B.3.11)

where Tr = {0 < a2 < ¢*> =1 | Ad—apap # 0}. With this notation, we have that
(A D = (A)I\ U, er{ (@] ad)0 70 = dt =1 — 72, 11 = q(d = a2), 72 = Gaz}.

If we express all the monomials in (E.3.11) in terms of the basis from Lemma E.2.9,
then we must have the coefficient of each element of the basis equal to 0. The monomials
from (E.3.11) in the second sum are already expressed in terms of the basis from Lemma
E.2.9. If we focus on the monomial z5? for some ay € Ty with as > 0, we see that all the
monomials (zg’z]'z3%)? € (A7) with 0 < ¢o, 0 < ¢1 < 2 —1, ge1 # d—ag mod ¢2—1,
and co + ¢; + 92 = d*, have x5? in their expression in terms of the basis from Lemma
E.2.9:

(z§x{ 2)?)? = 2823 + (w0 — 1) (252 + 21 — 1) mod I(P?).
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In fact, these are the only monomials from ((4%)?)® with z5? in their expression (the one
with g1 = d—as mod ¢?—1 is not contained in ((AdL)q)(l)). However, if we have fic).c; v, 7

0, some other monomial from ((Adl)q)(l) must cancel the monomial 29 232 from (E.3.11).

The only other monomial in ((Adl)q)(l) with :U‘leng in its support when expressed in
terms of the basis from Lemma E.2.9 is (:B?Jrqz_lx;?)q (we cannot use (x{'z3?)9 because
c1 42 < db),if e; + 492+ ¢* — 1 = d*+ (which implies ¢g = ¢® — 1). In our case, we always
have ¢ — 1 < d*, but still we must also have d- > v, + ¢> — 1 to ensure ¢; > 0.
Therefore, if d — vy — (¢> — 1) = ¢1 > 0, we can consider the following polynomial in

S4,JI(P?):
(mgtlx?xém)q — (:B?Jrqtlmgz)q = (zo — 1)(25* + 21 — 1) mod I(P2).

For every ag € Ty, we must have pg2_1 ¢ v, = —Hoei+q2—1,90 = ANd—ag,ap 10 cancel the
polynomial (zg — 1)(x3> + z1 — 1) from (E.3.3). Thus, have seen that d*+ > 42 + (¢% — 1),
which implies that Ty C T'.

These are necessary conditions, and now we show that they are sufficient. We assume
Ty C T, and for each ap € Ty, we denote 1 = ¢(d — az) as before. Then we have

d—az ax — ( d*—v2 7o ?—1_dt—v; 7o dt—y1—y2 71, 72\q 2
x] s = (2] Ty —xy T xy” + ;) z{'zy?)? mod I(P*). (E.3.12)

We note that if dt = d+ — (¢> — 1) > 79, then d* > v + v2. The previous equality is
easy to check because both sides have the same evaluation at P? = [{1} x IE‘32] U [{0} x

{1} xFp2]U{[0: 0 : 1]}. Hence, 2472222 ¢ S, /1(P?) NS9, /I(P?) for each ay € Ty, which
implies that f € Sg/1(P*) NS4, /I(P?). O

Lemma E.3.21. Let 1 < d < 2(q—1). There is some f € Sy with x$ in its support and
such that f € S3, /I(P?) if and only if d = 0 mod ¢ — 1.

Proof. If d = 0 mod ¢ — 1, then we have z§ = x%dL mod I(P?) because
d=gdt modg¢®> -1 < (¢+1)d=0mod¢®> —1 <= d=0mod q— 1.

Therefore, we only have to prove the other implication.
Let f € S;. By Lemma E.3.17, we can assume that the support of f is contained in
(Agl)q U (AgL)q, i.e., it can be expressed as

ai ..a d
f= Z )\al,agxllx22 + )\07dm2, )\al,ag c [Fqg.
a1+as=d,0<a1,0<a2<q%—1

We assume that Ao 4 # 0. As in the previous result, we must have an expression

f

Z [ag.ar a3 7002 52 mod I(P?), ttag.ar.as € Fe. (E.3.13)

zgoxtlllmye(Adl)q
The only monomials in (AdL)q with x¢ in their expression in terms of the basis from
Lemma E.2.9 are (:Egox’f)lx’gQ)q, for some 0 < By, 0 < 31 < ¢*> —1,0 < o < ¢> — 1, such
that By + B1 + B2 = d+ and ¢B2 = d mod ¢® — 1; and acg if d =0 mod ¢°> — 1. We assume
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now that d # 0 mod ¢> — 1, and we will arrive at a contradiction. Thus, we focus on the
first type of monomials, which by Lemma E.2.12 can be expressed as

(xgoxl acgz’)q = ‘{ﬁmg + (z0 — 1)(24 + 21 — 1) mod I(P?). (E.3.14)

The monomials xQB ! d have degree greater than d. Thus, they cannot be in the support

of f and they have to be cancelled in the expression from (E.3.13) if we consider some
monomial (a:o :L‘fl 52)
from the basis from Lemma E.2.9 is (1,11314—!12—13652)[] if d- = B1 + Bo + ¢*> — 1, which implies
Bo=¢*—1and B; = d+ — s — (¢> —1). Thus, there is only one monomial in (Adl)q that
we can consider, and we have

4. The only other monomial in (A% )7 with x(fﬁ 24 in its expression

= (xf1+q2_1x§2) (xo xfl 52)‘1 + (29 — 1)(z1 — 1) + zozd mod I(P?).

Similarly to the proof of Lemma E.3.5, we must have —pug, 5, 8, = Ho g, +42—1,8, = Mo,d- We
can define in this case ((AgL)q)(l) (AdL)q \ {(xo x x§2) (a:fﬁq?_lx’?)q}, and consider

O =f = A gad

= Z Hag,ar,a2L0" 1 5% — Xod ((xg —1)(z1—1)+ a:oxg) mod I(P?).
xgox‘llleQG((AdJ—)q)(l)

(E.3.15)

Arguing as in Lemma E.3.5 and using Lemma E.3.17, we obtain that there must be a sum

of monomials in ((4%7)7)® equal to Ag a ((wo —1)(21 — 1) + zoz9). This implies that we

have the evaluation of (xg — 1)(z1 — 1) + zoxd in PRMLh(q 2). This is a contradiction

because we have the evaluation of (a:o P2 ﬁ2)‘1 in PRMLh (¢%,2), and (w9 — 1)(z1 — 1) +

Tord — (:UO T 52)‘1 = (29— 1)(z1 — 1) mod I(P?), whose evaluation has Hamming weight

1. O

Let 1 < d < ¢> — 1. In the next result we give a basis of Sy/I(P?) N Sgl/I(PQ)
for 1 < d < 2(q — 1) using the previous results, and we give a linearly independent set
contained in Sy/I(P?) N SZL/I(PQ) for the case 2(q — 1) <d < ¢ — 1.

To state the next result, we use the following sets of polynomials. We recall that
U = {ad™97025 292 | 291252 € Uy 1 4}, where we consider Uy_1 4 as in Definition E.3.14.
We define

Vo= {29228 | ag € T},

where T is defined as in Lemma E.3.20. Finally, for the case 2(q — 1) < d < ¢®> — 1 we
define

= {xd “2x5? + l‘g qd* —az— QQQ:(fd T8 g2 1> dt —qag > q(d — ag)

and d — az > qdt+ — as}.
We are interested in W because of the following result.

Lemma E.3.22. We have W C Sy/I(P?) N Sgl/I(PQ), and U UV UW s a linearly
independent set in S/I(P?).
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Proof. If d+ — qaz > q(d — az) and d — az > qdt — as (these conditions come from the
definition of W), then

d—as _.as d—qdt—az—az qdt—as _as
T] Txy” t g Ty Tyt =

(ac‘liL S92 0 ng_Q(d_”)_@m?(d_@)xﬁ)q mod I(P?).
(E.3.16)
This equivalence can be checked by considering the evaluation of both polynomials at
P2 Therefore, we have W C Sq/I(P?) N 5%, /I(P?). The condition ¢*> — 1 > d* — gaz
ensures U UV U W is linearly independent. Indeed, both of the monomials in the left
hand side of (E.3.16) are monomials from the basis of Lemma E.2.7 and are not in UU V..
The monomial z¢~223? from (E.3.16) is not in V because d* < gaz — (¢> — 1) (see the

.- . . —qdt —as— 1 s .
definition of T’ in Lemma E.3.20). For the monomial zf 4 ~927%2,997 70282 it §g y10t in

1 . o e
U because we have :E'fd “25? ¢ Uy_1,4. To see this, we use the definition of Uy_; 4 from

Definition E.3.14. First, d — ag > gd+ — as means that this monomial satisfies the first
condition in the definition of Uy_; 4. For the second one, we would have to check if

q(qd+ — a3) +qaz = d*+ — qag + qaz < d*- — 1. (E.3.17)

If d+ — qaz < d* — qaz, we clearly have (E.3.17). However, if d- — gaz = d* — gaz, we do
not have (E.3.17), and this happens if and only if ¢> —1 > d+ —Gaz, which is the condition
we are using in the definition of W. ]

Now we can state the main result of this section.

Theorem E.3.23. Let 1 < d < ¢ — 1, and U = {a 2225 | 2'25> € Uy_1.4},
where we consider Ug—1 4 as in Definition E.5.14. Let V. and W be as in the discussion
above. If d = 0mod q — 1, then U U A U Ad is a basis for Sy/I(P?) N SgL/I(PQ). For
d#0mod g—1, ifd <2(qg—1), then UUV = ASUV is a basis for Sd/I(PQ)ﬂSgL/I(PQ).
Lastly, if 2(q — 1) <d < ¢*> — 1, then UUV UW s a linearly independent set contained
in Sq/I1(P*) NS4, /I(P?).

Proof. If d = 0mod ¢ — 1 and d < ¢ — 1, reasoning as in the proofs of Lemmas E.3.17,
E.3.20 and E.3.21, we have UUASUAZ contained in Sa/I(P?)NS4, /I(P?). Let f € Sy such
that f € S9, /I(P?) and whose support is contained in A4\ U. Then f has an expression
in terms of the monomials from (AdL)q in S/I(P?), and this expression only involves the
monomials from (A‘liL)q. This is because IL‘gd cannot be in the expression because it is
nonzero at [0 : 0 : 1] while f(0,0,1) = 0, and if there were monomials from (AgL)q, in
[{0} x {1} x 2] that expression would have the same evaluation as some polynomial in
xo with degree less than or equal to ¢? — 1, which cannot have ¢* zeroes (f is equal to 0
in those points). We finish this case by using the affine case from Proposition E.3.15.

If d 2 0mod ¢g—1 and d < 2(¢—1), we have U = A¢ contained in Sq/1(P?)NS4, /1(P?)
by Lemma E.3.17. Arguing as in the proof of Theorem E.3.9 and using Lemma E.3.20
and Lemma E.3.21, we obtain that U UV is a basis for Sq/I(P?) N .S%, /I(P?).

Finally, in the case d Z 0mod ¢ — 1 and 2(q — 1) < d < ¢®> — 1, we have from Lemma
E.3.17 that U is contained in Sg/I(P?) NS4, /I(P?). The fact that V is contained in
Sa/I1(P*) NS4, /I(P?) follows from (E.3.12). For W, by Lemma E.3.22, we have that
W C Sq/I(P*)n SgL/I(PZ) and U UV UW is linearly independent in S/I(P?). O
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From Theorem E.3.23 we can obtain the exact dimension of Sy/I(P?) N Se JI(P?) if
d<2(q—1)ord=0mod q—1. For2(¢—1) <d < ¢*>—1,d# 0mod ¢ — 1, we only have
a lower bound for the dimension of Syq/I(P?) N Si. /I(P?). Note that a lower bound for
the dimension of the hull gives an upper bound for the parameter ¢ of the corresponding
EAQECC, which is still interesting because it tells us how many maximally entangled pairs
are required at most for using that EAQECC. Equivalently, if we use as many maximally
entangled pairs as the bound specifies, then we can employ this EAQECC. Nevertheless,
in all cases we have checked, this is indeed the true value of the dimension of the hull,
which implies that U U V U W is also a basis for the hull in those cases. In particular,
this means that the Hermitian hull is not generated by monomials in general because of
W (we saw in the proof of Lemma E.3.22 that no monomial of the polynomials from W
is contained in U U V). We see this in the next example.

Example E.3.24. We continue with the setting from Example E.3.18. We have d = 7 >
2(q — 1) and d # 0 mod g — 1. Therefore, by Theorem E.3.23, U UV U W is a linearly
independent set contained in Sg/I(P?)N SgL /I(P?). In Example E.3.18 we computed the
set U, and we are going to compute the sets V' and W now.

For V, we first obtain 7' = {7}. This is because d*- — (¢> — 1) = 1 in this case. Thus,
1 > gaz implies az = 0, and we have V = {x7}.

Finally, for W, we have to consider 0 < as < 7 and check the conditions in the definition
of W. In this case, the only ao that satisfies the conditions is as = 1, and we have
W = {a8xq + zdzizs}.

It can be checked with Magma [4] that the image by the evaluation map of UUV UW
is, in fact, a basis for the Hermitian hull in this case. We also see that the monomials
from the polynomial 2829 + z3z3z2 in the set W are not contained in V and U (see
Example E.3.18). Hence, we see that in this case the Hermitian hull cannot be generated
by monomials from A%

We have the following lemma, which gives us the size of the set T (which is the same
as the size of the set V' as defined prior to Theorem E.3.23) and allows us to give more
explicit expressions for the dimension of S;/I(P?) N S /1 (P?) in some cases.

Lemma E.3.25. Let 1 <d < ¢> — 1, and let d = By + p1q be its g-adic expansion. Then
IT|=|V]=pB1(g—1—p1) +min{fo,q — 1 — 1} + min{B1,qg — 1 — So}.

Proof. Let ag € T, and we consider its g-adic expansion as = ag + a;q. We must have
as < d and d+ > Gaz + ¢> — 1 by the definition of T'. It is easy to check that a; + apq is
the g-adic expansion of gas. The condition as < d translates to the condition

oy < fB1or ap = fF1 and o < fFy. (E.3.18)

For the other condition, it is easy to check that ¢ — 1 — 5y + (¢ — 1 — 31)q is the g-adic
expansion of d+ — (¢> —1) = ¢> — 1 —d (using ¢> = ¢ — 1+ (¢ — 1)q). Then, the condition
d+ — (¢*> — 1) > gaz translates to

ag<qg—1—pBrorag=¢g—1—31 and a1 < qg—1— . (E.3.19)

Now we count all the pairs 0 < ap,a; < ¢ — 1 that satisfy the conditions (E.3.18) and
(E.3.19). If ap < g — 1 — f1, all the values of o such that a; < (1 satisfy the conditions.
We obtain f1(¢ — 1 — 1) pairs in this way.
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If ag < ¢ — 1 — B1, we also have the possibility of having a; = S1, but then we
must also have oy < Sy by (E.3.18). Therefore, we obtain the pairs with oy = 51, and
ap=0,1,...,min{By—1,¢g—2— p1}, i.e., we obtain min{Sy, ¢ — 1 — B1} pairs of this type.

If g = ¢ —1— B1, we must have a; < g — 1 — 5y by (E.3.19). If we also have oy < fy,
we satisfy (E.3.18) and we obtain min{/5;,q — 1 — o} pairs. The last option would be to
have g = ¢ — 1 — B and aq = B, in which case we must also have a1 = 81 <qg—1— 5y
by (E.3.19) and ap = ¢ — 1 — 1 < fp by (E.3.18). But we cannot have 51 < ¢ —1— fy
and ¢ — 1 — 1 < [y simultaneously, which means that this pair does not satisfy the
conditions. O

Remark E.3.26. In the previous result, we have that 81 < ¢g—1— 5y <= [y <
q—1—p51 < Bo+ P1 < q— 1. Hence, the size of the set T' can also be expressed as

‘T|: Bl(q_l_ﬁl)—'_ﬁo—’_ﬁl 1f50+51§q_17
Prlg—1—=p1)+2(q—1)=po—B1 ifBo+pB1>q—1

Moreover, it is easy to check that these expressions can also be written in the following
way:

d— B =2(6o+p1—(g—1)) iffo+pBi>q—1
We note that d < 2(q — 1) = g + (¢ — 2) implies that Sy + 51 < ¢ — 1.
Example E.3.27. Continuing with the setting from Example E.3.24, we have that d =
7=1+2-3, which means that 5y = 1, 81 = 2. Thus, by Lemma E.3.25, we obtain

IT|=d—=p7 =280+ 1 — (¢ - 1) =1,

which is what we obtained in Example E.3.24.

As a consequence of Lemma E.3.17, Theorem E.3.23 and Lemma E.3.25 we have the
following result about the dimension of the Hermitian hull. Note that |[V| = |T'|, and |U|
is computed in Lemma E.5.1.

Corollary E.3.28. Let 1 < d < ¢*> — 1, and let d = By + B1q be its q-adic expansion. If
d=0mod g — 1, we have

dim(PRMy(¢?%,2)) ifd <2(q—1),
Ul +d+1 if d > 2(q—1).

For the case d Z0mod q — 1: if d < 2(q — 1), we have

dim(PRMy(¢%,2) N PRM;"(¢2,2)) = {

dim(PRMa(q?, 2) N PRM" (¢%,2)) = |U] +d — 8} = |Af| +-d - B2,
and if d > 2(q — 1), we have the lower bound
dim(PRMq(q*,2) N PRM" (¢, 2)) = |U| + V| + [W].

Example E.3.29. We continue with the setting from Example E.3.24, where we saw that
U UV UW was a basis for the Hermitian hull. Therefore, we have that the dimension of
the Hermitian hull is |U| + |V|+ |[W] (the bound from Corollary E.3.28 is, in fact, the true
dimension). From Example E.3.18 we obtain |U| = 28 — 7 = 21, and from Example E.3.24
we obtain |V| = |WW| = 1. Hence, the dimension of the Hermitian hull in this case is 23.
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E.4 Quantum codes from projective Reed-Muller codes

This section is devoted to providing the parameters of the EAQECCs obtained by using
projective Reed-Muller codes over the projective plane P?. Note that, by Theorem E.2.1
and Theorem E.2.2, we know all the parameters of the projective Reed-Muller codes except
when d = 0 mod ¢ —1 (resp. d = 0 mod ¢? — 1 in the Hermitian case), in which case we do
not know the minimum distance of the dual code. Moreover, in this case the dimension of
the hull is not directly given by the computations made in the previous sections because we
would have to also consider the constant 1 when computing the intersection Sy, /I(P?) N
Sy, /I(P?) (vesp. Sq/I(P?)N Se. /I(P?) in the Hermitian case). Therefore, we avoid this
case in the results of this section.

E.4.1 Euclidean EAQECCs

Using the knowledge of the relative hull for two projective Reed-Muller codes, we can con-
struct asymmetric EAQECCs. Asymmetric EAQECCs arise after noting that in quantum
error-correction we consider two different types of errors, phase-shift and qudit-flip errors,
which are not equally likely to occur [15]. Asymmetric EAQECCs have two different er-
ror correction capabilities for each of the errors, which are expressed by two minimum
distances, 0, and ¢, whose meaning is that the corresponding asymmetric EAQECC can
correct up to | (0, — 1)/2] phase-shift errors and | (d, — 1)/2] qudit-flip errors.

Given a nonempty set U C Fy, we denote by wt(U) the number min{wt(v) | v € U\{0}}.
To construct asymmetric EAQECCs, we can use the following result from [11].

Theorem E.4.1. Let C; C Fy be linear codes of dimension k;, for i =1,2. Then, there
is an asymmetric EAQECC with parameters [[n, k,d,/04; c]lq, where

c=k —dim(C,NCy), K =n— (k + ko) + ¢,
5, = wt (Cf\(clim@)) and 8, = wt (C;\ (c;mcl)).

Symmetric quantum codes can also be obtained from the previous construction by con-
sidering the minimum distance 6 = min{d,, d, } instead of the two minimum distances J,
and §,.

IfC) C C’QL, we have ¢ = 0 and in that case we do not require entanglement assistance.
The asymmetric EAQECC from the previous result is called pure if §, = wt(C{) and
6z = wt(Cs-), and it is called impure otherwise. For the symmetric case, the code is called
pure if § = min{wt(C{ ), wt(C5-)}, and impure otherwise.

Finding impure quantum codes is a difficult task in general. The following result sup-
ports this fact because it implies that the EAQECCs we obtain using projective Reed-
Muller codes are always pure.

Lemma E.4.2. Let 1 <dj,dy <2(q—1), with di # de mod ¢ — 1. We have that
wt (PRMg, (2) \ (PRMg, (2) "PRMg,(2))) = wt(PRMg, (2))

Proof. 1If dy < di, then wt(PRMg,(2)) > wt(PRMg, (2)). Therefore, there is a codeword
of Hamming weight wt(PRMg, (2)) in PRMy, (2) \ PRMg, (2).
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On the other hand, if ds > dy, we consider two cases. If d; < ¢ — 1, then the evaluation

of the polynomial
di—1

T2 H (Ajza — 1),
j=1

where \; # \; if i # j, A; € Fy, has Hamming weight ¢(q —d1 + 1) = wt(PRMy, (2)). This
is easy to check using the representatives [Fz x {1}]U [Fg x {1} x {0}]U{[1: 0: 0]} for P*.
This polynomial is not contained in Sy, /I(P?) N Sy, /I(P?) because this vector space is
generated by A9 U (UGQGY{:C?_”:C‘;?}), which does not generate the monomial 3" that
is in the support of the previous polynomial. Thus, the evaluation of this polynomial is a
codeword of Hamming weight wt(PRMy, (2)) in PRMg, (2) \ (PRMy, (2) N PRMy,(2)).

If di > g, we consider instead the polynomial

di—1
zi(@d =2l T (V- 20), (E.A4.1)
j=1

where \; # A; if i # j, A; € Fj. As before, it is easy to check that the evaluation of this

polynomial has Hamming weight ¢—d; +1 = wt(PRMy, (2)). The monomial a;illacg_l in the
support of the previous polynomial is part of the basis from Lemma E.2.7. We have that
Sa,/I(P?)N Sy, /I(P?) is generated in this case by A% U (UaQEY{x?—a%;ZD U{Qd,.ds }-
All of these monomials, and @4, 4,, are expressed in terms of the basis from Lemma E.2.7.

Therefore, the only way to generate a polynomial with m‘lhxg_l in its support is to have
this monomial in the expression of some element of the basis of Sy, /I(P?) N Sa,/I(P?)
in terms of the basis from Lemma E.2.7. By checking the definitions, we see that this
only happens if dy = ¢ — 1, because in that case this monomial appears in the expression
of Qg,.a4,- However, Qq, 4, has the monomial xgl in its support, and the polynomial
from (E.4.1) does not, and .CEgl cannot be cancelled because no other monomial from the
basis of Sy, /I(P?) N Sy,/I(P?) has this monomial in its support. Hence, the evaluation
of the polynomial from (E.4.1) gives a codeword of Hamming weight wt(PRMy, (2)) in
PRM,, (2) \ (PRM, (2) N PRM, (2)). =

Remark E.4.3. For dy = dy mod g — 1, if do < dy, then
wt (PRMg, (2) \ (PRMg, (2) N PRMg,(2))) = wt(PRMy, (2))
arguing as in the previous result. If do > dy, then
PRMy, (2) \ (PRMg, (2) N PRMy,(2)) = 0.

Now we show the parameters of the asymmetric EAQECCs arising from Theorem E.4.1
when C; and Cy are projective Reed-Muller codes. Note that the parameters of PRM,(2)
and RMy(2) are in Theorems E.2.1 and E.2.4, and for PRM(2) we can use Theorem
E.2.2.

Theorem E.4.4. Let 1 < dy <dy <2(q—1),dy+dy Z0mod g—1, dy #q—1+# ds. Let
k1 = dimRMy, 1(2) and ke = dimRM1_;(2), where dy = 2(q— 1) —dy. Then we can
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construct an asymmetric EAQECC with parameters [[n, k, 6, /0y c|lq, wheren = ¢® +q+1,
k =n— (dim PRMy, (2) + dim PRMy, (2)) + ¢, 6. = wt(PRMg (2)), d, = wt(PRMg (2)),

and the value of ¢ is the following:

1. Ifdy+de < 2(q— 1).’

dl—l—l—min{dl,q—l—dQ} ifdy <q—1,
di+1 if ¢ < ds.

2. Ifdy +dy > 2(q — 1):

o= ki —ko+dy+1 z'fd1<q—1,
ki — k2 +q+1-min{dy,di — (¢—1)} ifq<di

Moreover, this code is pure.

Proof. We consider C1 = PRMy, (2), C2 = PRMy,(2), and apply Theorem E.4.1. For the
parameter ¢, we use Corollary E.3.11 with d; and dy = 2(q — 1) — dz, taking into account
that d; + d2 Z 0 mod ¢ — 1 implies that d; # 2(q¢ — 1) — d2 mod ¢ — 1, and Remark E.2.8.
We also note that if dy + da < 2(¢ — 1), then d; < dy, and if dy + d2 > 2(q — 1), then
dé‘ < dj.

A direct application of Theorem E.4.1 would give us a pure quantum code with §, =
Wt(PRM(J{l(Q)) and 6, = Wt(PRMé; (2)) due to Lemma E.4.2. However, it is easy to see
that if we exchange the roles of C] and Cs in Theorem E.4.1, the resulting asymmetric
EAQECC has the same parameters, except that ¢, and §, are exchanged, which gives the
result. O

Let di #0modqg—1,dy #0modg—1. If di+dy = qg—1o0r dy +dy = 2(q— 1),
we can obtain an EAQECC as in Theorem E.4.4 with ¢ = 0 because dim(PRMy, (2) N
PRM, (2)) = dim PRM, (2) by Lemma E.3.1. If di+da = 3(¢—1) or di+dz = 4(q—1), we
have ¢ = dim PRMy, (2) — dim PRMg (2) instead, because dim(PRMy, (2) N PRMg (2)) =
dim PRM (2).

Example E.4.5. We consider F; = Fg, and we use Theorem E.4.4 with di = 3, d2 = 11.
The parameters for the corresponding affine and projective Reed-Muller codes are obtained
from Theorem E.2.4 and Theorem E.2.1, respectively. For the parameter ¢, we have
di+dy=14<16=2(¢—1), and ¢ = 3+ 1 = 4 in this case because ¢ = 9 < 11 = ds. The
asymmetric EAQECC that we obtain in this way has parameters [[91, 15,45/5;4]]9. With
affine Reed-Muller codes, it is possible to obtain an asymmetric EAQECC with parameters
[[81,5,45/5;0]]g. If we define the rate as p := k/n, and the net rate as p := (k — ¢)/n, we
see that the projective code clearly has higher rate, but it also has higher net rate.

In [15] it is shown that the probability of phase-shift errors is between 10 and 100
times higher than the probability of qudit-flip errors, depending on the devices used for
constructing qubits. Hence, it is desirable to construct EAQECCs with a higher correction
capability for phase-shift errors, i.e., EAQECCs with §, > d,. The EAQECCs arising from
Theorem E.4.4 automatically satisfy 6, > §,. We show now how to construct codes with
high asymmetry ratio §,/d, using projective Reed-Muller codes.
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Example E.4.6. Assume that for a certain application we want to correct 1 qudit-flip
error (and detect 2), for lengths lower than 200. Therefore, we want to obtain an asym-
metric EAQECC with §, = 3. If we assume that the probability of phase-shift errors
is between 10 and 100 times higher than the probability of qudit-flip errors, we want to
construct codes with J, between 30 and 300. If we consider the field F,, using Theorem
E.4.4 it is easy to check that the asymmetric EAQECC with highest asymmetry ratio and
nonzero dimension that we can obtain has parameters

¢* +q+1,5,q(¢ — 1)/3;2]],,

which corresponds to d; = 1 and dy = 2(¢—1) —2. By considering ¢ = 9, 11, 13, we obtain
the parameters [[91, 5,72/3; 2]]9, [[133,5,110/3;2]]11, [[183, 5, 156/3; 2]]13, respectively. All
of the previous codes satisfy the required conditions about the asymmetry ratio and length,
and all of them surpass the quantum Gilbert Varshamov bound from [23].

With affine Reed-Muller codes we can obtain instead the parameters

[l4*,3,q(q — 2)/3; 0],

Hence, with projective Reed-Muller codes we can achieve a higher asymmetry ratio, at
the expense of getting a worse net rate with respect to the affine case. We can also obtain
the same asymmetry ratio as with affine Reed-Muller codes, and increase the net rate, by
using projective Reed-Muller codes as we saw in Example E.4.5.

It is not easy to compare the codes that we obtain with the literature because there
are not many references about asymmetric EAQECCs. However, we can use the quantum
Gilbert-Varshamov bound from [23] to argue that we are obtaining quantum codes with
good parameters. In Table E.1 we show some of the codes that we obtain that surpass
the quantum Gilbert-Varshamov bound from [23].

We turn our attention now to the symmetric case. Given a symmetric quantum code
obtained using the construction from Theorem E.4.1 with parameters [[n,k,J;c]]q, we
can define the rate and net rate as in Example E.4.5. Fixing the length and minimum
distance, if an EAQECC has better net rate than other EAQECC, while keeping the other
rate constant, we will say that the first code has better parameters than the second one.
In this sense, for the symmetric codes arising from Theorem E.4.4, the following result
shows that the best symmetric codes are obtained when d; = da.

Corollary E.4.7. We fir1 < d; < 2(q—1), and let dy < do < 2(q—1) withdy # q—1 # da
and di +d2 # 0mod ¢ — 1. Let k; = dimRMg,_1(2) and ko2 = dimRMdszl(Q), where
dy = 2(q—1)—dy. Then the best choice for dy in Theorem E.4.4 for symmetric EAQECCs
is do = dy, which gives an EAQECC with parameters [[n, k,0;c]], where n = ¢ +q + 1,
k= n — 2(dim PRMg, (2)) + ¢, § = wt(PRMj, (2)), and

. di +1—min{d;,q —1—di} ifdy < (q—1),
ki —ko4+q+1—min{di,d —(g—1)} ifdy > (qg—1).

Proof. For dy > di, we have that nrlilrl{wt(PRMjl(2)),Wt(PRMé-2 (2)} = wt(PRMjl(Q))
from Theorem E.2.2. Therefore, all the symmetric EAQECCs obtained from Theorem
E.4.4 in this setting have the same parameter §. For di = do, we obtain from Theorem
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Table E.1: Codes arising from Theorem E.4.4 surpassing the quantum Gilbert-Varshamov
bound from [23].

laldi|do]n]n[o]d]c|la]ld[d][n]|r][d][d]c]
4111121163 | 3|1 91 1 (14|91 ] 5 |3 |72| 2
411 14 (1215 |3 |12] 2 9121|2918 |4 |41
412 12 |(|2111 4| 4] 2 912 | 3 91|76 | 4|5 |1
412 15 |21 2 | 4|16 5 91 2 (119118 4 |45 | 3
41414 1212 |12|12 |11 91 2 (129112 4 | 54| 3
415 |5 |21 1 16|16 |16 912 | 13|91 7 | 4|63 3
51 1 |1 (31126] 3| 3|1 91 2 |15|91] 2 |4 81|35
ol 1 2311233 | 41 913|391 ]|72|5 |5 |1
51 1 |5 |31]9 |3 15| 2 913 12|91 9 | 5 |54| 4
51 1 |6 |31 5|3 ]20] 2 91 3 |14|91] 3 |5 |72 7
o1 23|31 )17 4|5 | 2 913 |15|91] 2 |5 |89
51 2 |5 |31 7|4 15| 3 914 (13]91] 4|6 639
51 2 | 7|31 2|4 |25] 5 914 |14(91] 3| 6 |72]|12
513 |6 (313|520 7 914 |15{91] 2| 6 81|14
51 3 | 7|31 2|5 |25]9 9111|121 91| 2 |45 |54 | 57
5|5 |5 |31] 3 |15|15] 14 9111|1491 ] 1 |45 |72|65
915 |6 |31 2 |15|2017 (|9 111591 | 1 |45 |81 |68
516 | 7|31 1|20)|25]|23 9112 |13 91| 1 | 54|63 |67
O 7T | 7T |31 1 |25]25]|26 911214 (91| 1 |54 |72 |71
911 |1 (91|86 | 3| 3|1 9112|1591 ] 1 |54 |81 |74
911 ]2 1918|341 9113|1391 ] 1 [63]63|72
9113 19179 3|5 |1 9113|1491 | 1 [63]|72|76
9|1 |4 |91|7)| 3|6 |1 9113 |15{ 91| 1 |63 81|79
911 [ 1119120 3 |45 2 9114|1491 1 |72 72|80
9|1 [ 129114 3 |54 2 9114|1591 | 1 | 72|81 |83
911 |1391] 9| 3 |63] 2 9115|1591 | 1 | 81|81 |86

E.4.4 an EAQECC with the stated parameters. For dy > dj such that dy # ¢ — 1 and
dy < 2(q — 1), we will see that we obtain a worse code. We have that dim PRMy,(2) >
dim PRMy, (2) if d2 > di, which decreases the dimension of the corresponding EAQECC
with respect to the one obtained with di = do. From Theorem E.4.4, we also see that
¢ is either going to increase or be the same (if d; + da Z 0 mod ¢ — 1). Hence, in the
sense stated before, the corresponding EAQECC with ds > dy has worse parameters than
the one obtained with d; = da because it has less dimension while not decreasing the
parameter ¢, which gives a worse rate and net rate. O

E.4.2 Hermitian EAQECCs

In this subsection we construct EAQECCs using the following Hermitian construction
from [10].

Theorem E.4.8 (Hermitian construction). Let C' C FY. be a linear code of dimension k
and C*n its Hermitian dual. Then, there is an EAQECC with parameters [[n, k, d;c|]4,
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where
c=k—dim(CNC™), k=n—2k+¢, and § =wt(CHr\ (CNCH)).

We see that we can use the knowledge of the Hermitian hull from Theorem E.3.23 and
Corollary E.3.28 to compute the parameter ¢ of the EAQECCs obtained from the previous
result using projective Reed-Muller codes.

Theorem E.4.9. Let1 < d < ¢>—1. Then we can construct an EAQECC with parameters
([n, K, 8 cl]q, where n = ¢* +¢*+1, k = n—2(dim PRM4(¢?,2)) +¢, § > wt(PRM (¢%,2)),
and the value of ¢ is given by the following:
Ifd <2(qg—1):
0 ifd=0modqg-—1,
c={1 ifl<d<q-1,
2 ifg—-1<d<2(¢-1).
Ifd>2(qg—1) and d=0mod q — 1, then
¢ =dimRMy_;(¢% 2) — |U],
and if d >2(q—1), d # 0 mod q — 1, then we have the upper bound
¢ <dimRMgy_1(¢*,2) — |U| +d — [V]| — |W]| + 1.

Proof. We consider C' = PRMy(¢?,2) and we use the Hermitian Construction from The-
orem E.4.8. We only need to prove the statements about the parameter

¢ = dim PRMg(¢?,2) — dim(PRMg4(¢?,2) N PRM;" (¢%,2)),

for which we will use Corollary E.3.28.

First, we recall that dim PRMg(¢?,2) = |A{| + | A4| + |Ag] = dimRMg_1(¢*,2) +d + 1
(see Remark E.2.8). If d = 0 mod g — 1, by Theorem E.3.23 we have that ¢ = ‘A‘ﬂ —|U| =
dim RMy_1(¢?,2) — |U|. For the case with 1 < d < 2(¢ — 1), we also have to consider
Lemma E.3.17.

Now we assume d # 0 mod g — 1. If d < 2(¢q — 1), by Corollary E.3.28 we would have

¢ = dimPRMy(¢?,2) — |U| - |V]| =1+ 5.

We have f1 =0for 1 <d<g—1and f; =1for ¢—1<d <2(qg—1), which completes
this case.
Finally, if d > 2(q — 1), we use Corollary E.3.28 to finish the proof. O

Remark E.4.10. For 2(¢—1) <d < ¢*> —1,d # 0 mod ¢ — 1, we can write
dimRMy_1(¢%,2) — |U| +d — |V| — [W|+ 1 = dim PRMy(¢?%,2) — |U| — |V| — |W].

We also note that |V|+ |W/| > |V| = |T|, but it is not necessarily equal (this would give a
worse upper bound than the one given in the result). The bound given in Theorem E.4.9
for ¢ is sharp in all cases we have checked, but if we use |T'| instead of |V |+ |W| the bound
is not always sharp. We also note that we have formulas for |V| = |T'| and |U| in Lemma
E.3.25 and Lemma E.5.1 (in the Appendix), respectively.
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Example E.4.11. Let ¢ = 3. For d = 1,2, 3, using Theorem E.4.9 we obtain the pa-
rameters [[91, 85, 3;1]]s, [[91,79,4;0]]s and [[91, 71, 5; 2]]3, respectively. All of these codes
surpass the quantum Gilbert Varshamov bound from [23]. Moreover, the code with ¢ =0
surpasses the quantum Gilbert-Varshamov bound from [9], which seems to be more diffi-
cult to surpass than the one from [23] for the case ¢ = 0.

As we stated in Remark E.3.19, we are also able to compute the dimension of the
Hermitian hull for affine Reed-Muller codes in the case m = 2, therefore obtaining the
following result.

Theorem E.4.12. Let 0 < d < ¢°> — 1. Then we can construct an EAQECC with param-
eters [[n, k,8;cl]y, where n = ¢*, k = n — 2(dim RMy4(¢%,2)) + ¢, § > wt(RM7(¢2,2)), and
the value of ¢ is

0 ifd<2(qg—1),
C =
dimRMy(¢?,2) — |Ugal ifd>2(q—1),

where |Uq 4| is given by the expression in Remark E.5.2.
Proof. This is a consequence of Proposition E.3.15 and Proposition E.3.13. ]

Remark E.4.13. By Remark E.5.2, |Ug 4| is given by the same expression as |U| in Lemma
E.5.1, but considering d = 8y + [1¢ instead.

E.5 Appendix

In this appendix we provide an explicit formula for |U|, which appears in the computation
of the dimension of the Hermitian hull of projective Reed-Muller codes from Corollary
E.3.23. This formula can also be used for the dimension of the Hermitian hull of affine
Reed-Muller codes (see Remark E.5.2).

Lemma E.5.1. Let 1 < d < ¢*> — 1 with q-adic expansion d — 1 = By + Biq and let
dt =2(¢*> — 1) —d. We also consider the q-adic expansion d- = X+ A\1q + ¢*>. Then, we

have
4

U| = dimRMy_1(¢%,2) — ) B, (E.5.1)
=1

where

(a1 B B qg—A —1 q—pPo—1
B (o) (o o) 2o [ (G20 25) - (2R 2a)) o
B B1 Ao +1
po=ma @100 () - ()] of

s (G 6 80)

Proof. The number of monomials z{'x5? such that 0 < aj,as < ¢?>—1and a1 +a2 < d—1
is precisely dim RM4_1(2). Now we compute the number of monomials that do not satisfy
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E.5. Appendix

the condition gaj + gaz < d*+ — 1, i.e., the monomials such that ga; + gaz > d*,and by
subtracting this number from dim RM4(2) we obtain the cardinal of the set U.

Given z{'z$? with a1 +as < d—1and 1 < a1,a2 < ¢> — 1, we consider the g-adic
expansions a; = ap+a1q and ag = Y9 +71¢9. Then we have a1 +az = (ap+70) + (a1 +71)g.
Moreover, it is easy to check that gay + gaz = (a1 +71) + (o + Y0)q. However, these last
expressions for a1 +as and gaj; +¢as are not their g-adic expansions in general. We separate
cases according to the different possible g-adic expansions for these integers, and in each

case we consider the monomials x7'x5? such that a1 + a2 < d — 1 and ga; + gaz > d+.

(a) If ap+70 < g—1and a1 +v1 < ¢ — 1: we have the g-adic expansions a; + ag =
(o + ) + (a1 + 711)q and qag + gaz = (a1 + 71) + (ap + Y0)g. The condition
Ga1 +gaz > d* cannot be satisfied in this case because ga; +gaz < ¢2, while d*+ > ¢?
(because d < g% — 1). Therefore, no monomial of this type satisfies ga; + gaz > d-*.

(b) If ap + 7 < g—1 and a3 + 1 > ¢ we have the g-adic expansion a; + a2 =
(g +70) + (a1 + 71 — q)q + g%, which implies a; + as > ¢® > d, a contradiction with
the fact that a1 +a9 < d—1.

(¢) If g+ > g and oy +v1 +1 > ¢ we have the g-adic expansion a; + az =
(o +7 — q) + (a1 + 71 + 1 — q)q + ¢°, which implies that a1 + az > ¢*> > d, a
contradiction.

(d) If ap + v > g and a3 +v1 + 1 < g — 1: we have the g-adic expansions aj + ag =
(a0 +7 —¢q) + (a1 + 7 +1)g and gag + qaz = (a1 +7) + (@0 +7 — ¢)g + ¢*. In
this case, we can have monomials satisfying the required conditions.

Now we count the monomials that we consider in the case (d). The condition a;+as < d—1
implies that a1 + 11 +1 < fBror a1 +v1 +1 = 1 and ag + 79 — ¢ < Byg. The condition
qar + qaz > d* implies that ag+v — ¢ > A or ag +79 —q = A\ and g + 71 > Ao.
Hence, we have four possibilities, and we are going to compute the number of monomials
satisfying each of the four possible combinations of conditions.

1. If g +71+1 < B1, ag+7 — ¢ > A1: for each value ag € {0,...,q— 1}, 7 can take
any value from {0,...,81 — 2 — a1}. It is not hard to check that this gives (,Bfi2)
possible choices for the pair (g, 7). Similarly, for each value of ag € {1,...,¢— 1}
(recall that we need to have o + 9 > ¢, and g, < ¢ — 1), we have that 7 can
take any value in {\ + ¢ — a9+ 1,...,¢ — 1}. Similarly to the previous case, this
gives (q_)‘l_l) possible choices for the pair (ag, o). Thus, we obtain

q—X1—3
(a1 B
h= <q—A1—3> <ﬁ1—2)

2. far+v14+1=p01, a0 +v% —q < Bo, ap +0 — ¢ > A1: we have 51 possible choices
for (a1,71), and for ag, v we have the condition A\; < ap + 70 — ¢ < fp. Note that
this can only happen if A\; < y. Assuming A\; < g, we can compute the number of
(v, 70) such that A1 < ap + v — ¢, and subtract the number of (ap,7p) such that

monomials in this case.
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Bo < ag + v — g- These numbers can be computed as in the previous case, and
multiplying by £ (to take into account the possible («1,71)) we obtain

G- Goa )]

q—XA—3 q—PBo—3

monomials for the case A\ < By, and 0 otherwise, which is precisely the number B,
in the statement.

3. far+m+1< 1, a0+7 —q= A1, a1 +7v1 > Aot we can argue in the same way as
the last case, taking into account that in this case we only obtain a nonzero amount
of monomials if Ay < 1 — 1. Thus, we obtain

e[ (2)- (7))

4. far+m+1=p1,a0+v%—q9=< Bo, o+ —q= A1, a1 +7v1 > Ao: in this case we
obtain £1(¢ — 1 — A1) monomials, but only if 1 —1 > Ao and A\; < fy. Therefore,

there are
_ . Bo—Ar\ (b1 —Ao—1
Bi=Alg=1-%) <ﬁ0 - )\1> <51 — Ao — 1>

monomials of this type. Note that the product of the combinatorial numbers that
appear in By is 1 when 8y — Ay > 0 and 51 — A\g — 1 > 0, and 0 otherwise.

monomials.

Hence, the size of the set U is given by

4
dimRMy-1(¢% 2) = Y B;.

=1

O]

Remark E.5.2. For the affine case, if d = Sy 4+ £1¢q is the g-adic expansion of d instead
of d — 1, the proof of Lemma E.5.1 shows that

4
|Uqal = dimRMg(q®,2) = > B;.

i=1

This gives the dimension of the Hermitian hull for affine Reed-Muller codes in 2 variables.
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EAQECCs from projective Reed-Muller codes and their hull variation problem

F.1 Introduction

Stabilizer quantum error-correcting codes (QECCs) can be defined from classical linear
codes. They can be defined from a pair of self-orthogonal classical linear codes with respect
to the Euclidean inner product, CSS construction, and from a self-orthogonal classical
linear code with respect to the Hermitian inner product, Hermitian construction [6,18,29].
Moreover, by sharing entanglement between encoder and decoder, it is possible to increase
the communication capacity and remove the self-orthogonality condition, giving rise to
entanglement-assisted quantum error-correcting codes (EAQECCs) [5]. For the CSS-like
construction, the minimum number of maximally entangled quantum states required is
equal to ¢ := dimC; — dimCy N CQL. Therefore, the dimension of the relative hull of
Cy with respect to Cy, which is defined in [1] as Hullg,(Cy) := C; N Cy, determines the
parameter c¢. For the Hermitian construction, we only use one code C, and the parameter ¢
is given by dim C'—dim CNC+, where C» is the Hermitian dual of C. The Hermitian hull
of C'is thus defined as Hullg(C) := C'NC**. Moreover, both QECCs and EAQECCs can
be considered in an asymmetric fashion taking advantage of the asymmetry in quantum
errors since phase-shift errors are more probable than qudit-flip errors [11,16,27].

In this paper, we construct QECCs and EAQECCs from projective Reed-Muller codes,
which is a family of evaluation codes obtained by evaluating homogeneous polynomials of
a given degree at the projective space [19,28]. In [19], it is shown that these codes can
outperform affine Reed-Muller codes in some instances. In general, one needs to require
entanglement assistance when working with evaluation codes over the projective space, in
particular, because the resulting families of codes are not necessarily nested. EAQECCs
from projective Reed-Muller codes have been studied in [13,14,24], and in [26] for the
few cases in which one has the nested condition. In Section F.3, we deal with asymmetric
quantum codes coming from the CSS construction, and, in Section F.4, we deal with
(symmetric) quantum codes coming from the Hermitian construction.

More concretely, we provide EAQECCs with a flexible amount of entanglement and
unassisted EAQECCs, that is, the parameter c is equal to zero, which simply corresponds
to the case of QECCs. We achieve this by considering equivalent linear codes whose
(relative) hull has different dimension, i.e., we consider the so-called hull variation problem
for projective Reed-Muller codes (following the terminology from [7]). We remark that
it is always possible to increase the parameter ¢ one by one [1,20], for ¢ > 2, however,
one can only decrease the parameter ¢ under certain conditions [1, 7], for ¢ > 2. Note
that, by considering equivalent codes that give rise to a different parameter ¢, the rate
of the quantum code varies but the net rate is preserved (see Remark F.3.2 for details).
Having a rich family of codes with the same net rate but with a different minimum number
of entangled quantum states provides flexibility for practical applications. Moreover, the
unassisted case is especially interesting, ¢ = 0, since it has a simpler implementation. This
corresponds to the case where the dimension of the relative hull is equal to dim C; or the
dimension of the Hermitian hull is equal to dim C.

For both constructions, in Sections F.3 and F.4, we find conditions to obtain unassisted
QECC by using projective Reed-Muller codes, obtaining asymmetric and symmetric quan-
tum codes with good parameters, they surpass the Gilbert-Varhsamov bound [9,22]. More-
over, we show that the quantum codes obtained outperform the ones obtained from affine
Reed-Muller codes. On top of this, we consider quantum codes from the subfield subcodes
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of projective Reed-Muller codes. That is, given C' C Fys, we consider Cy := C' N Fy, its
subfield subcode with respect to the extension Fgs /F,. We remark that this approach is
not usually fruitful for this family of codes since one does not have conditions for having
nested codes. Nevertheless, we are able to find certain technical conditions that allow us
to consider subfield subcodes and construct long quantum codes over small finite fields.

F.2 Preliminaries

Let F, be the finite field with g elements. We denote by P the projective space over F,.
We choose for P™ the standard representatives, i.e., the representatives whose leftmost
coordinate is equal to 1. If we regard the standard representatives as points in the affine
space A™T! we obtain the set P™ := {Q1,...,Q,} C A™"! where n = |P™| = q"::fl

Let S = Fylzo,...,zm]. Given d a positive integer, we denote S; C S the set of
homogeneous polynomials of degree d. We define the evaluation map

eV:Sd—HFg, = (f(Q),. ..., f(Qn)).

The image of ev is the projective Reed-Muller code of degree d, denoted by PRMy(gq, m),
or PRMg4(m) if there is no confusion about the field. For the minimum distance of a code
C C Fy, we use the notation wt(C'). We have the following results about the parameters
of projective Reed-Muller codes and their duality from [28] (also see [12]).

Theorem F.2.1. The projective Reed-Muller code PRMy(q,m), 1 <d < m(q—1), is an
[n, k]-code with
qm+1 -1

n=-—— —,
q—1

r (e
’ t=d mod;1,0<t§d jgo( Y J t=Jq
For the minimum distance, we have
wt(PRMgy(q,m)) = (¢ — )¢™ "L, where d—1=r(q—1)+¢, 0<{<q—1.
Theorem F.2.2. Let 1 <d < m(q—1) and let d = m(q — 1) — d. Then
PRMj (¢,m) = PRM_. (g, m) if d # 0 mod (¢ — 1),
PRM (g, m) = PRMgi (¢, m) +{((1,...,1)) ifd=0mod (q—1).

With respect to affine Reed-Muller codes, we will denote them by RMy(q, m), or by
RM,(m) if there is no confusion about the field. We recall now the analogous results for
affine Reed-Muller codes [8,17].

Theorem F.2.3. The Reed-Muller code RMg4(q,m), 1 < d < m(q—1), is an [n, k]-code
with

_..m
n=q,

d m .
. t— —1
LS
=0 j=0 J —Je
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For the minimum distance, we have
wt(RMg(q,m)) = (¢ — £)¢™ "1, where d=r(qg—1)+¢, 0<{<q—1.
Theorem F.2.4. Let 1 <d <m(q—1). Then
RM (¢,m) = RM,(g—1)—a—1(q, m).

For comparisons between the projective case and the affine case, it is important to note
that wt(PRMg4(q, m)) = wt(RMg4_1(q,m)).

Regarding quantum codes, we will consider the CSS construction and the Hermitian
construction. For the CSS construction, we are considering asymmetric QECCs. In quan-
tum error-correction we may consider two different types of errors, phase-shift errors and
qudit-flip errors. As the likelihood of occurrence of each type of error is different [16],
it is desirable to have different error correction capabilities for each type of error, which
is what asymmetric QECCs accomplish. Asymmetric QECCs have two minimum dis-
tances, ¢, and J,, meaning that they can correct up to |(d, — 1)/2] phase-shift errors and
| (0 — 1)/2] qudit-flip errors. We denote the parameters of an asymmetric EAQECC by
[[n, k,0/dz; c]]q, where n is the length, & is the dimension, and ¢ is the minimum number
of maximally entangled quantum qudit pairs required. We state now the CSS construction
for asymmetric EAQECCs [11].

Theorem F.2.5 (CSS Construction). Let C; C Fy be linear codes of dimension k;, for
i =1,2. Then, there is an asymmetric EAQECC with parameters [[n, k,0,/dz;c]lq, where

c=k —dim(C;NCY), k =n— (k1 + ko) + ¢,
5, = wt (cf\(climcg)) and 8, = wt (aj\ (c;mcl)).

Let 0F := wt(C{) and 0% := wt(Cy). If 6, = 6 and 6, = J%, we say that the corre-
sponding EAQECC is pure, and we say it is impure if 6, > 6% or 6, > 0;.

As we stated in the introduction, we are interested in constructing QECCs with a
flexible amount of entanglement and, in particular, without entanglement assistance. This
corresponds to pairs of codes C1,C5 such that dim Hulle,(C1) = dim Cy, equivalently,
Cq C Cg‘ .

For the Hermitian construction, we need to consider codes defined over FZQ and the
Hermitian product. For two vectors v, w € IFZZ, their Hermitian product is

n

Vopw = E viwiq.

i=1
The Hermitian dual of a code C' C F}, is defined as Ctr:={ve L |vpw=0,Vwe C}.

Remark F.2.6. For a code C' C F}},, we have that C+r = (C1)4, where we consider the
component wise power of ¢. This implies that the Euclidean dual and the Hermitian dual
codes have the same parameters.

We can state now the Hermitian construction for EAQECCs [5,10].
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Theorem F.2.7 (Hermitian construction). Let C' C F%. be a linear code of dimension k

and C*n its Hermitian dual. Then, there is an EAQECC with parameters [[n, k, d;c|],,
where

c=k—dim(CNC™), k=n—2k+¢c, and § =wt(CHr\ (CNCH)).

From the Hermitian construction for EAQECCs we can only obtain symmetric EAQECCs,
that is, EAQECCs with 6, = §, = §. Thus, if we define §* := wt(C**), the corresponding
quantum code is impure if § > §*, and pure otherwise.

For asymmetric QECCs (EAQECCs with ¢ = 0), we will use the notation [[n, k,d./d,]]4
for their parameters. Analogously, for symmetric QECCs we will use [[n, &, §]]4. In all of
our results, we compute 0} and ¢ (J* respectively for the Hermitian construction), thus
obtaining lower bounds for the true minimum distance of the corresponding EAQECCs.

F.3 CSS construction

In this section, we focus on the QECCs obtained using the CSS Construction F.2.5 with
projective Reed-Muller codes. We do this by increasing the size of the relative hull via
equivalent codes. We give some preliminaries first. Given two vectors v,u € Fy, we use
the following notation:

uxv = (U1, ..., Upvy) € Fy.

For two codes C1,Cs in Fy, we consider
Ci1%xCy = <u1*u2 ‘ up € Ch, ug € C2>

We say that C7 is monomially equivalent to Cy if there is some vector v € Fy with
Hamming weight n such that C; = (v) xCs. In more generality, we will say that two codes
C and C' are equivalent if there exists a vector v € Fy and a permutation o such that

C = (v) xa(C").

It is clear that equivalent codes have the same basic parameters. Moreover, due to
MacWilliam’s Theorem [21], every isometry on Iy with respect to the Hamming met-
ric can be obtained in this way for some vector v € Fj and some permutation o. The
following result from [1] allows us to increase the dimension of the relative hull of projective
Reed-Muller codes in some cases via equivalent codes.

Theorem F.3.1. For i = 1,2, let C; be [n,k;|q codes with ¢ > 2. For any { with
max{0, k1 — ko} < £ < maxwt((Cy x Ca)t) — n + ki, there ezists a code Cy 4 equivalent to
C1 such that

dim Hullg, (C ¢) = ¥.

In particular, if maxwt((C * C2)*) = min{n,2n — ky — ka}, £ runs over all the possible
values of dim Hulle, (C1), where CY is a code equivalent to C.

Remark F.3.2. For a quantum code C with parameters [[n, k, J; c]]4, the rate and net
rate are defined as p := k/n and p := (k — ¢)/n, respectively. If this code is constructed
with two codes C1,Co using Theorem F.2.5, and we consider an equivalent code C; as
in Theorem F.3.1, then the resulting quantum code has the same net rate. The same
happens with codes constructed with the Hermitian construction.
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The following lemma is key to study the orthogonality and will be used in the subsequent
results.

Lemma F.3.3. Let v be a non-negative integer, and x7 € Fy[z]. We have the following:

Zx'y(z): 0 ify=0o0r~>0and~y#0mod (¢ — 1),
-1 ify>0andy=0mod (¢ —1).

z€Fy

Proof. Let ¢ € F, be a primitive element. Then F, = {£°,¢1,... V=2 U {0}. If y = 0,
7 =1, and the sum is equal to |Fy| = ¢ =0in F,. If v > 0 and v = 0 mod (¢ — 1),
then 27(2) = 1 for all z € Fy, and }__p 27(z) = ¢ =1 = —1. Finally, if v > 0 and
v # 0 mod (¢ — 1), we have

2 a1 1

Z al(z) =) (&) T -1 =0.

z€F, i=0
O

Remark F.3.4. When working over the affine space Af, for 1 < ¢ < m, if we consider
at - xyt € Fyloy, ..., @), we have

Zﬂf?l"'$?£(Q): thln(z) Zx‘zf(z)

QeA! z€Fy 2€Fy

Thus, we can use Lemma F.3.3 in order to obtain the result of this sum. In particular, if
we have o; < ¢ — 1 for some 1 < i < /£, this sum is equal to 0.

To increase the dimension of the hull using Theorem F.3.1, we first note that, if C; =
PRMy, (m), for i = 1,2, then C; *Cy = PRMy, y4,(m). If k1 + ko > n, from [23, Lem. 4.8]
we obtain that wt(Cy *C2) = wt(PRMg, +4,(m)) = 1. By Theorem F.2.1, this implies that
d1 +dz > m(q — 1) and in that case we have PRMy, +4,(m) = Fy (see [28]). Therefore,
(Cy xCq)* = {0}. In other words, we can only have (CyxC3)* # {0} if k1 + ko < n for the
case of projective Reed-Muller codes. If k; + ko < n, then, according to Theorem F.3.1,
we need to find a vector of Hamming weight n in (C; x C)*. This code is a projective
Reed-Muller code if C; and Cjy are projective Reed-Muller codes (see Theorem F.2.2),
which motivates the following lemma.

qm+1_1
q—1

Lemma F.3.5. Let1 < d < q—2. Then there is a vector of Hamming weight n =
in PRMz (m).

Proof. Let t be a monic polynomial of degree ¢ —1 —d such that ¢(z) # 0 for every z € F,.
For example, we can choose ¢ as a monic irreducible polynomial in Fy[z]. We consider
the vector v = (vQ)qepm € Fy defined in the following way: if Q@ = (0,0,...,0,1,2),
for some z € F,, we define vg = #(z), and vg = 1 otherwise. For 0 < i < ¢—1—d,
let t; be the coefficient of z* in t. We consider the following decomposition of P™ =
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({1} x F) U ({0} x {1} x F=1 U+~ U {(0,0,...,0,1)} = By, U By U--- U By. Let

zglalt - xlm =2 € Fylzo, ..., Tm]q. Then we have
voeva) = Y wgr @+ Y wer @+ Y vr(@)
Q€EBm QEBm -1 Q€Bo

For 2 <7 < m, we have vg = 1 and

Y et (@) =Y #*(Q)=0
QeEB; QEB;
by Lemma F.3.3 and Remark F.3.4 because o;j < ¢—1for 0 < j <m.
We study the sum over By now. If aj = 0 for every 0 < j < m — 2, we have

q—1—d

> wert(@Q) =) ()= Yty (). (F.3.1)
=0

Q=(0,0,...,1,2)€B; z€ly z€lFy

Taking into account that a,, < d, we have a,, +1 < ¢ — 1, and we can only have the
equality for some [ € {0,...,q — 1 —d} if a,;, = d. Therefore, by Lemma F.3.3, this sum
is equal to 0 unless oy, = d, in which case it is equal to —t,_1_4 = —1 (¢ is monic).

On the other hand, if we have a; > 0 for some 0 < j < m — 2, then the sum over
B in (F.3.1) is clearly equal to 0 because all the addends are equal to 0. For the sum
over By, it is clear that this sum is equal to 0 unless «,, = d, in which case it is equal
to 1. Hence, if ay,, # d, all the sums are equal to 0 and we have v - ev(z®) = 0, and if
a,, = d, all the sums are 0 besides the sums corresponding to By and By, which are equal
to —1 and 1, respectively. Thus, if «,, = d we also have v - ev(z:;in) = 0. This implies that
v € PRM7 (m), and the fact that v has Hamming weight n follows from its definition. [J

Note that, for d = 0mod ¢ — 1, d < |m(q — 1)/2], we have (1,...,1) in PRMy(m)
by Theorem F.2.2, which is a vector of Hamming weight n, and we also know that the
corresponding projective Reed-Muller code is contained in its dual [26, Cor. 10.3]. As a
consequence of Theorem F.3.1 and Lemma F.3.5, we obtain the following.

Proposition F.3.6. Let ¢ > 2 and let 1 < dy < d2 < ¢—2. Let C; = PRMy,(m), for
i =1,2. If di +d2 < q—2, then, for any 0 < ¢ < dim Cy, there is a code Cyy monomially
equivalent to C1 such that

dim Cy N Cy = L.

Proof. We have that C; x Co = PRMy, +4,(m), with d; + d2 < ¢ — 2. By Lemma F.3.5,
there is a vector of Hamming weight n in (C1xC3)*. Using Theorem F.3.1, we obtain the
result. O

We can use Proposition F.3.6 and Theorem F.2.5 to construct asymmetric and symmet-
ric QECCs. The following result, for the case m = 2, allows us to vary the parameter c
from the codes arising in [24], thus giving more flexible parameters.

Theorem F.3.7. Let 1 < dy < ds < q—2 such that dy+ds < g—2. Then we can construct
a quantum code with parameters [[n,k + ¢,9,/0z;¢c]lq, for any 0 < ¢ < dim PRMg, (m),
_ qm+1_1

where n 1 £ =n—(dimPRMy, (m) + dim PRMg, (m)), 6. > Wt(PRMj2 (m)) and
8z > wt(PRMg, (m)).
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The previous result can be used to obtain QECCs that outperform affine Reed-Muller
codes, as the next example shows.

Remark F.3.8. For 1 < d; < ds < ¢g—2 such that d; +ds < ¢—2, by Theorem F.2.3 and
Theorem F.2.1 (or directly by counting monomials in m variables of degree < d and mono-
mials of degree d in m + 1 variables) we have dim RMy, (m) = Zf;o (HT_l) = (di;gm) =
dim PRMy, (m), for i = 1,2. Moreover, we have that Wt(PRMfi‘i (m)) = Wt(PRMdil (m)) =
wt(RM 1 _4(m)) = Wt(RM(in(m)), where d- = m(q — 1) — d;, for i = 1,2. Therefore,
using Theorem F.2.5 with C; = RMy, (m) for i = 1,2, we get an asymmetric QECC with
parameters

[[g™, 4™ — (dim RMy, (m) + dim RMg, (m)), wt(RMg, (m))/ wt(RMg;, (m))]],.

On the other hand, using Theorem F.3.7 with ¢ = 0 we can get an asymmetric QECC
with parameters

g™ +A, g™+ A — (dim PRMy, (m) +dim PRMg, (m)), wt(PRMg, (m))/ wt(PRM, (m))]]4,

metric QECCs ilave the same minimum distances d, and §,, but the code obtained using
Theorem F.3.7 has gained A units in length and dimension, which increases the code rate
and decreases the relative minimum distances. If we consider ”J;fz (resp. ”J;L‘Sl‘) as a mea-
sure of how good a code is in terms of transmission rate and phase-shift error-correction
capability (resp. qudit-flip error-correction capability), we see that in this case we obtain
asymmetric QECCs with better performance using projective Reed-Muller codes (Theo-

rem F.3.7) than the asymmetric QECCs obtained using affine Reed-Muller codes.

where A = q:;_l. Taking into account the previous discussion, we see that both asym-

The quantum Gilbert-Varshamov bound from [22] can be used to check the goodness of
the parameters of an asymmetric QECC.

Theorem F.3.9. Assume the existence of integersn >1, 1 <l <n-+¢, 0, >1,9, > 1,
0 < ¢ <1/2 such that

2n—1 1—2¢ [0z—1 0,—1
o |2 (a0 X (fa-v-) <

i=0 =0
Then there is an EAQECC with parameters [n,n — 1+ ¢, 6;/04; cl]q.

Given a quantum Gilbert-Varshamov bound, like that one from Theorem F.3.9, we will
say that a code C surpasses it if the bound does not guarantee the existence of a code
with the parameters of C.

Example F.3.10. Let ¢ =8, m =2,d; =1 and ds =4. We have di +do =5 < g — 2,
and we can apply Theorem F.3.7 to obtain QECCs with parameters [[73,55 + ¢, 6/3; c|]s,
for 0 < ¢ < dimPRM;(2) = 3. All of these codes surpass the Gilbert-Varshamov bound
from Theorem F.3.9.

In some cases it is possible to obtain nested pairs of codes from subfield subcodes of
projective Reed-Muller codes, giving rise to QECCs, as we show in the next result.
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Proposition F.3.11. Let dy,ds such that di + da = Aq® — 1), with 1 < X < m.
Then we have (PRMy, (¢°,m))q C ((PRMg,(¢%,m)),)*, and we can construct a QECC

qs(m+1)_1

with: parameters [[n, k,0./0z]lq, where n = —5——, k = n — dim(PRMg, (¢*,m))q —

dim(PRM, (¢, m))g, 8- > wt(((PRMa, (¢°,m))q) ") and &g > wi(((PRMa, (¢°,1m))q)")-

Proof. By hypothesis we have d; = dy mod ¢° — 1 and d; < dy. By [26, Lem. 10.7],
PRMy, (¢°,m) C PRl\/Ié‘2 (¢°,m). This implies

(PRMg, (¢°,m))q C (PRMg, (¢°,m))q C (PRMg,(q°, m))g) "
The parameters follow from Theorem F.2.5. O

Remark F.3.12. In general, we do not know wt(((PRMg, (¢°,m)),)"1), for i = 1,2. Nev-
ertheless, we can compute this minimum distance with Magma [4]. In some cases, the code
(PRMy, (g%, m)), can be degenerate, that is, its generator matrix has a column of zeroes.
In that case, the minimum distance of its dual is equal to 1. This problem can easily be
avoided by considering the results from [25], where some particular degrees are considered
such that (PRMy,(¢°, m)), is nondegenerate. For those degrees, the resulting codes have
good parameters and we have formulas for the dimension of the subfield subcode (for the
case m = 2, one can also use the results from [14] for the dimension). In the next example,
we show how to use those results together with Proposition F.3.11.

Example F.3.13. Let m = 2 = s. From [25] (or [14]), if d; = 0 mod (¢° —1)/(¢—1), then
(PRMy;, (¢%,2)),4 is non degenerate, for i = 1,2. If we set ¢ = 2, from Proposition F.3.11
we obtain a code with parameters [[73,19,9/9]]2 with d; = dy = 7. For ¢ = 3, we obtain
the parameters [[91,73,4/4]]3 with d; = ds = 4, and [[91, 12,36/4]]2 with d; =4, do = 12.
All of them surpass the Gilbert-Varshamov bound from Theorem F.3.9.

F.4 Hermitian construction

In the Hermitian case, we can also obtain quantum codes with projective Reed-Muller
codes without entanglement assistance. Recall that in this case we have to consider codes
over F 2 and the Hermitian product. The following result from [7, Thm. 2.1} is analogous
in part to Theorem F.3.1 for the Hermitian product.

Theorem F.4.1. Let C C F 2 be a linear code. If there is a vector v € ((C+C?)*), with
wt(v) = n, then (v) x C C ((v) % C)*r, d.e., (v) % C is self-orthogonal with respect to the
Hermitian product.

Note that, unlike Theorem F.3.1, the previous result does not cover all the possible
values of the dimension of the Hermitian hull, we go directly to the case Hully(C) = C.
The rest of the values are covered by the following result from [20].

Theorem F.4.2. Let ¢ > 2 and let C' C Fj, with dim Hully (C) = ¢. Then there ezists a
monomially equivalent code Cp with dim Hully (Cyp) = ¢/, for each 0 < ¢/ < £.

Therefore, using Theorem F.4.1 and Theorem F.4.2, if we find a vector v € ((CxC%)1),
with wt(v) = n, then we can find an equivalent code Cy such that dim Hully (Cy) = ¢, for
0<¢<dimC,if ¢ > 2.
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With respect to projective Reed-Muller codes, we start by determining some of these
codes which are self-orthogonal with respect to the Hermitian product, without considering
equivalent codes.

Proposition F.4.3. Letd = A(q—1) with1 < X < m. Then PRMy(¢?,m) C PRMjh(qQ,m).
As a consequence, if d = 0mod ¢ — 1 and d Z 0 mod ¢> — 1, we can construct a QECC

w, k = n — 2(dim PRMgy(¢?,m)) and 6 >

with parameters [[n, k, |4, where n = -1

wt(PRM7 (¢%,m)).
Proof. We have
((PRMg(g?, m) » PRMy(q*, m)*) 1)y O (PRM g (g%, m))g-

By Theorem F.2.2, if we have d(q + 1) = 0 mod ¢ — 1, with d(q + 1) < m(q? — 1), then
(1,...,1) e (PRMdﬂqd(qQ, m)), and we can apply Theorem F.4.1 with C = PRM,(¢%, m).
The parameters of the quantum code are deduced from Theorems F.2.1, F.2.2 and F.2.7.

O

With this construction (and, in general, with the results of this section) we manage to
construct very long codes over small finite field sizes. To check the performance of these
codes, we introduce now another quantum Gilbert-Varshamov bound from [9], which seems
to be more difficult to surpass for symmetric QECCs than the bound from Theorem F.3.9.

Theorem F.4.4. Suppose that n > Kk, 0 > 2 and n = k mod 2. Then there exists a pure
stabilizer quantum code [[n, k, d]]4, provided that

" -1 — 2 i—1( T
¢ -1 >;(q 1 <2>

Example F.4.5. Let ¢ =2 and m = 3. For d = ¢—1 = 1 we can apply Proposition F.4.3
to obtain a QECC with parameters [[85, 77, 3]]2, which is optimal according to [15]. For
m = 4, we get a QECC with parameters [[341, 331, 3]]2.

Consider now ¢ = 3 and d = g—1 = 2. For m = 2, we obtain the parameters [[91, 79, 4],
and for m = 3 we obtain [[820, 800, 4]]3. All the codes in this example surpass the quantum
Gilbert-Varshamov bound from Theorem F.4.4.

When d # 0 mod ¢ — 1, we can use Theorems F.4.1 and F.4.2 to construct quantum
codes with a variable amount of entanglement using equivalent codes in some cases. The
idea of the proof of the following result can be regarded as an extension of the proof
from [2, Thm. 4] for projective Reed-Solomon codes.

Theorem F.4.6. Let 1 < d < q—2. Then we can construct an EAQECC with parameters
[[nyk + ¢,8;c]q, for any 0 < ¢ < dimPRMy(¢®,m), where n = Uil

q2_1 5 R =N —
2(dim PRMy(q?,m)) and 6 > wt(PRM,. (¢, m)).

Proof. We use Theorems F.4.1 and F.4.2 with C = PRMy(¢?,m). First, we find w €
((C x C9)*), with wt(v) = n. Let ¢ be a monic polynomial with coefficients in F2 of
degree ¢ — 1 — d such that #(z) # 0 for every z € Fp2, and v € IFZQ as in Lemma F.3.5.

Then we consider w := v97!, where the power is taken component wise. Clearly w € Fys
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wt(w) = n, and we will prove that w € (C* C%)*t. Let 2%, 27 € Fe[wo, ..., zn)a. Using
the decomposition P™ = B,, U B,,_1 U --- U By from the proof of Lemma F.3.5 we have
that

w (ev(az®) xev(z??)) =Y Y " witaot(Q).

=0 Q€B;

For 2 <17 < m, we have vg = 1 and

Yo up Q) = Y at(Q) =0

QEB; QeEDB;

becauseaj—l-qﬁj<q—1—|—q(q—1):q2—1f0r0§j§m.
On the other hand, if a; = 0 for 0 < j < m — 2, we have

(q+1)(g—1—d)
Z v%+1wa+q,8(@) - Z t(z)qulzaerqﬁm - Z 7"1 Z Sltam+abm

QR=(0,0,...,1,2)€B; z€F 2 =0 z€F 2

(F.4.1)
where r; is the coefficient of z! in ¢+, Taking into account that I + aum + ¢Bm < (¢ +
1)(g—1—d) +d+qd = q¢*> — 1, we see that this sum is equal to 0 unless o, = 3, = d, in
which case it is equal to —7(g41)(q—1—-q) = —1 (since ¢ is monic), because of Lemma F.3.3
and Remark F.3.4. If we have o; > 0 for some 0 < j < m — 2, then all the addends in
(F.4.1) are equal to 0. For the sum over By, it is clear that this sum is equal to 0 unless
Qy, = B = d, in which case it is equal to 1.

Therefore, if o, # d or B, # d, all the sums are equal to 0 and we have w - (ev(z®) %
ev(29%)) = 0, and if a,, = B = d, all the sums are 0 besides the sums corresponding to
B; and By, which are equal to —1 and 1, respectively. Thus, if a,,, = 5,, = d we also have
w-(ev(z®)xev(x9¥)) = 0. This implies that w € (CxC9)L. Therefore, (w)*C C ((w)*C)*»
by Theorem F.4.1, and we finish the proof by applying the Hermitian construction from
Theorem F.2.7 to (w) x C' and considering Theorem F.4.2. O

The argument in Remark F.3.8, changing ¢ with ¢% and d; = dy = d (note that d < ¢—2
implies 2d < ¢? — 2), shows that, using the QECCs from Theorem F.4.6, we can obtain

QECCs with q;;n__ll extra length and dimension with respect to the affine case. In the

next example, we show some codes obtained from Theorem F.4.6 with good parameters.

Example F.4.7. We consider ¢ = 4 and m = 2. Therefore, we work over the field 2
and we obtain codes of length % = 273. For d = 1 we can apply Theorem F.4.6 to
obtain a QECC with parameters [[273, 267, 3]]4. This code improves the parameters of the
code [[273, 265, 3]]4 from [3] and surpasses the quantum Gilbert-Varshamov from Theorem
F.4.4.

For ¢ = 5, m = 2and d = 1, 2, we obtain the parameters [[651, 645, 3]]5 and [[651, 639, 4]]5,
respectively. The first one improves the parameters [[651, 642, 3]]5 and [[652, 644, 3]]5 ob-
tained in [3], and the second one improves the parameters [[651, 636, 4]]5 and [[652, 638, 4]]5
from [3]. Both of them exceed the quantum Gilbert-Varshamov bound from Theorem
F.4.4.
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Similarly to the previous section, we can also use subfield subcodes of projective Reed-
Muller codes in some cases. For the Hermitian product, we consider projective Reed-Muller
codes over F2. such that their subfield subcodes with respect to the extension [F 2. /IF 2
are self-orthogonal with respect to the Hermitian product, which gives rise to QECCs over
F, using the Hermitian construction from Theorem F.2.7.

Proposition F.4.8. Letd = MN(¢**—1)/(g+1) with 1 <X < m. Then (PRMy(¢*, m))z2 C
((PRMd(qQS,m))qz)lh. As a consequence, we can construct a QECC with parameters
[[n, k,0]]q, where

q25(m+1) -1
n=——s—— K=n— 2(dlm(PRMd(q257m))

pEr— 2) and 0 > Wt(((PRMd(qQS,m))qz)l).

a
Proof. We have

((PRMa(q**,m))ge * (PRMa(q*®,m))g2) ") )g O (PRMa(q*,m) * (PRMa(q**, m))?)*)q
> (PRMj+qd(q287 m))q

The rest of the proof follows as in the proof of Proposition F.4.3, changing ¢? with ¢%¢. O

As we stated in Remark F.3.12, we can use the results from [25] to obtain QECCs with
good parameters, whose minimum distance can be computed using Magma [4]. We show
this in the next example.

Example F.4.9. By [25, Cor. 4.1 and Cor 4.2], if d = 0 mod (¢** — 1)/(¢> — 1), then
we have recursive formulas for the dimension of (PRMg(¢**,m)),2, and we know that
(PRMg(¢q*$,m)),2 is non degenerate (this is also seen recursively, using what we know for
the case m =1 from [13]).

Let ¢ = 2 and m > 2. Then (¢** — 1)/(¢+1) = (¢** —1)/(¢* — 1) = (4° - 1)/3.
Hence, by Proposition F.4.8, if we consider d = A(4®* — 1)/3, for some 1 < A < m,
then we have (PRMg(4°,m)),2 C ((PRMgy(4%,m)),2)*"*, and by the previous discussion
((PRMg4(4%,m)),2)*" is non degenerate. For example, for m = s = 2, we can consider
A =1 and d = 5. The corresponding quantum code has parameters [[273, 255, 4]]2, which
improves the parameters [[274,248,4]]2 and [[273, 246, 4]]2 from [3]. If we consider m = 3
instead, we obtain the parameters [[4369, 4337, 4]]2. Both of the codes surpass the Gilbert-
Varshamov bound from Theorem F.4.4.

Remark F.4.10. If ¢ > 2, one can also use Theorem F.4.2 with Proposition F.4.3 or
Proposition F.4.8 to obtain EAQECCs with a variable amount of entanglement.

Bibliography

[1] S. E. Anderson, E. Camps-Moreno, H. H. Lépez, G. L. Matthews, D. Ruano, and I. So-
prunov. Relative hulls and quantum codes. IEEE Trans. Inform. Theory, 70(5):3190~
3201, 2024.

[2] S. Ball. Some constructions of quantum MDS codes. Des. Codes Cryptogr., 89(5):811—
821, 2021.

180



Bibliography

3]

[4]

[10]

[11]

[13]

[14]

[15]

[16]

J. Bierbrauer and Y. Edel. Quantum twisted codes. J. Combin. Des., 8(3):174-188,
2000.

W. Bosma, J. Cannon, and C. Playoust. The Magma algebra system. I. The user
language. J. Symbolic Comput., 24(3-4):235-265, 1997. Computational algebra and
number theory (London, 1993).

T. Brun, I. Devetak, and M.-H. Hsieh. Correcting quantum errors with entanglement.
Science, 314(5798):436-439, 2006.

A. R. Calderbank and P. W. Shor. Good quantum error-correcting codes exist. Phys.
Rev. A, 54:1098-1105, Aug 1996.

H. Chen. On the hull-variation problem of equivalent linear codes. IEEE Trans.
Inform. Theory, 69(5):2911-2922, 2023.

P. Delsarte, J.-M. Goethals, and F. J. MacWilliams. On generalized Reed-Muller
codes and their relatives. Information and Control, 16:403-442, 1970.

K. Feng and Z. Ma. A finite Gilbert-Varshamov bound for pure stabilizer quantum
codes. IEEE Trans. Inform. Theory, 50(12):3323-3325, 2004.

C. Galindo, F. Hernando, R. Matsumoto, and D. Ruano. Entanglement-assisted

quantum error-correcting codes over arbitrary finite fields. Quantum Inf. Process.,
18(4):Paper No. 116, 18, 2019.

C. Galindo, F. Hernando, R. Matsumoto, and D. Ruano. Asymmetric entanglement-
assisted quantum error-correcting codes and bch codes. IEEFE Access, 8:18571-18579,
2020.

S. R. Ghorpade and R. Ludhani. On the minimum distance, minimum weight code-
words, and the dimension of projective Reed-Muller codes. Adv. Math. Commun.,
18(2):360-382, 2024.

P. Gimenez, D. Ruano, and R. San-José. Entanglement-assisted quantum error-
correcting codes from subfield subcodes of projective Reed-Solomon codes. Comput.
Appl. Math., 42(8):Paper No. 363, 31, 2023.

P. Gimenez, D. Ruano, and R. San-José. Subfield subcodes of projective Reed-Muller
codes. Finite Fields Appl., 94:Paper No. 102353, 46, 2024.

M. Grassl. Bounds on the minimum distance of linear codes and quantum codes.
Online available at http://www.codetables.de, 2007. Accessed on 2023-04-04.

L. Toffe and M. Mézard. Asymmetric quantum error-correcting codes. Phys. Rev. A,
75:032345, Mar 2007.

T. Kasami, S. Lin, and W. W. Peterson. New generalizations of the Reed-Muller
codes. I. Primitive codes. IFEFE Trans. Inform. Theory, I'T-14:189-199, 1968.

A. Ketkar, A. Klappenecker, S. Kumar, and P. K. Sarvepalli. Nonbinary stabilizer
codes over finite fields. IEEE Trans. Inform. Theory, 52(11):4892-4914, 2006.

181


http://www.codetables.de

Bibliography

[19]

[20]

G. Lachaud. The parameters of projective Reed-Muller codes. Discrete Math.,
81(2):217-221, 1990.

G. Luo, M. F. Ezerman, M. Grassl, and S. Ling. Constructing quantum error-
correcting codes that require a variable amount of entanglement. Quantum Inf.
Process., 23(1):Paper No. 4, 28, 2024.

J. MacWilliams. Error-correcting codes for multiple-level transmission. Bell System
Tech. J., 40:281-308, 1961.

R. Matsumoto. Improved Gilbert—Varshamov bound for Entanglement-Assisted
Asymmetric Quantum Error Correction by Symplectic Orthogonality. IEEE Trans.
Quantum Eng., 1:1-4, 2020.

H. Randriambololona. On products and powers of linear codes under componentwise
multiplication. In Algorithmic arithmetic, geometry, and coding theory, volume 637
of Contemp. Math., pages 3—78. Amer. Math. Soc., Providence, RI, 2015.

D. Ruano and R. San-José. Hulls of projective Reed-Muller codes over the projective
plane. SIAM Journal on Applied Algebra and Geometry, to appear. ArXiv 2312.13921,
2024.

R. San-José. A recursive construction for projective Reed-Muller codes. IEEE Trans-
actions on Information Theory, to appear. ArXiv 2812.05072, 2024.

P. K. Sarvepalli, S. A. Aly, and A. Klappenecker. Nonbinary stabilizer codes. In Math-
ematics of quantum computation and quantum technology, Chapman & Hall/CRC
Appl. Math. Nonlinear Sci. Ser., pages 287-308. Chapman & Hall/CRC, Boca Ra-
ton, FL, 2008.

P. K. Sarvepalli, A. Klappenecker, and M. Rotteler. Asymmetric quantum codes:
constructions, bounds and performance. Proc. R. Soc. Lond. Ser. A Math. Phys.
Eng. Sci., 465(2105):1645-1672, 2009.

A. B. Sgrensen. Projective Reed-Muller codes. IFEE Trans. Inform. Theory,
37(6):1567-1576, 1991.

A. Steane. Multiple-Particle Interference and Quantum Error Correction. Proceedings
of the Royal Society of London Series A, 452(1954):2551-2577, Nov. 1996.

182



Paper G

An algebraic characterization of

binary CSS-T codes and cyclic

CSS-T codes for quantum fault
tolerance

Eduardo Camps-Moreno, Hiram H. Loépez, Gretchen L. Matthews, Diego Ruano,
Rodrigo San-José, Ivan Soprunov

Abstract

CSS-T codes were recently introduced as quantum error-correcting codes that respect a
transversal gate. A CSS-T code depends on a CSS-T pair, which is a pair of binary codes
(C1,C9) such that C; contains Co, Co is even, and the shortening of the dual of C with
respect to the support of each codeword of C5 is self-dual. In this paper, we give new
conditions to guarantee that a pair of binary codes (C1,C2) is a CSS-T pair. We define
the poset of CSS-T pairs and determine the minimal and maximal elements of the poset.
We provide a propagation rule for nondegenerate CSS-T codes. We apply some main
results to Reed-Muller, cyclic, and extended cyclic codes. We characterize CSS-T pairs of
cyclic codes in terms of the defining cyclotomic cosets. We find cyclic and extended cyclic
codes to obtain quantum codes with better parameters than those in the literature.

Keywords: CSS-T construction, Schur product of linear codes, Cyclic codes, Quantum
codes.

MSC: 94B05, 81P70, 11T71, 14G50.

DOI: 10.1007/s11128-024-04427-5

Reference: E. Camps-Moreno, H.H. Loépez, G.L. Matthews, D. Ruano, R. San-José, 1.
Soprunov. An algebraic characterization of binary CSS-T codes and cyclic CSS-T codes
for quantum fault tolerance. Quantum Inf. Process. 23, 230 (2024).

Affiliation: Eduardo Camps-Moreno, Hiram H. Loépez, Gretchen L. Matthews: Vir-
ginia Tech. Diego Ruano, Rodrigo San-José: IMUVA-Mathematics Research Institute,
Universidad de Valladolid. Ivan Soprunov: Cleveland State University.

183



An algebraic characterization of binary CSS-T codes and cyclic CSS-T codes

G.1 Introduction

The development of large-scale, reliable quantum computing relies on quantum error cor-
rection to guard against the adverse impact of noise and decoherence. Quantum error-
correcting codes were first discovered by Shor in 1995 [22]. Soon after that, independent
works by Calderbank and Shor [8] and Steane [23] outlined how classical linear codes could
be used to construct quantum error-correcting codes, now referred to as CSS codes. The
CSS construction uses a pair (C, C2) of classical linear codes, where the code C; contains
the code C5, to define a quantum stabilizer code. CSS codes are advantageous because
they allow one to combine two appropriate classical codes into a quantum stabilizer code.
CSS codes have some nice properties, including propagation rules (see [7,14,19] and the
survey [13]).

While generally not optimal, CSS codes are optimal among nondegenerate stabilizer
codes that support the transversal T gate; indeed it is demonstrated in [21] that for
any non-degenerate stabilizer code that supports a physical transversal T gate, there
is a CSS code with the same parameters that also does. CSS-T codes, introduced in
[20], are motivated by the need for quantum codes which respect the transversal T gate.
Transversal gates are essential in fault-tolerant quantum computation as they mitigate
the proliferation of errors. Transversals may be considered the most straightforward fault-
tolerant realizations because they split into gates that act on individual qubits.

A CSS-T code is formed using a pair (C1,Cq) of classical linear codes such that C
contains Cs, all codewords of Cy are of even weight, and the shortening of the dual of C
with respect to the support of each codeword ¢ of Cs is self-dual. In this case, we say that
(C1,C5) is a CSS-T pair. It is not surprising that it remains an open question to determine
asymptotically good families of CSS-T codes [4]. CSS-T codes from Reed-Muller codes
have been explored in [2], and some general properties are laid out in [4].

In this paper, we study binary CSS-T pairs. Section G.2 introduces the basic properties
of CSS-T pairs. We give in Theorem G.2.3 several conditions to determine if a pair of
codes (C1,C3) is a CSS-T pair. The equivalences of Theorem G.2.3 allow us to see that
the minimum distance of a CSS-T code associated with (Cy, C3) is lower bounded by the
minimum distance of CQL. In Section G.3, Corollary G.3.1 allows us to define a poset P
of CSS-T pairs relative to the order (Cy,C2) < (C1,C%) if and only if C; C CJ for ¢ = 1, 2.
We determine the minimal elements of P in Corollary G.3.3. Using a sequence of results
on properties of CSS-T pairs, we provide in Corollary G.3.9 a propagation rule for nonde-
generate CSS-T codes and characterize the maximal elements of P in Theorem G.3.11. In
Corollary G.3.13, we collect special cases when the conditions of Theorem G.3.11 can be
relaxed. As an application, we apply some results of Section G.3 to Reed-Muller codes. In
Section G.4, we restrict our attention to cyclic and extended cyclic codes. Theorem G.4.8
provides a characterization of cyclic CSS-T pairs in terms of the defining cyclotomic cosets,
and Corollary G.4.11 characterizes those that are maximal. We find cyclic and extended
cyclic codes that outperform binary Reed-Muller codes. In Section G.5 we compare our
codes with triorthogonal codes [6,17]. A summary and open problems are included in
Section G.6. Examples are provided throughout the paper. We conclude this section with
a summary of results and a motivating example.

184



G.1. Introduction

G.1.1 Summary of major results

In this subsection, we provide a guide to the major results of this paper.

e A primary contribution of this paper is the following more straightforward charac-
terization of CSS-T pairs, found in Theorem G.2.3: Given binary linear codes C
and C of length n,

(Cy,Cy) is a CSS-T pair if and only if Cy € Cy N (CF2)*.

Among the consequences are the fact that

(4 is self-orthogonal for all CSS-T pairs (Cy, Cs).

e Another key result is that CSS-T pairs form a poset P. According to Corollary
G.3.1, given a CSS-T pair (C1,C?)

(C},C5) is a CSS-T pair V Cs € €} € C

and
(C1,C%) is a CSS-T pair V C C Os.

e We demonstrate in Theorem G.3.11 that
(C1,Cy) is a maximal CSS-T pair < Cf = Cy « Cy and Cy- = CF2,

Moreover, we determine minimal (Corollary G.3.3) and maximal (Proposition G.3.5
and Corollary G.3.10) elements of the poset P: (C1,C5) is a maximal CSS-T pair

— with respect to Cs if and only if
Cy=C1 N (CTH*L.
— with respect to C] if and only if
C1=C3 N (CyLxCy) .

e Corollary G.3.9 contains a propagation rule for nondegenerate CSS-T codes: Given
a nondegenerate [[n,k,d]] CSS-T code from a CSS-T pair (Cq,Cs), for any y €
C5- N (CyxCy)* and y & C1, we have that (Cy + (y), C2) is a nondegenerate CSS-T
pair with parameters [[n, k + 1, d]].

e In Theorem G.4.8, we prove that for cyclotomic cosets Iy, Is C Z,,
(C(I),C(I2)) is a CSS-T pair if and only if Iy C I) and n & (I1 + I1 + I2).
The corresponding quantum code is a [[n, [I1| — |I2|, > n — Amp(J2) + 1]] code.
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G.1.2 Motivating example

We conclude this section with an example to demonstrate the utility of some of the results
in the paper. In particular, we show how to apply them to the well known [[15,1,3]]
(punctured) quantum Reed-Muller code [1,18]. Let m > 1 and 0 < d < m — 1. Then the
d-th order binary Reed-Muller code is defined as

RMm(d) = {(f(v))vngn : f € FQ[xla ce. 7$m]7degf < d}

Moreover, it is known that its dual code is RM,,(d)* = RM,,(m — 1 —d). Let m = 4
and assume that we order the points in IF% so that (0,0,0,0) corresponds to the first
coordinate of the corresponding Reed-Muller codes. We consider C; = RM (1)1}, that is,
the puncturing of the code RM4(1) in the coordinate corresponding to (0,0,0,0). For Cs,
we consider the simplex code of length 15. This corresponds to taking C2 = RM4(1){1y, the
shortening of RMy(1) in the first coordinate. The sets of monomials whose evaluation over
F3\{(0,0,0,0)} generates C; and Cy are {1, x1, z2, ¥3, 24} and {x1, T2, ¥3, 24}, respectively,
and we have Co C C;. If we prove that Cy C (C;2)%, then Cy C Cy N (CF?)*, and,
by Theorem G.2.3, we would have that (C1,C5) is a CSS-T pair. The Schur product
RM,,,(d1) x RM,,,(d2), for some 0 < dj,dy < m — 1, corresponds to taking the code
generated by the evaluation of the products of the corresponding monomials. In this
example, Ct2 = C % O is the code generated by the evaluation over F5 \ {(0,0,0,0)} of

{17 L1,X2,T3,T4,T1X2,T1L3,T1T4,T2T3,T2T4, -'E3ZL'4}.

This actually corresponds to the puncturing in the first position of RM4(2), that is, C}? =
RM4(2){1}. Since the dual of a puncturing is the corresponding shortening of the dual, we
obtain (C}?)+ = RMy(1)(1y = Ca. Thus, (C1, Cy) is a CSS-T pair. Analogously, one can
prove that C7 x Cy is generated by

{J"la L2, T3, L4, L1XL2, L1L3, L1X4, XL2XL3, L2IY, 333I4}7

that is, C1 x C2 = RMy(2)(1y = Ci-. We proved before that (C32)+ = Cy, which implies
Ct? = C3. By Theorem G.3.11, we have that the [[15,1,3]] (punctured) quantum Reed-
Muller code is maximal with respect to the CSS-T poset P.

G.2 Equivalent Definitions

In this section, we give equivalent conditions for a pair of binary codes (C1,C3) to be a
CSS-T pair.

We start by fixing some notations for the rest of the paper. For a positive integer n,
we write [n] := {1,...,n}. We denote by 1 the element (1,...,1), where the number of
entries depends on the context. We say a binary code C of length n, dimension k, and
minimum Hamming distance d is an [n, k, d] code. Let C' C F} be a code and i € [n]. The
dual of C' with respect to the Euclidean inner product is denoted by C-. The shortening
of C in {i}, denoted by Cy;, is the binary code

C{z} = {(Cla--'7Ci—170i+17---7cn) : (Cl,. oy Cim1,0,Ci415 - - ,n) S C}
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The puncturing of C in {i}, denoted by C1%}, is the binary code
clt .= (Clyeevy Cim1y Cigly ey Cn) i (Clyee vy Gio1,Ciy Cig 1y - - ., C) € C for some ¢; € Fa}.

For S C [n], we write Cg (resp. C*) for the successive shortening (resp. puncturing) of C
in the coordinates indexed by the elements in S.

The Schur product of two vectors z = (x1,...,z,) and y = (Y1, ..., Yn) in F§ is denoted
and defined by

Ty = (T1Y1,- -+, TnYn)-
The Schur product of two binary codes C; and Cbs, denoted by Cj x Cs, is defined as the
binary code generated by the vectors

{01*02 ] GCI}

The t-fold Schur product of C with itself is C** := C' x - - - x C, the t-th Schur power of C.
——

t
Note that for a binary code C, we always have C C C*? since & x x = x for any binary

vector x € F3.

Recall that a code is of even weight, or even-weighted, provided all of its codewords
have even Hamming weight. For z € C, we use Z(x) to denote the set of positions of the
zero coordinates of z, i.e., Z(x) = [n] \ supp(z), where supp(z) is the support of z (set of
nonzero entries of x).

We use [[n, k, d]] to denote a quantum code that encodes k logical qubits into n physical
qubits and can correct up to d — 1 erasures. We recall the CSS construction [8,23].

Theorem G.2.1 CSS Construction. Let C; C Fy be linear codes of dimension k;, for
i = 1,2, such that Co C C}. Then, there is an [[n, k1 — k2, d]] quantum code with

d = min {Wt (C1\ C2),wt (Cg‘ \ Cf‘)} .

Let d* := min{wt(C1), wt(Cy)}. If d = d*, the corresponding quantum code is said to
be nondegenerate, and it is called degenerate if d > d*.
The following definition was given in [20].

Definition G.2.2. Let Cy C C; be binary codes. Then (Cy,Cq) is a CSS-T pair if Cy is
even-weighted and for any x € Oy, the shortening (C}-) Z(z) contains a self-dual code.

Theorem (.2.3. Let C7 and Cs be binary codes of length n. The following are equivalent.
(1) (C1,C%) is a CSS-T pair.
(2) Cy C C1, Oy is even-weighted, and for any = € Cy the code CIZ @) g self-orthogonal.
(3) Cy C CLN(CFHL.
(4) Cf +C7F% C Cy-.

Moreover, if (C1,C5) is a CSS-T pair then C; is self-orthogonal.
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Proof. The equivalence of (1) and (2) was proved in [2]. (See also [4] for the case of

arbitrary fields of characteristic 2.) Also, (3) and (4) are equivalent by taking the duals.
To show the equivalence of (2) and (3), note that for any x € Cs, the code C’lz(x) is

self-orthogonal if and only if z € (C2)1. Indeed, z € (C§?)* if and only if Y"1 | zuv; =0

for any u,v € Cy. As z is a binary vector, we can write this as Z w;v; = 0, i.e.,

i€supp(zx)
u' v =0 for any u/,v" € Clz(m), that is Clz(x) is self-orthogonal. On the other hand, if
CocCcCinN (Cl*Z)L, then we have

CycCrCCP?cCy.
Thus, Cs is even-weighted because it is self-orthogonal. O

Remark G.2.4. Note that if (C1, C2) is a CSS-T pair then, by part (4) of Theorem G.2.3,
Ct2 C Cf, which is equivalent to C; x C3 C C{-. This observation previously appeared
in [20, Remark 3].

A CSS-T code is a code obtained via a CSS-T pair and Theorem G.2.1. The equivalences
of Theorem G.2.3 allow us to see some structural properties of CSS-T codes. In particular,
the minimum distance of a CSS-T code associated with (Cy, C3) is lower bounded by the
minimum distance of Cj-.

Corollary G.2.5. Let (C1,C%) be a CSS-T pair. Then
min{wt(C}), wt(Cy)} = wt(C5"),
and the parameters of the corresponding CSS-T code are
[0, k1 — k2, > wt(C3)]].
Moreover, if the code is nondegenerate, we have equality in the minimum distance.

Proof. From Theorem G.2.3 (4), we see that

wt(Cy) < wt(Cf + CF?) < wt(CF?) < wt(Cy),

G.3 The poset of CSS-T pairs

Let (C1,C%) be a CSS-T pair. By Corollary G.2.5, the CSS-T code associated with the
pair (C,Cy) has parameters [[n, k1 — ko, > wt(Cy)]]. Thus, increasing the dimension of
C1 will increase the dimension of the associated CSS-T code, and the minimum distance
is still bounded by Wt(CZL). In particular, if the associated CSS-T code is nondegenerate,
then increasing the dimension of Cj does not change the minimum distance (see Corollary
G.2.5). On the other hand, increasing the dimension of Cy could improve the minimum
distance but decrease the dimension of the resulting CSS-T code.

The following Corollary allows us to define a partial order on the set of CSS-T pairs.
The result shows that all the CSS-T pairs are determined by those CSS-T pairs (Cy, Ca)
that cannot be extended to another CSS-T pair (C}, C%), where C1 = C] or Cy = CY.
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Corollary G.3.1. Let (C1,C2) be a CSS-T pair. Then, the following hold.
(1) (C1,C2) is a CSS-T pair for any Cy C C] C C4.
(2) (C1,C%) is a CSS-T pair for any C) C Cs.

Proof. (1) As C] C Ci, then (C1F)z() O (Cf)z(x) for any @ € Co. Hence, if (C1) z(z)
contains a self-dual code, then (C7-) () also contains a self-dual code.
(2) It is a direct consequence of Theorem G.2.3 (2). O

We are ready to define a partial order in the set of CSS-T pairs.

Definition G.3.2. We denote by P the poset of CSS-T pairs relative to the order
(C1,Cq) < (C1,CY) if and only if C; € C! for i = 1,2.

From now on, we discard the trivial pairs (C1,{0}) from P. Denote by (z) the code
generated by an element z € F.

Corollary G.3.3. The set of minimal elements of P is
{((u), (u)) : w even ,u € Fy}.
Proof. This is a consequence of Corollary G.3.1. O

We are interested in the set of maximal elements of P.

Definition G.3.4. We say that (C;,C2) € P is mazimal in C; if (C1,Cs) < (C1,Cs)
implies C; = C}. Similarly, (C1,C2) is mazimal in Co if (C1,Cs2) < (C1,C}%) implies
Cy = ).

Note that a pair (C,C3) is a maximal element of P if and only if (C1,C?) is maximal
in both C7 and Cy. Some maximal elements in P are given by the pairs (C1,Cs) where
C; has codimension one. Indeed, by Theorem G.2.3 (4), Cf? C C3. Since we assume
that Cy is nontrivial, we see that C}? is a proper subspace of F%, obtaining thus that
Ci = sz = Cj. Hence, C5 is a one-dimensional subspace of C; generated by an even-
weight vector. In fact, we show in Theorem G.3.11 that the property C;? = C’2L holds for
any maximal pair (Cy, Cs).

We start by describing pairs that are maximal in Co.

Proposition G.3.5. A pair (Cy, Cy) € P is maximal in Cy if and only if Co = C1N(CF?)*.

Proof. This is provided by Theorem G.2.3 (3). O

The following proposition gives a criterion for extending a CSS-T pair (Cy, C2) to a pair
(C1,C) with dim C] = dim Cy + 1.

Proposition G.3.6. Let (Cy,C3) be a CSS-T pair and y € Fy. Then (C; + (y),Cs) is a
CSS-T pair if and only if C1 xy + (y) C C3-, or equivalently, y € C3- N (Cy x C2)*.
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Proof. Define C := Cy + (y). Note that C{* C C{. Since (C1,C3) is a CSS-T pair, we
have Ci- + CF2 € C4 by Theorem G.2.3 (4). Thus,

Clrccotcci+c?ccey.

By Theorem G.2.3 (4), (C,C3) is a CSS-T pair if and only if O + CP2 C Cy. So, it
is enough to verify C{*2 C C3- if and only if Cy xy + (y) C Cg-. It remains to notice that
Ci2=C2 4+ Crxy+{y),as yxy =y. O

Unlike Proposition G.3.5, Proposition G.3.6 does not allow us to find the maximal C
for a given C to get a CSS-T pair as the next example shows.

Example G.3.7. Let C = ((1,1,1,1,1,1)). By Proposition G.3.3, (C,C) € P and

it is a minimal element. We have C*+ N (C*?)+ = C+. Let v = (1,1,1,1,0,0),w =

(1,0,0,0,0,1) € C*. Thus (C + (v),C) € P, but (C + (v,w),C) ¢ P, despite v,w € C*.
We have:

Ctn((C+ ) *C)*F =((1,1,0,0,0,0),(1,0,1,0,0,0), (1,0,0,1,0,0),(0,0,0,0,1,1)).

We can take any non-zero element v different from (1,1,1,1,1,1,1) in this intersection
and we get that (C' 4 (v,v'),C) is a CSS-T pair. Note that for v' equal to (1,1,0,0,0,0),
(1,0,1,0,0,0), or (1,0,0,1,0,0), we get a new CSS-T pair. However, we do not obtain a
new CSS-T for v/ = (0,0,0,0,1,1) since v' € C + (v).

Remark G.3.8. Note that, if (C1,C3) is a CSS-T pair, then so is (C7 + (1),C2). This
follows from Theorem G.2.3 (3), the previous result, and the observation that Co C (1)+,
as (' is even-weighted.

Proposition G.3.6 also provides the following propagation rule for nondegenerate CSS-T
codes.

Corollary G.3.9. Let (C1,C2) be a CSS-T pair such that the associated [[n, k, d]] CSS-T
code is nondegenerate. For any y € C3- N (Cy x C2)* and y ¢ Cj, the pair (Cy + (y), Cs)
is a nondegenerate CSS-T pair with parameters

[[n, k + 1,d]].

Proof. By Proposition G.3.6, (Cy + (y),C2) is a CSS-T pair, and the parameters follow
from Corollary G.2.5. O

Corollary G.3.10. A pair (Cy,C3) € P is maximal in C; if and only if C; = Cy N (Cy *
Co)*t.

Proof. By Proposition G.3.6, (C1,C3) € P is maximal in C; if and only Cy N (Cy %
Co)*+ € C1. On the other hand, the pair (Cy + (y), C3) is CSS-T for each y € C1, so by
Proposition G.3.6, C; C C'j‘ N (Cy * Cg)L as well. O

We obtain the following theorem by combining the previous results on maximality in
Cl and 02.

Theorem G.3.11. Let Cy C C; C F3 be linear codes. The pair (C,C3) is maximal in
P if and only if
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(1) C’lL = Cl *CQ and
(2) Cy =C%

Proof. Assume (C7,C5) is a maximal CSS-T pair. Note that we can assume 1 € C} by
Remark G.3.8, and we have Cy = (1) x Co C Cq x C3. Now, by Corollary G.3.10, we have

Cf =Co+ C1xCy=Cy xCy,

which shows (1).

As Oy = C1 N (CF2)* by Proposition G.3.5, we only need to show that (C32)+ c Cj in
order to prove (2). Since Cy C Cy, we have Cy xCy C C? and (Cf2)J- C (Cy % Ca)*. Also,
Cy C C1 C C;? implies that (C32)* C C4-. Therefore, by Corollary G.3.10, we get

(CHHL c Co N (CL*Co)t =0y

Theorem G.2.3 (2) implies that (C1,C2) is a CSS-T pair. The maximality follows
directly from Proposition G.3.5 and Corollary G.3.10, using both (1) and (2). O

The following example illustrates that the necessary condition (2) of Theorem G.3.11
for (C1,C2) to be maximal is not sufficient.

Example G.3.12. Define Cy := ((1,1,0,0,0,0)) and C; as the code whose generator
matrix is given by

110000
0 01 110
000101
0 00011

It is not difficult to see using [3,15] that a generator matrix for C;2 is given by

o O O o
[l olall
S O O~ O
S O = O O
o= O O O
_ o O O O

Hence, (C1?)* = ((1,1,0,0,0,0)) = Cs, meaning that the pair (Cy, Cy) satisfies condition
(2) of Theorem G.3.11. But the pair (C,C3) is not maximal in C; because the extension
(C1 + (1), Cy) satisfies (1)—(2) of Theorem G.3.11, meaning that it is maximal.

In the following Corollary, we collect special cases when the conditions of Theorem G.3.11
can be relaxed.

Corollary G.3.13. Let C' be a binary code.
(1) The pair (C,C) is maximal in P if and only if C*2 = C+.

(2) If C*+ c C, the pair (C,C%) is maximal in P if and only if C*?> = C. Equivalently,
C is generated by vectors with pair-wise disjoint support.
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Proof. (1) If the pair (C,C) is maximal in P, then C*? = C+ by Theorem G.3.11 (2). If
C*?2 = C+, then (C,0) is a CSS-T pair by Theorem G.2.3 (3). Also, the pair (C,C) is
maximal in P by Theorem G.3.11.

(2) If (C,C*) is a maximal CSS-T pair, then C' = C*? by Theorem G.3.11 (2). Con-
versely, assume that C' = C*2. Theorem G.2.3 (3) verifies that (C,Ct) is a CSS-T pair.
Proposition G.3.5 verifies that (C,C*) is maximal in C*. If (C' 4 (y), C*) is a CSS-T pair
for some y € F%, then y € C' by Proposition G.3.6, meaning that (C,C") is maximal in
C. O

Example G.3.14. Assume 3d = m — 1 for some d,m € N. For the binary Reed-Muller
code C := RM,,(d), we have

Ct = RM,,,(d)* = RM,,,(m — d — 1) = RM,,(2d) = C*2.
Thus, (C,C) is a maximal pair by Corollary G.3.13 (1).

Observe that even if (C}, C2) is maximal in P, in principle, there can be a pair (D1, D2) €
P such that Co C Dy or C1 C D;. We can give a complete characterization of such spaces.
First we need a lemma.

Lemma G.3.15. Let C C F} such that for any € C N (C*?)* we have C xx = C*.
Then (C*2)*+ = (y), for some y € C, or C = C*+ and C*2 = (1)*.

Proof. First observe that C x z = C+ C C*2 implies (C*2)+ C C and thus C N (C*2)+ =
(C*2)L. Let y € (C*2)* be a minimal support codeword. If y = 1, then C vy = C = C+
and C*2 = (1)+.

Assume now that wt(y) < n. Since C xy = C* then (e; : i ¢ supp(y)) C C. If there
is another minimal codeword y # 2 € (C*2)*, the same arguments lead to the existence
of i € supp(y) \ supp(z) such that e; € C*2 and thus z; = 0 for any z € (C*?)*, which
contradicts that g; # 0. Thus, there are no more minimal codewords in (C*?)* and we
have the conclusion. O

The next example shows that the converse of the last lemma is not true.
Example G.3.16. Let C' = ((1,1,0,0,0),(0,1,1,0,0),(0,0,0,1,1)). We have
C*? = ((1,0,0,0,0),(0,1,0,0,0), (0,0,1,0,0), (0,0,0,1,1)),
and (C*2)+ = ((0,0,0,1,1)). However,
C %(0,0,0,1,1) = (0,0,0,1,1) € C*+ = ((1,1,1,0,0), (0,0,0,1,1)).
Proposition G.3.17. Let (Cq,C3) € P. Then

1. There is no (Dq,D3) € P with C; € Dj if and only if C{ = Oy xy for any y €
Cy N (CF2)*L.

2. There is no (D1, D2) € P with Co € Dy if and only if (Cs, C3) is maximal.
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Proof. If there is no such Dy, since for any y € C; N (C+?)+, (C1, (y)) € P but C; cannot
be extended, then C; = (y)~N(Cyxy)* = (C1xy)* by Corollary G.3.10 (note that y € Cy
implies y € C; xy). On the other hand, assume C{ = Oy xy for any y € C; N (CF2)+,
and let C7 C D; such that D; is the largest code containing Cy with (D1, D) € P for
some D. By the first part of this proof, the hypothesis and Lemma G.3.15 we have
(D)t C (Cf%)* = (y) for some y € Cy. This implies D; N (D}2)+ = (y) because
(D1, D) € P. By the choice of D; and the first part of the proof, D; xy = Df, and we
also have Cy xy = Cj-. Thus,

CixyC Dyxy=Di c Cit = D} =Cf,

and we get D1 = C].

To prove (2), observe that (Dj, D) € P is such that Cy C Ds if and only if there
is y ¢ Cy such that (Cq + (y),C2) € P by Corollary G.3.1. This happens if and only
if y € (C3 N (C32)+) \ Cy by Proposition G.3.6. However, (C32)t C Cy and thus,
y € (C3%)+\ Cy. If there is not such y, it means that (C32)t = Cy and by Corollary
G.3.13 we have the conclusion. O

Example G.3.18. Let

11111111
ot r 110000
"t 1001100

10101010

and C be the code generated by G. We can check that C*? = (1), C = C* and thus,
(C, (1)) € P and there is no other CSS-T pair (Dy, D2) with C1 € D;.

Corollary G.3.19. If (C1,C3) € P and there is no D1 2 C} and Dj such that (D, D2) €
P, then for some y € Cy, Cy = (y) and (C1, Cy) is maximal.

G.4 Cyclic codes

We now illustrate the results from the previous sections using cyclic codes (and extended
cyclic codes). We will review cyclic codes over F,, but note that we restrict to the case
q = 2 whenever we refer to CSS-T codes.

Take an integer s > 1 and consider the field extension Fys /F,. We set n with n | ¢° — 1
and g € Fy[z] such that ¢g divides 2™ — 1. We denote by C, the cyclic code with g as
its generator polynomial. Let 3 € Fys be a primitive n-th root of unity. For the set
Ly, := Z/nZ, we will consider the representatives between 1 and n, i.e., Z,, = {1,2,...,n}.

Definition G.4.1. The defining set is given by J = {j € Z, : g(8?) = 0} and the
generating set by I := {i € Zy, : g(5°) # 0}.

Note that J = [n] \ I, and

o=
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Define —1 :={n—1i:7¢ € I} C Zy. Let M C Z>p be a finite set. We consider the
Fys-linear subspace

LM) = (2" i € M) C Fysla].

Take a set of points X = {P,... , B X‘} C Fgs. We can define the following evaluation
map associated to X:

evx: Fyglz] — FL)SQ

Let X, == {1,5,...,8" !}, ie., X, is the zero locus of 2" — 1 in Fys. We now consider
the associated evaluation code

B(M) = evx, (L(M)) = {(f(1), f(B),---, F(B"1)) : [ € LIM)} C Fgs,

and we define
C(I):=B(-I)n IE‘Z.

From [5], we obtain that Cy = C(I), i.e., we have a description of cyclic codes in terms of
subfield subcodes of evaluation codes.

The definitions clearly show that J and I are closed under multiplication by ¢, which
leads to the following definition.

Definition G.4.2. Given a subset I C Z,, denote ¢ - I := {q-i:1 € I}. We say that I
is a cyclotomic coset if [ = q-1. Let a € Zy, the set J, := {¢/ -a : j > 0} C Z, is the
minimal cyclotomic coset associated to a.

Example G.4.3. Let ¢ =2, s =4, and n = 15. Then, the minimal cyclotomic cosets are
J1={1,2,4,8}, 33 ={3,6,12,9}, J5 = {5,10}, J7 = {7,14,13,11}, J15 = {15}.
From [5], we have the following result about the dual of a cyclic code.

Theorem G.4.4. Let I C Z,, be a cyclotomic coset. We have that

This last result can be seen as a consequence of the following fact from [5]: If I is a
cyclotomic coset, then
(B(-I)NF))* = (B(-I)*)NFy. (G.4.1)

The length of C(I) is n, and its dimension is |I|. For the minimum distance, we need
the following definition.

Definition G.4.5. The amplitude of a nonempty subset I C Z,, is
Amp(I) ;= min{i € N: 3¢ € Z,, such that I C {c,c+1,...,c+1i—1}}.

Then, the minimum distance of C(I) is greater than or equal to n — Amp(/) + 1; for
example, see [10]. Summarizing, C'(I) has parameters

[n, |I|, > n— Amp(I) + 1].
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Since Amp(—J) = Amp(J), we see that C(I)* has parameters [n, |J|, > n—Amp(J)+1].
Note that n — Amp(J) + 1 is equal to the usual BCH bound, i.e., it is equal to 6(I) + 1,
where §(I) is the maximum number of consecutive elements in 1.

Given Iy, Is C Z,, we consider their Minkowski sum

I+ Iy :={i1 +ig 4y € 11, i € Io} C Zy. (G.4.2)

It is easy to check that if I,Io C Z, are cyclotomic cosets, then Iy + Is is also a
cyclotomic coset. Following the previous notation, we will denote J; = [n]\ I;, for i = 1, 2.

Example G.4.6. Continuing with Example G.4.3, we consider
I ={1,2,4,8,15}, I, ={1,2,4,8}.
We compute the following Minkowski sums, which we will use in the following examples:
L+ 1,={1,2,3,4,5,6,8,9,10,12}, I) + I} = (I + I2) U {15}.
Note that I + Io = J1 UJ3 U Js, i.e., I} + I is also a cyclotomic coset.

The following result from [11] shows that the sum and the Schur product of cyclic codes
is also a cyclic code.

Lemma G.4.7. Let I; and Iy be cyclotomic cosets. Then

C(I) + C(I) = C(I, U I),
C(Il) *C(IQ) = C(Il + IQ)-

As an application of Theorem G.2.3, we obtain the following criterion for a pair of cyclic
codes to be a CSS-T pair.

Theorem G.4.8. Let I, s C Z, be cyclotomic cosets. Then (C(I1),C(I2)) is a CSS-T
pair if and only if:

(1) I, C I; and
(2) n¢ (I + 1 + ).
The parameters of the corresponding quantum code are [[n, |I1|—|I2|,> n—Amp(J2)+1]].

Proof. We use the third equivalent condition from Theorem G.2.3 with C7 = C(I;) and
Cy = C(I3). We have
C(IQ) C C(Il) — I, C Iy,

and
C(L) c (CIL)Ht = 1e(CU)?+xCL)r=CL +1 + L)*
— 1eB(-(h+h+ L)t < n¢g L +1 + Iy,

as follows from (G.4.1) and Lemma G.4.7. Also, the last equivalence follows from [12, Prop.
1]. We use Corollary G.2.5 for the parameters of the quantum code. O

Remark G.4.9. Theorem G.4.8 also holds if we substitute condition (2) with
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(2’) L+1 C—Js.
This is because
C(LL) c(CI)yHt=ch+NL)t < L+1,C—J.

As Iy C I, from Theorem G.4.8, we obtain the necessary condition n ¢ I for (C(11),C(12))
to be a CSS-T pair. This happens if and only if n € —Js. Hence, if the pair I1, Is satisfies
the conditions from Theorem G.4.8, then the pair I; U {n}, Iy also satisfies those condi-
tions. This is a translation of the following fact that we have seen in the previous section:
If (Cy,C4) is a CSS-T pair, then (C; + (1), C3) is also a CSS-T pair.

Example G.4.10. We consider [1, Is as in Example G.4.6. Clearly I C I;. From the
computation of I1 + Is in Example G.4.6, we obtain

11—0—11—1—12:[71—1]:{1,2,...,14}.

By Theorem G.4.8, we have that (C(I1),C(I2)) is a CSS-T pair with parameters [[15, 1, 3]].
Note that we have recovered the (punctured) quantum Reed-Muller code mentioned in the
introduction.

In Section G.3, we studied conditions for a CSS-T pair to be maximal in each component.
The following result shows how we can translate those conditions to cyclic codes.

Corollary G.4.11. Let I;,Io C Z, be cyclotomic cosets such that (C(I1),C(I2)) is a
CSS-T pair. Then the pair (C(I1),C([2)) is maximal in C; if and only if

—Ji1=LU(( + 1),
is maximal in (Y if and only if
—Jo = (=) U (1 + ),
and is maximal if and only if
—Ji=L+Land —Jo=1 + I;.

Proof. The conditions for maximality in C; and Cy follow from Corollary G.3.10 and
Proposition G.3.5, respectively, taking into account Theorem G.4.4 and Lemma G.4.7.
The condition for maximality follows similarly from Theorem G.3.11. O

Example G.4.12. Continuing with the setting from Example G.4.10, it is easy to check,
using Example G.4.6, that —J; = I; + I, and —Jy = I; + I;. Therefore, by Corollary
G.4.11, the CSS-T pair (C(I;),C(I2)) is maximal.

From Corollary G.2.5, we see that it is desirable to find CSS-T pairs (C7, Cy) such that
C+? has a large minimum distance. In [10], it is shown that the construction of cyclic
codes based on the notion of restricted weight can give rise to codes C such that both C
and C*2 have excellent parameters. It is, therefore, interesting to study when we can use
these codes for constructing CSS-T pairs. We briefly explain the construction from [10]
and then obtain CSS-T codes from this construction. In what follows, we assume that
n=q° —1.
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Definition G.4.13. Let a € [n] have g-ary representation (as—1,as—2,...,a0)q, and let
1 <t < s. The t-restricted weight of a is defined as

t—1
w(t) a) = max Aj45
q 117
1€{0,...,s—1} e

where we consider the sum 7 + j modulo s. In other words, it is the maximum num-
ber of nonzero elements for any sequence of ¢ (cyclically) consecutive digits of the g-ary
representation of a.

The t-restricted weight is invariant under multiplication by ¢, and we can speak about
the t-restricted weight of a minimal cyclotomic coset. It is shown in [10, Prop. 11] that

wi (@) < wP) (b) +w (),

for b,c € [n] and a = b+ ¢ mod n. Therefore, given cyclotomic cosets I, Io C Z, whose
elements have t-restricted weight at most u1, o, respectively, the cyclotomic coset I + I
will have t-restricted weight at most u; + ua. Let Itgu = {a € Z, : w((lt)(a) < u}.
In [10, Prop. 13], it is proven that for a € It<#, we have wgs)(a) < [(us)/t]. This
motivates the following construction.

Corollary G.4.14. Take 1 <t < sand 1 < py,po < t. If po < py and 2[(u18)/t] +
| (u2s)/t] < s—1, then (C’(Itgm),C’(ItSM)) is a CSS-T pair.

Proof. We use Theorem G.4.8 with I; = Itgm, for i = 1,2. As ps < u1, we have Iy C 1.
We claim that n &€ I} + I1 + I>. Indeed, let z = a + b+ ¢ mod n, with a,b € I, c € I. By
the previous discussion,

wi(2) = i (a+ b+ ¢) < wh (@) +wd (b) + wi () < 2| () /] + [(u2s)/t] < 5 — 1.

Since wés) (n) = s, we conclude that n ¢ I + I1 + I2, and the result follows from Theorem
G.4.8. O

Note that, by Remark G.4.9, we can also consider C1 = C(I u Y {n}) for the previous
result. For the parameters of the corresponding CSS-T code, in [10], there are formulas
for the parameters of C(IL ,) in some cases, and we can also use the usual bounds for
cyclic codes.

Example G.4.15. It is easy to check that I; and I> from Example G.4.6 are precisely
L =12, U{l5} and IL=1IZ,

with 1 = pus = 1. Note that, for ¢ = s = 4, the conditions from Corollary G.4.14 are
satisfied. Therefore, (C’(I%m), C(Iéw)) is a CSS-T pair, which implies that (C(I1),C(l2))
is a CSS-T pair (which we already knew by Example G.4.10).
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G.4.1 Extended cyclic codes

We define Z,, := {0} UZ,. We will adapt the definitions from the previous section for this
setting. Let I C L. We say that I is a cyclotomic coset if I = ¢ - I. For Iy, 15 C Lo, We
define I; + I as in (G.4.2), where we understand that i1 + i = 0 if and only if iy = iy = 0,
for iy € I and i9 € I3, and the rest of the sums are computed as usual in Z,, = {1,...,n}.
We denote by J := Z, \ I.

For M c {0,...,n}, we consider X,, := {0} U X,,, the zero locus of 2"*! — z, and we
define

B(M) = evg (LM)) = {((0), f(1), f(B),-.-, f(B" 7)) : f € LIM)} C Fyit.

For I C Zy, a cyclotomic coset, the extended cyclic code associated with [ is

C(I):= B(I)NF.

Note that in this case, we are not considering —I. With respect to the parameters, C (1)
has parameters [n+1,|I|,> n—max(I)+1], and C(I)* has parameters [n+1,n+1—|I|,>
O(I) + 1], where §([) is the maximum number of consecutive elements in I as before (it is
a BCH-type bound for extended cyclic codes).

Although these codes are no longer cyclic, they still preserve some of the properties of
cyclic codes. The proof of the following result is analogous to the one in [10, Thm. 1].

Lemma G.4.16. Let 11,15 C Zn be cyclotomic cosets. Then
C(I) * C(I) = C(I) + I).

As a consequence, one can check that Theorem G.4.8 and Corollary G.4.14 also hold
when we consider extended cyclic codes. Moreover, for extended cyclic codes, one may
also allow p; = 0 or pug = 0 in Corollary G.4.14. When considering the s-restricted
weight, in [10, Prop. 10], it is shown that Corollary G.4.14 for extended cyclic codes
corresponds to the family of CSS-T pairs obtained by using binary Reed-Muller codes
from [2]. Nevertheless, by considering the t-restricted weight, with ¢ < s, we obtain
different families of CSS-T codes. Moreover, considering the general case from Theorem
G.4.8, it is clear that we obtain a much larger family of CSS-T pairs than by using binary
Reed-Muller codes, thus obtaining a wider range of parameters. In the following example,
we show that we can improve the parameters of the CSS-T codes obtained with binary
Reed-Muller codes in some cases. All the computations from the following examples were
done using SageMath [24].

Example G.4.17. We use a greedy construction to obtain CSS-T codes with cyclic codes,
and we compare them with the CSS-T codes obtained with binary Reed-Muller codes. Let
s > 1, n =2°—1, and we consider the cyclotomic cosets associated with the extension
Fas /Fy. Assume that Z,, = J4, UJg, U---UTg,, with 1 = a1 < ag < ---ay. We consider
the following greedy construction: let Is := J,, U J,, U---UTJ,,, for some t < ¢ such that
ngly+ I+ I and let I\” = I, If I} := I\V U3, satisfies n & I} + I, + I, we
set [ fl) :=I1, and we set I { ) =1 f ) otherwise. Following this procedure until we cannot

(u

add any more minimal cyclotomic cosets, we will get a cyclotomic coset I} ), for some

198



G.4. Cyclic codes

t <wu < ¥, such that n ¢ I§u) +I£u) + I5. Therefore, by Theorem G.4.8 and Remark G.4.9,
we get that (C’(Il(u) U{n}),C(I2)) is a CSS-T pair. Moreover, we have the BCH bound

wt(C(I)5) > n — Amp(f) + 1= 6() + 1= a1,

which bounds the minimum distance of the corresponding quantum code by Corollary
G.2.5. Note that this construction can be easily generalized to extended cyclic codes.

For s < 6, the CSS-T codes obtained with the previous construction do not improve the
parameters of the CSS-T codes obtained with binary Reed-Muller codes. Nevertheless, for
s=17,8,9,10, we show in Table G.1 that we can obtain a broader range of parameters using
cyclic and extended cyclic codes, and some of these codes outperform the ones derived
from binary Reed-Muller codes. For all the codes in Tables G.1 and G.2 we have checked
that the bound for the minimum distance is sharp.

Table G.1: Parameters of the CSS-T codes obtained with binary Reed-Muller, cyclic, and
extended cyclic codes (using the greedy construction).

H S ‘ Cyclic HH S ‘ Extended cyclic H

7 | [[127,29,3]] 7 | [[128,28,4]

7 | [[127.15,5]] 7 | [[128,14,6]

71 [[127,8,7]] 71 [[128,7,8]]

8 | [[255,85,3]] 8 | [[256,84,4]

| s | Reed-Muller [[| g | [[255,39,5] 8 | [[256,36,6]
7 | [[128,21,4]] 8 | [[255,21,7]] 8 | [[256,20,8]
8 | [[256,84,4]] 9 | [[511,148,3]] 9 | [[512,147,4]]
9 | [512,120,4)] |||l 9 | [[511,112,5]] 9 | [[p12,111,6]
9 | [[512,84,8]] 9 | [[511,103,7]] 9 | [[512,102,8]]
0| [[1024,375,4]) |||l 10 | [[1023,376,3]] |||| 10 | [[1024,375,4]]
10 | [[1024,120,8]) ||| 10 | [[1023,213,5] || 10| [[1024,210,6]]
10 | [[1023,191,7] || 10 | [[1024,190,8]]
10 | [[1023,161,9] || 10 | [[1024, 160, 10]]
10 | [[1023,131,11]] ||| 10 | [[1024,130,12]]
10 | [[1023,116,13]] ||| 10 | [[1024,115,14]]
10 | [[1023,106,15]] ||| 10 | [[1024,105,16]]

Using Remark 3.13 from [4], it is easy to see that, for n even, if we consider e;, 1 <i < n,
the standard basis vectors in F5, and the code

C = (egi—1+ e, 1 <i<n/2),
then (C, (1)) is a CSS-T pair with parameters
[[n,n/2 —1,2]]. (G.4.3)

This code has better parameters than the CSS-T codes with minimum distance 2 derived
from binary Reed-Muller, cyclic, or extended cyclic codes in the cases we have checked.
Therefore, we have omitted the codes with minimum distance 2 from Table G.1 and the
ones with dimension 0.
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For a direct comparison, we can see that the CSS-T codes obtained from binary Reed-
Muller codes with parameters [[128, 21, 4]], [[512,120,4]], [[512, 84, 8]] and [[1024, 120, 8]]
are outperformed by the CSS-T codes derived from extended cyclic codes with parameters
[[128, 28, 4]], [[512,147,4]], [[512,102,8]] and [[1024, 190, 8]], respectively.

Example 3.4.18. Not all the codes from the previous example are maximal with respect
to (. Therefore, it is possible to use our Corollary G.3.9 to increase the dimension of
the corresponding quantum code in some cases. For example, one can check that the
CSS-T code with parameters [[255,21,7]] from Table G.1 is not maximal with respect to
the first component using Corollary G.3.10. By Proposition G.3.6, this means that there
is some vector y € Cy N (Cy * Co)* such that y & C; and (C; + (y), C2) is a CSS-T pair.
The parameters of the corresponding quantum code are [[255,22,7]] by Corollary G.3.9,
increasing the dimension of the quantum code by 1. By computer search, we have found a
vector y such that (Cy + (y), C3) is still not maximal with respect to the first component.
Hence, there is a vector 3 such that (Cy + (y,y’), C2) is a CSS-T pair with parameters
[[255, 23, 7]], increasing the dimension of the original quantum code by 2. In the cases
where we have found such y, 3/, the pair (C1 + (y,v'), C2) is maximal with respect to the
first component, and we cannot continue to increase the dimension using Corollary G.3.9.

In Table G.2, we show the codes that can be derived from CSS-T codes using binary
Reed-Muller codes, cyclic codes, and extended cyclic codes (with the greedy construction
from Example G.4.17) by applying Corollary G.3.9 for length 2°, s =4,...,10 (2° — 1 for
cyclic codes). All the codes in Table G.2 are maximal with respect to the first component
of the CSS-T pair, although it might be possible to improve them further since there are
many choices for the vectors that we add to € in Corollary G.3.9. We note that the
CSS-T codes derived from cyclic and extended cyclic codes still outperform the improved
CSS-T codes arising from Reed-Muller codes. The parity check matrices of the classical
codes used to construct the quantum codes from Tables G.1 and G.2 can be found in the
GitHub repository RodrigoSanJose/Cyclic-CSS-T [9].

Table G.2: Parameters of improved CSS-T codes obtained with binary Reed-Muller, cyclic,
and extended cyclic codes (using the greedy construction).

H S \ Cyclic HH S \ Extended cyclic H
H s ‘ Reed-Muller H 5 [[31,4, 3]] 5 32, 4, 4]]
) [[32,4,4]] 8 [[255, 23, 7]] 8 [[256, 22, 8]]
7 [[128,26,4]] 9 [[511, 149, 3]] 9 [[512, 148, 4]
9 | [[512,133,4]] 10 | [[1023,219, [

]

511 |1 10 | [[1024,217,6]]
0 | [[1024,125,8]] |||l 10 | [[1023,193,7]] ||| 10 | [[1024,192,8]]
10 | [[1023,133,11]] |||| 10 | [[1024,133,12]]

—_

G.5 Relation to triorthogonal codes

Another family of codes that is usually studied for fault-tolerant computation, and, in
particular, for magic state distillation, are triorthogonal codes [6,17]. A binary matrix
G of size m x n is called triorthogonal if wt(G4 * Gp) = 0 mod 2, for all pairs of rows
1<a<b<m,and wt(G,*Gp*xG.) = 0 mod 2, for all triples of rows 1 < a <b <c<m.

200



G.5. Relation to triorthogonal codes

With such a matrix, by taking C7 to be the linear span of G and Cy the linear span
of the even weighted rows of GG, one can construct a quantum code (which we will call
triorthogonal code) such that, when a transversal T' gate is applied to it, it induces a
transversal T' gate on the logical qubits, up to Clifford corrections. This is stronger than
having a CSS-T code, since the definition of CSS-T only requires the physical transversal
T to induce some logical operation on the logical qubits. If one wants to avoid the Clifford
corrections, some weight conditions have to be imposed on the classical codes used (see [21,
Thm. 4]). From our results, we can obtain the following.

Corollary G.5.1. If (Cy,Cs) is a CSS-T pair, then 1 € (C33)*.

Proof. As Cy C C1, Corollary G.3.1 implies that (Cy, Cq) is a CSS-T pair. Thus, C3% C C5-
by Theorem G.2.3, meaning that 1 € (C33)*. O

Having 1 € (C33)* implies that Cy has a triorthogonal generator matrix, which is also
the case for triorthogonal codes due to the fact that, in that setting, the generator matrix
for Cs is a submatrix of a triorthogonal matrix.

Since the triorthogonality condition is stronger than being CSS-T, it may be possible
that CSS-T codes achieve better parameters than triorthogonal codes. To see this, we
consider the scaling exponent of the distillation protocol presented in [6]. They obtain

that
 logy(n/k)
logy(d)

for an [[n, k, d]] triorthogonal code. Since the distillation overhead scales as O(log”(1/¢)),
where € is the output accuracy (see [6] for details), codes with lower ~ are preferred. We
will use this value for CSS-T codes to compare the goodness of their parameters with some
of the triorthogonal codes in the literature. In [6], the authors find a family of triorthogonal
codes with parameters [[3k + 8, k, > 2]], where k is even. The CSS-T codes from (G.4.3)
have strictly better parameters. In particular, the scaling exponent v tends to 1 for the
codes in (G.4.3), while the family from [6] has scaling exponent tending to log,(3) ~ 1.585.
In [6] they also obtain a code with parameters [[49, 1,5]], and v = 2.418. If we compare
with the codes in our tables, in particular, the codes [[32,4, 4]] and [[1024, 192, 8]] (to take
an example of a short code and a long code), we obtain for v the values 1.5 and 0.805,
respectively.

In [17], the authors find triorthogonal codes with parameters [[35,3,3]] and [28,2, 3]],
with scaling exponent equal to 2.236 and 2.402, respectively, which are higher values than
the one we obtained for [[32,4,4]]. Moreover, the authors in [17] prove that there is no
triorthogonal quantum code with minimum distance larger than 3 when n + k < 38, while
[[32,4,4]] satisfies these last two conditions (but it is not triorthogonal, only CSS-T).
Furthermore, in [16], triorthogonal codes with v < 1 are found, but they require at least
~ 258 qubits. With CSS-T, codes it is possible to find codes with v < 1 and a much lower
number of qubits, for example the code [[1024,192,8]] we showed before. The shorter
CSS-T code that we find with v < 1 is the code with parameters [[256, 84, 4]], which has
v = 0.804. This shows that one can indeed obtain better parameters by relaxing the
conditions on the classical codes and requiring them to be CSS-T instead of triorthogonal.
We reiterate that this discussion is purely in terms of parameters, since triorthogonal codes
implement the logical T' gate, while for CSS-T codes we only require that they support a
transversal T gate.
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G.6 Conclusion

In this paper, we considered binary CSS-T codes, which are quantum stabilizer codes that
respect a transversal gate. We provided a straightforward characterization of binary CSS-T
codes and used it to demonstrate that CSS-T codes form a poset. We determined maximal
and minimal elements of this poset as well as elements which are maximal with respect
to one code in a CSS-T pair. We demonstrated a propagation rule for nondegenerate
CSS-T codes. We used cyclotomic cosets to characterize CSS-T pairs from cyclic codes.
Moreover, we obtained quantum codes with better parameters than those in the literature,
using cyclic and extended cyclic codes. A number of related open problems remain, such
as determining a similar characterizations of g-ary CSS-T codes and considering other
families of classical codes to construct CSS-T codes.
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H.1 Introduction

The generalized Hamming weights (GHWs) of a linear code were introduced by Wei in [22],
and they are a generalization of the minimum distance. As such, they give finer infor-
mation about the code, and, in terms of applications, they characterize its performance
on the wire-tap channel of type II and as a t-resilient function [22], and they also have
applications to list decoding [7,8]. These applications have motivated the study of these
parameters for well known families of codes, such as Reed-Muller codes [9], Cartesian
codes [2], hyperbolic codes [4], and algebraic geometry codes [1,17], among others. Nev-
ertheless, the computation of the GHWs of a code is, in general, a difficult problem, and
they are still unknown for many families of codes.

Matrix-product codes (MPCs) were introduced by Blackmore and Norton in [3]. These
codes have been object of study for many different applications [5,6,14,15]. From the
properties of the constituent codes, one can derive properties of the corresponding MPC.
Most notably, one can obtain a lower bound for the minimum distance of the MPC from the
minimum distance of the constituent codes [3], but one can also derive self-orthogonality
properties for some matrices [6,13,16] or decoding algorithms [10-12].

The aim of this work is to study the GHWs of a MPC in terms of those of its constituent
codes. By doing this, one can consider families of codes with known GHWs, and derive
different codes with bounded GHWSs using the MPC construction. This allows us to
substantially expand the families of codes for which we have bounds for their GHWs. In
Section H.3, we focus on the case of 2 x 2 matrices, without requiring the constituent codes
to be nested. We give a lower bound for the GHWs of the corresponding MPC in terms
of the GHWs of the constituent codes, and their sum and intersection. In Section H.4, by
requiring the constituent codes to be nested, we generalize the techniques from Section
H.3 to obtain a lower bound for the GHWs of an MPC for an arbitrary non-singular
by columns (NSC) matrix, and, in Subsections H.4.1 and H.4.2, we describe it explicitly
for the cases of two and three constituent codes. To complement these lower bounds, in
Section H.5 we provide an upper bound for the GHWs of MPCs, which is reminiscent of
the bound obtained for the minimum distance in [3]. In Section H.6, we apply our results
for specific families of codes. In particular, we obtain the GHWs of the MPCs obtained
by considering two Reed-Solomon codes and a 2 x 2 NSC matrix. We also test our bounds
with Reed-Muller codes, which are sharp in all the cases we have checked with this family
of codes.

H.2 Preliminaries

Let F, be the finite field of ¢ elements, where ¢ is a power of a prime p. We start by
defining MPCs as in [3].

Definition H.2.1. Let C1,...,Cs C Fy be linear codes of length n, which we call con-

stituent codes, and let A = (a;5) € F;Xh be an s x h matrix, with s < h. The matriz-product
code associated to A and C1,...,C; is denoted C = [C,...,Cs] - A, and is the set of all
matrix products [vy,...,vs] - A4, where v; = (vi;,...,vn)" € C; is an n x 1 column vector,
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fori=1,...,s. Thus, the codewords of C' are n x h matrices
v11011 + -+ V1sQs1 0 V11G1H + 0+ VisQsh
CcC =
UplQ11 + "+ UnsGsl -+ UplQip + -+ UnsQsh

We regard C' as a code of length nh by reading the entries of the matrix in column-major
order. Hence, the codewords of C' can be viewed as vectors of length nh

s s
c= Zajlvj,. ..,Zajhvj S th. (H.Q.l)
=1 j=1

For each vector ¢ € C, we have a natural subdivision of the coordinates in h blocks of
length n, i.e.,

c= (61,62,...,Ch), C; EFZ.

Definition H.2.2. We denote by e;, 1 < i < h, the standard vectors of Z}QL. Let y € Z}QL.
Then we define

C(y) :={ce C|c¢ =0 for each i € supp(y)}.

In other words, C(y) is similar to a shortening at the blocks given by supp(y), but without
puncturing those coordinates.

Note that we are using subindices for vectors to express different things: to stress that
a vector v; belongs to C;, to denote the i-th block ¢; of a codeword ¢ € C', and to denote
the standard vectors e; of ZE. We will use different letters (v, ¢ and e), which, together
with the context, will help to clear any possible confusion.

With respect to the parameters of MPCs, it is clear that the length is nh, and the
dimension is k = k1 + - -+ + kg, where k; = dim C;, 1 <1 < s, if A has full rank. In what
follows, we always assume that A has full rank. For the minimum distance, we have to
introduce some notation. Let us denote by R; = (ai1,...,a;4) the element of FZ given by
the i-th row of A, for 1 <i < s. We denote by ¢§; the minimum distance of the code Cg,
generated by (Ry,...,R;) in FZ. In [19] it is proven that

dl(C) Z min{dl(C’l)dl, e ,dl(CS)(SS}, (H.2.2)

where d; (D) denotes the minimum distance the code D. Moreover, in [11], the authors
prove that the previous bound is sharp if Cs C --- C Cf.

When working with MPCs, it is usual to consider the following condition, introduced
in [3].

Definition H.2.3. Let A be an s x h matrix, and let A; be the matrix formed by the first ¢
rows of A. For 1 < j; < --- < j; < h, we denote by A(j1,...,j:) the ¢ x t matrix consisting
of the columns ji,...,j: of As. A matrix A is non-singular by columns if A(j1,...,7j¢) is
non-singular for each 1 <t <sand 1 < j; <--- < j; < h. In particular, an NSC matrix
has full rank.
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Example H.2.4. Let F, = {f1,...,5,}. For 1 <s < g, the Vandermonde matrix

1 1
G - B

Vm - . . .q
f*l 55—1

is an NSC matrix. Also Vs (j1,...,Jn) is NSCforany s <h <gand1 <j <---<j, <gq.

In [3] it is shown that, if A is NSC, then the codes Cg, are MDS, for 1 < i < s. This
implies that the bound (H.2.2) becomes

dl(C) Z min{hd1 (Cl), (h — 1)d1 (Cg), ey (h — S+ 1)d1(CS)} (H23)

for the case of an NSC matrix.

One of the goals of this work is to generalize the bounds (H.2.2) and (H.2.3) to the case
of the GHWSs of C', which we introduce now. Let D C C be a subcode. The support of
D, denoted by supp(D), is defined as

supp(D) :=={i|Ju= (u1,...,upp) € D, u; # 0}.

Note that, in this case, u; is just the i-th coordinate of u, not the i-th block of length n
of u. The r-th generalized Hamming weight of C, denoted by d,(C), is defined as

d,(C) := min{|supp(D)| | D is a subcode of C' with dim D = r}.
Throughout the paper, we will denote dy(C) = 0.
Remark H.2.5. Given a basis B = {by,...,b;} for a subcode D, we have that

k

supp(D) = |_J supp(bi).
=1

The GHWs satisfy the following general properties for any linear code C, as shown
in [22].

Theorem H.2.6 (Monotonicity). For an [n,k] linear code C' with k > 0 we have
1<di(C) <da(C) < -+ < di(C) < n.
Corollary H.2.7 (Generalized Singleton Bound). For an [n, k] linear code C we have
d-(C)Y<n—k+r, 1<r<k.

We say that a code C is t-MDS if d¢(C) =n — k +t, for some 1 <t < dim C. If a code
is --MDS for t < dimC, it is also (¢t + 1)-MDS by Theorem H.2.6 and Corollary H.2.7.
Thus, one usually studies what is the first ¢ such that C is t-MDS.

Remark H.2.8. For an MDS code C, by Theorem H.2.6 and Corollary H.2.7 we have
d(C)=n—k+r,

forall 1 <r <k.
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Going back to MPCs, the block structure that we have allows us to divide the support
of the code as follows.

Definition H.2.9. Let C C th. Then we define
supp;(C) :=supp(C)N{(i —1) - n+1,...,i-n}, 1 <i<h.
It is clear that

h
supp(C) = | J supp; (),
=1

where the union is disjoint. This implies that

h
|supp(C)| =Y _[supp,(C)|. (H.2.4)
i=1

H.3 A bound for the GHWSs of the MPCs with 2 x 2 matrices

In this section, we give a lower bound for the GHWs of MPCs obtained with a 2 x 2 matrix
A, which we also assume to be NSC. If we denote

A— (M1 012 7
a21 @22
since A is NSC, we have ay; # 0, 1 < j < 2. Moreover, we also cannot have ag; = a = 0.
Since exchanging the order of the columns of A produces a permutation equivalent MPC
code, we will assume that ags # 0. We give now the main result of the section, bounding

from below the GHWSs of a MPC in terms of the GHWs of sums and intersections of the
constituent codes.

Theorem H.3.1. Let C1,Cy C Ty, and let C = [C1,Co] - A, with A as above. Let
1 <r <dimC and consider

max{r — dim(C; + Cs),0} < oy < min{dim Cy, r}
Y =< (a1,a2) : max{r —dim(C; 4+ C2),0} < ag < min{dim(C; N Cs),r}
ap+ag <7

Then

d(C)> min B, o,
r( )_(mr’gg)ley ana

where
Bal,az = max{dr,al (Cl + Cg), da2 (Cl n 02)} + max{d,_w (01 + 02), da1 (02)}

Proof. Let D C C with dim D = r. We will associate a pair (a1, az) to D, and we will see
that
supp(D)| > Bay,a,-

We consider the following subcodes of D (recall Definition H.2.2):

Dy = D(el), Dy = D(eg), and D3 = D/(D(el) + D(€2)),
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where Dj is regarded as a subcode of D by fixing some set of representatives of the quotient
vector space. It is clear that
D =Dy ® Dy & Ds.

If we denote oy = dim Dy and ay = dim Dy, we have that dim D3 = r — a3 — ag > 0.
Moreover, by (H.2.4), we have

2
[supp(D)| = _[supp; (D).
i=1

Now we will bound [supp;(D)| from below, for 1 < i < 2. Let ¢ = 1 (it is analogous for
i = 2). We consider a basis B for D given by the union of some bases for D1, Dy and Ds,
which we denote by Bi, By and Bs, respectively. We can use Remark H.2.5, and notice
that

supp (D1) = | supp;(b) = 0.
beB;

Therefore, supp; (D) = supp; (D2®Ds3). Now we have two ways to bound |supp; (D2 & Ds3)|:

(a) We consider the set
B = {01 ‘ c= (01,62) € By UBg},

that is, the set formed by the first block of the vectors in By U B3, which has size
r — «aj. From the definition of MPCs (see (H.2.1)), B’ C Cy + Cs. Moreover, B’ is a
linearly independent set because, otherwise, we would have a linear combination of
vectors of By U B3 in Dy, a contradiction. Thus,

supp; (D)| = [suppy (D2 @ D3)| > dy—a, (C1 + Cs).

(b) We consider the set
B"={c1|c=(c1,c2) € Ba}.

As the vectors of By are linearly independent and they have co = 0, the vectors in
B" are linearly independent. Let ¢; € B”. Then

(c1,0) = [v1,v2] - A = (a11v1 + a21v2, a12v1 + a22v2),
for some v1 € C4, vy € Cs. Hence,
0 = ajov1 + azve = v = (—a/a12)ve,

since a12 # 0. We are assuming ass # 0, which implies v1,vo € C; N Cs. Therefore,
€1 = a11v] + as1v9 € C1 N Cy and B' € C1 N Cy. We have obtained

|supp; (D)| = [suppy (D2 ® D3)| > da,(C1 N Ca).
Using both bounds, we get
|supp; (D)] > max{d,_q, (C1 + C2),dn,(C1 N Ca)}.

210



H.3. A bound for the GHWSs of the MPCs with 2 x 2 matrices

An analogous argument applies to supp, (D), taking into account that ag; can be zero.
This means that in (b) we can only argue that v, vy € Cy. We obtain the bound

[suppy (D)| = max{d,—a, (C1 + Ca), day (C2) }-

Thus,
|supp(D)| = [supp; (D) + [suppe(D)| > Ba, as-

For any subcode D, from the arguments in (a) and (b) we deduce that the parameters
a1 = dim D(e1) and ae = dim D(eg) satisfy (a1, a2) € Y, which concludes the proof. [

We have given the bound in the most general form. However, depending on whether
a2 is zero or not, it is possible to improve the bound from the previous result, as we show
next.

Corollary H.3.2. With the notation as before, if as; # 0, we can consider

Y = {(aljag) : max{r — dim(C1 + C3),0} < a; < min{dim C1 N Ca, 7}, 1 <i <2 } '

al+as <r

Then

d,.(C) > i B, ,
r( )—(alfggl)ley a1,0

where
Bal,OQ = max{dr,al (01 + CQ), da2 (01 N 02)} + max{dr,om (Cl + 02), da1 (Cl M 02)}
On the other hand, if ao1 = 0, we can consider instead

max{r — dim(C}),0} < a; < min{dim Cy, 7}
Y =< (a1,02) : max{r — dim(C; 4+ C2),0} < ag < min{dim Cy N Cq,r}
ap+ag <r

Then
d-(C)> min  Bq, a,,

(a1,02)€Y

where
Bo, o, = max{d,_q,(C1),da, (C1 N C2)} + max{d,_q,(C1 + C2),dq, (C2)}.

Proof. In both cases we follow the proof from Theorem H.3.1. If ag; # 0, then in (b) we
have vy,vy € C1 N Cy for both blocks i = 1,2. If as; = 0, then for any ¢ € C, we have
¢1 € C1, improving the bound obtained in (a) for the first block. O

Remark H.3.3. The ideas in this section are a generalization of the ideas from [21],
where the author considers a particular generator matrix for any subcode of a projective
Reed-Muller code that is given by two parameters, o and v. Those parameters play the
role of r — ap and a1, respectively, in this section.
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Note that, if Co C (', then all the bounds given in this section coincide. However,
as we show in the next example, if we do not have this nested condition, then we can
obtain different bounds in Corollary H.3.2. Moreover, in the next example we also show
that, if the codes are not nested, our bounds can refine the usual bounds for the minimum
distance of the (u,u + v) and (u + v, u — v) constructions by considering d;(Cy + C3) and
d1(01 N Cg)

Example H.3.4. Let ¢ = 3, and consider

01 0 0 0 110
Gi=[-11 0 1—1101,G2=<_11(1](1)1:i _11 j _01>'
-1 1 -1 1 1 110

Let C7 and Cy be the linear codes whose generator matrices are G; and Go. Then, one
can check that C1 N Cy = {0}, and the GHWSs of C1, Cy and C; 4+ Cs are given in Table
H.1.

Table H.1: GHWs of Cy, Cy and C; + Oy

GHWs\r |1 2 3 4 5
d.(C;) |3 6 8 - -
d(Co) |5 8 - - -
d.(Cr+C2) |3 5 6 7 8

Now consider the matrices

11 1 1
A1_<O 1)7142_(1 _1)3

which correspond to the (u,u 4+ v) and (u + v,u — v) constructions, respectively. Let
Dy = [C1,C9] - Ay, Dy = [Cy,C5] - Ay. The usual bounds for the minimum distance of
D, and Dy would give min{2d;(C1),d1(C2)} =5 (see [20, Thm. 2.1.32 & Prop. 2.1.39)).
However, our bounds from Corollary H.3.2 give the values from Table H.2.

Table H.2: Lower bounds from Corollary H.3.2

Bound\r ‘ 1 2 3 4 5
Lower bound for D; |5 & 11 14 16
Lower bound for D, | 6 10 12 14 16

Note that the bound for di(D2) has been improved to 6. Also, notice that the bounds
obtained from Corollary H.3.2 are different in this case for Ay and As. This is noteworthy
since, as we said before, the usual bounds for the minimum distance of the (u,u + v)
construction and the (u + v,u — v) construction are the same. The true values of the
GHWs are given in Table H.3, showing that our bounds are sharp in this case, except in
the case r = 4 for Ds.

In this case, since C1 NCy = {0}, the lower bounds from Corollary H.3.2 are particularly
easy to compute. Indeed, if as; # 0 (the case of Ag), we have Y = {(0,0)}. Thus, the
bound is just

dy(D3) > By = 2d,(Cy + Ca).
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Table H.3: GHWSs of Dy and D>

GHWs\r |1 2 3 4 5
d(D1) |5 8 11 14 16
d(D2) |6 10 12 15 16

For the case ag; = 0, we obtain Y = {(a1,0) | max{r — 3,0} < a3 < min{2,r}}, and

dr(D1) = (af%i)réy Bayo = (a?})i)réy{dr—m(cl) + max{d,(C1 + C2), da, (C2)}}.

For example, for » = 3, we have Y = {(0,0),(1,0),(2,0)}, and
d3(D1) > min{8 + max{3,0}, 6 + max{6,5},3 + max{6,8}} = 11.

H.4 A bound for the GHWs of nested MPCs with NSC
matrices

In this section, we will show how to obtain a lower bound for the GHWs of MPCs with
s constituent codes. We will assume that the codes are nested, i.e., Cs C --- C C1 C Fy.
We consider A an s x h NSC matrix over F, with s < h. By [3, Prop. 3.3], this implies
that h < q. Let C = [C4,...,C5] - A. Let D C C be a subcode of dimension r, for some
1 <r<dim(C)=>"; ,dim(C;). From [15, Lem. 6] we have the following result.

Lemma H.4.1. Let Cs C --- C Cy C Fy and A an s x h NSC matriz over Fy. Let
C =[C1,...,C4] - A and ¢ € C. We consider the h blocks of length n of ¢, that is,

c=(c1,...,cp). Let 0 < ¢ < s—1. If there are exactly { zero vectors among the blocks
Cl,...,Ch, then ¢j € Coqq, for every 1 < j < h. If the number of zero vectors among
c1,...,cp 18 greater than s — 1, then ¢ = 0.

Using this result, we will bound [supp;(D)| for each 1 < ¢ < h, thus giving a bound
for |supp(D)| (see (H.2.4)), as we did in the previous section,. For each block i, we can
provide bounds looking at different subcodes of D. In what follows we fix some 1 <4 < h.
First, let us consider

D/D(e;).

We consider a basis for this quotient vector space, and fix representatives to obtain a set
B C D which is linearly independent with size dim D/D(e;) = r — dim D(e;). Moreover,
let

By :={bi | b€ By},

that is, the set formed by the i-th blocks of the vectors in Bé. Note that Bé,i is linearly
independent as well, since, if it were linearly dependent, then we would obtain a linear
combination of vectors from B in D(e;), a contradiction because their classes are linearly
independent in D/D(e;). Moreover, by Lemma H.4.1 (or the definition of MPCs), we have
B(i),i C (. Thus,

[supp; (D)[ > U supp;(b)| > dy_gim D(e;) (C1) = d|33|(01)~
beB}
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For this bound, we have considered codewords of D such that their i-th block is nonzero.
Next, we consider codewords of ¢ € D with ¢; # 0 which can be generated by codewords
with at least one zero block. This leads to considering

h
() D(es))/DCey). (H.4.1)
7j=1

As before, we consider B: C D a set of representatives for a basis of this quotient vector
space, and we can assume that each representative is in some D(e;), j # 4. Indeed, since
the union of the bases of D(e;) is a generating set for Z?:l D(e;), the classes of the cor-
responding vectors form generating set of the quotient (H.4.1), and we can extract a basis
from this generating set. In this way, we obtain a set of ‘Bﬂ = dim(Z?zl D(e;))/D(e;) =
dim(Z?zl D(e;)) — dim D(e;) linearly independent vectors, and each vector is in some
D(ej), j # 1, that is, it has at least one zero block. Moreover, arguing as before, if we
restrict these vectors to the i-th block (the corresponding set is denoted B’i,i), they are
still linearly independent, and by Lemma H.4.1, we have BL C C5. Hence, we obtain a
second bound

|supp;(D)| > supp;(b)| > d Bi (Co).
|1
bEBZ

We can iterate this and obtain more bounds as follows. For 0 < j < s— 1, we can consider
the codewords ¢ with ¢; # 0 and which can be generated by codewords with at least j zero
blocks. In other words, we consider

D(ei)+ Y. Dy / D(e;). (H.4.2)
(y)=3

yEZL, wt

Indeed, since D(y) C D(e;) if y; = 1, we have

D(e)+ >, D(y)=D(es) + > D(y).

y€Z2, Wt(y):.j yezgv Wt(y):j7 yz:(]

Thus, we can consider a basis for this last vector space where every vector is either in some
D(y), with wt(y) = j, vi = 0, or in D(e;). The classes of these vectors in (H.4.2) form
a generating set, from which we can extract a basis B;- (regarded in IF;‘" by fixing some
representatives) where every vector is in some D(y), with wt(y) = j, and is not contained
in D(e;). That is, each vector of B} has at least j zero blocks, and its i-th block is nonzero.
The size of this set is

|B:| = dim | D(e;) + Z D(y) /D(ei).
bW —
YELy, wi(y)=j (H.4.3)

— dim S D(y)| —dim [ D(es)n > Dy

yesz‘Nt( ) =J y€Z27Wt( ) =J
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Moreover, the vectors in B; are linearly independent, and, arguing as before, the set of
their i-th blocks, denoted B§7i, is also linearly independent. By Lemma H.4.1, B;z C Cjy1,
and

[supp;(D)| > | [ supp;(b)| > djpss|(Cjs1)-
beB!

Therefore, in this way we obtain s lower bounds for the ¢-th block. We can repeat this for
every block ¢, 1 <14 < h, obtaining the bound

h
|supp(D)| > ZmaX{d|B§|(Cj+1), 0<j<s—1} (H.4.4)

i=1
To bound the minimum of |supp(D)| for every D C C with dim D = r, the strategy we
followed in Section H.3 was to determine all the possible values of ‘B;’ (which can be

obtained from Y in Theorem H.3.1), and compute the minimum of the right hand side of
(H.4.4) over all those values. The resulting bound would be

h
d,(C) > DcC,HcliErllDzr (; max{d|3§|(Cj+1), 0<j<s— 1}> . (H.4.5)

Remark H.4.2. For the case r = 1, this bound generalizes the bound from (H.2.3).
Indeed, let D C C with dim D = 1, and consider ¢, j such that B;‘ =1 (since r =1, B;-

is either 0 or 1, and if all of them are 0, this would correspond to the subcode D = {0}).
This means that D is generated by a vector ¢ with at least j zero blocks, and with a
nonzero ¢-th block. Let

7=k | ek = 0},

that is, the number of zero blocks of ¢. Then ’B;Q

follows from the definitions that, in this case, we have

= 1 since we can assume B;Q = {c}. It

By =1 += k<j, ¢ #0,
and, thus, |B,z§‘ = 0 otherwise. Then, for any ¢ such that ¢; # 0, we have
max{d|5;1|(cj+1)a 0<j<s—1} =max{di(C1),...,d1(Cj41)} = dr(Cjria).

Since ¢ has exactly h — j’ nonzero blocks, we obtain

h
Zmax{dwﬂ(cjﬂ), 0<j<s—1}=(h—j)di(Cj1),
i=1
which shows that the bound from (H.4.5) simplifies to (H.2.3) in this case.

The relations between the sizes of the B; become increasingly more involved when con-
sidering greater values of s, which is what we need to determine Y. The main problem that
arises is the fact that there is no inclusion-exclusion principle formula for the dimension
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of the sum of vector spaces (e.g., note (H.4.3)). This means that there is no direct way to
express the dimensions of the B} in terms of the dimensions of the D(y), for y € Zh, as
we did in Section H.3.

By introducing extra parameters corresponding to the dimension of sums of the D(y)
and their intersections with some other D(y/), v,y € Z%, and by taking into account the
relations between these parameters, it is possible, in principle, to obtain a lower bound
for any s and h (s < h), but the number of parameters required increases exponentially.

Since the cases that are more used for applications of MPCs involve only two or three
codes, in the next subsections we show how to use these ideas to derive a more manageable
lower bound for the GHWs of C' when s = 2 or s = 3. The approach is the following. We
will consider a set Y, and family of bounds {B,},cy, such that for any subcode D C C
with dim D = r, we have

h
Zmax{d‘Bﬂ(CjH), 0<j<s—1} =8B,

=1

for some v € Y. Therefore, from (H.4.5) we obtain

h
> i ; ; <j<s— > mi . 4.
d,(C) > DCC,Hdl.}Il;llD:’I‘ (; max{d‘B;‘(C]H), 0<j<s 1}) > {}Iél}I/le (H.4.6)

H.4.1 The case h =2

With the arguments from above, for the case s = h = 2 we can recover what we obtained
in Section H.3 for the nested case.

Corollary H.4.3. Let Cy C C1 C Fy, C = [C1,Cy] - A, for some 2 x 2 NSC matriz A.
Consider 1 <r < dimC] + dim Csy, and let

re {(ala()@) . max{r —dim Cy,0} < o; < min{dim Cy, 7}, 1 <i <2 }

ar+as <r

We consider
Bay,ay = max{dy o, (C1), day (Co)} + max{d,_a,(C1), da, (C2)}-

Then
d-(C)> min Bg., as-
( ) (a1 ,oclg)EY b2

Proof. Let D C C with dim D = r. We apply the general argument that led to (H.4.5),
considering «; = dim D(e;), 1 < i < 2, and taking into account that }Bé‘ =7r— i1
(we consider ¢ + 1 mod 2 for the subindex), Bﬂ = «;. The first set of conditions about
a;, 1 <1 < 2, follow from the fact that B}Z C Cj41 and ‘B}‘ = ’B;l , for j = 0,1. The
condition a; +ap < r arises from the fact that D(e;)+D(e2) C D, and D(e1)ND(e2) = {0}.
Therefore, by (H.4.6), we obtain the result. O
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H.4.2 The case h =3

We now apply our techniques to the case s = h = 3. Throughout this section, when a
subindex is greater than 3, we consider its reduction modulo 3. For instance, for i = 2,
we have e;1 + €;42 = e3 + e1. We denote 7331 .= ZS>0 X Z3>0 X Zi>.

Theorem H.4.4. Let C3 C Cy C Cy CFy and C = [C1,C2,Cs] - A, for some 3 x 3 NSC
matriz A. Consider 1 <r < Zf?:l dim C;, and let

0<v <dimC3, 1<i<3
max{r — dim C1,yi41 + Vig2} <oy, 1 <0 <3

Y = (a’,%ﬁ)ez&?:,l: ai+l+ai+2_7’i§57 1<i<3
3
8 < min {Z(ai — ), dim Cy + min{a;, 1 <i < 3},r}
i=1
For (a,~,B) € Y, we consider
3
Ba,%ﬁ = Z maX{dT—ai (01)7 dﬁ*ai (CQ)v d%‘ (03)}

i=1

Then we have

d.(C) > in  Bayg-
(2 By B

Proof. Let D C C with dim D = r. We consider «; = dim D(e;), v; = dim D(ej+1 + €i42)
and B = dim(3 7_, D(e;)), for 1 <i < 3. We claim
dimD/D(e;) =r — oy it j =0,
|1Bi| = < dim(37_, D(ex))/D(ei) = B — ifj=1, (H.4.7)
dim(D(e;) + > oo D(ex +er))/D(ei) =~ if j=2.

The cases j = 0 and j = 1 are straightforward. For j = 2, we have

D(e;) + > Dl(ex +er) = D(e;) + D(eis1 + eiva)
k<t

since D(e; +e€;) C D(e;), for any j # . Taking into account that D(e;) N D(ejq1+€i42) =
D((1,1,1)) = {0}, we have

dim(D(e;) + Z D(ex +ep))/D(e;) = dim(D(e;) + D(ej+1 + €i42)) — dim D(e;) = ;.
k<t

Let a = (a1, 9,a3), and v = (71,72,73). Now we check that (a,7,8) € Y (we want to
use (H.4.6)). It is clear that 0 < 5, and, since v; = |Bj| = ‘BQZ’ and BQZ C C3, we have

v; < dim Cs, for 1 < ¢ < 3. Similarly, we have r—q; = |Bé‘, which implies r —a; < dim C1,
ie.,r—dimC; <, for 1 <i < 3. Now we note that

D(e; + ei+2) + D(e; + ei+1) C D(el)
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Taking into account that D(e; + e;42) N D(e; +e;+1) = D((1,1,1)) = {0}, we deduce that
Yit1 + Vite < a4, 1 <14 < 3. Regarding the first condition for 8 in Y, we note that

3

f = dim <Z D(ei)> > dim(D(ex+1) + D(ex+2)) = agy1 + Qpr2 — Vis
i=1

for 1 < k < 3. It is clear that 8 < r, and, since 8 — a; = }BH = Biz

have 8—a; < dim Co, 1 <4 < 3. The last condition we need to prove is 8 < Z?Zl(ai —i).
Note that, using the formula for the dimension of the sum of vector spaces twice, we have

and Bil C Cq, we

3

3
dim (Z D(e») =3 i~ 9% — dim(D(eg) N (Dlersn) + Dlers2)),
=1

=1
for any 1 <k < 3. Since D(ey + e41) + D(ex + exy2) C D(ex) N (D(ek+1) + D(ex2)), we
conclude

3

3 3
B = dim (Z D(ei)) < Zcu =Yk = (k2 + Yer1) = Z(ai - %i)-
=1 i=1

i=1

Thus, we have proved that (a,v,5) € Y and, if we note the expressions in (H.4.5) and
(H.4.7), we have also proved that

3
Zmax{d|3§|(0j+1), 0 S ] S 3— 1} = BO@’YWB’
i=1

for some («,7, ) € Y. We obtain the result by (H.4.6). O

Remark H.4.5. As we have seen in the proof of the previous result, we have codified
some of the relations between the dimensions of D(e;), D(e;j+1 + €i+2) and 22:1 D(ey),
for 1 <4 < 3, using «;, 7; and 3, respectively. In fact, many of the relations between these
dimensions that one could expect can be derived from the ones included in the definition
of Y. For example, we have

3
dim(D(e;)) + dim(D(e;1+1 + €i42)) = dim(D(e;) + D(ejt1 + €i42)) < dim(z D(e;)).
=1

This means that we should have a; +; < 3, for 1 <4 < 3. This is a consequence of the
conditions we gave for Y because

B> aip1 + o — v > i +vie1, 1 <0 <3,
since we also impose the condition a2 > v + Yit1.

Theorem H.4.4 can also be used to give a bound for the GHWSs in the case s =2, h = 3,
as the next result shows. In this case, we denote Z3! = Z%O X L>0.
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Corollary H.4.6. Let C2 C C1 C Fy, C = [C1,C3] - A, for some 2 x 3 NSC matriz A.
Let

max{r —dimC7,0} < a;, 1 <i<3
i1 a2 < B, 1<0<3

Y =< (a,8) € Z3: 3
8 < min {Z a;j, dim Cy + min{a;, 1 <14 < 3},7"}
i=1

For (a, B) € Y we consider

3
Baﬁ = Z max{dr_ai(C’l), dﬁ_ai(CQ)}.

i=1

Then we have

d.(C)> min B,
(@) i Bas.

Proof. This can be obtained directly from Theorem H.4.4 by setting C5 = {0}. O

Example H.4.7. Let ¢ = 4 and n = 4. In this example (and throughout the rest of the
paper) we denote by RS(k) the Reed-Solomon code of length n and dimension k. Note that,
by Remark H.2.8, we know the GHWs of Reed-Solomon codes. Let k1 = 3 and ko = 1.
We will compute the bound from Corollary H.4.6 for the code C' = [RS(k1),RS(k2)] - A

and r = 2, where
1 a 1
A= <1 1 0) ’

and where a is a primitive element of Fy. We start by computing Y. First, we have
0<a; <r=2 forl <i <3. For 3, we have the conditions a;11 + a2 < 3, for
1 <i<3 and f < min{>>  o,1+min{a;,1 < i < 3},2). It is straightforward
to check that {(0,0,0)} x {0} € Y. If we consider o = (1,0,0), then, looking at the
conditions for [, this implies 5 = 1, and we have {(1,0,0)} x {1} € Y. Similarly, we have
{(0,1,0)} x {1},{(0,0,1)} x {1} € Y. Finally, if we consider o = (1,1, 1), this implies
B =2and {(1,1,1)} x {2} € Y. In fact, one can check that these are all the elements
of Y. For example, if we consider o = (1,1,0), then we must have a; + s = 2 < g3,
but also 8 < 14 min{a;,1 < i < 3} =1, a contradiction. A similar reasoning applies to
a=(1,0,1) or @ = (0,1, 1), and also for the cases where a; = 2 for some 1 <1i < 3.
Therefore, we have

Y = {{(0,0,0)} x {0},{(1,0,0),(0,1,0),(0,0,1)} x {1},{(1,1,1)} x {2}}.
Now we compute B, g, for each (o, 5) € Y
B(07070)70 = 3d2(RS(k1)) = 3(n — kl + 2) = 9,
B(1,0,0),1 = B(0,1,0)1 = B0,0,1)1 = d1(RS(k1)) + 2max{da(RS(k1)), d1 (RS(k2))} = 10,
B(l,l,l),l = 3d1( ( )) = 3(n — kQ + 1) =12.

Hence, we obtain

do(C)> min B,z =09.
2(C) (in, Bas

It can be checked with a computer that this is the true value of da(C).
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H.5 An upper bound for the GHWSs

In this section we give an upper bound for the GHWs of MPCs, complementing the
previous section, as this will allow us to ensure that our bound is sharp when both bounds
coincide. For this result, we do not require A to be NSC. We recall that R; = (ai1,...,aip)
is the i-th row of A, for 1 < ¢ < s; ¢; is the minimum distance of the code Cg, generated
by (R1,...,R;); and A; is the matrix formed by the first i rows of A. The proof of the
following result is a generalization of the proof in [11, Thm. 1] for the minimum distance.

Proposition H.5.1. Let Cs C--- C Cy CFy, and C = [C1,...,C4] - A, where A C FZXh
has full rank. Let 1 <r < dimCj and let 1 < i < s be such that r < dim C;. Then

d,(C) < do(C)6;.

Proof. Let 1 < ¢ < s be such that r < dimC;. We will obtain a subcode D C C
with dim D = r and [supp(D)| = d,(C;)d;. First, we consider a subcode D; C C; with
dim D; = r and |supp(D;)| = d-(C;). We also consider f = Z§:1 AjR;, with \; € Fy, a
codeword of Cg, with wt(f) = ¢;. Then we claim that

D :={[Mv1, ..., NV, Vg1, U5 A vy =vg = =0 € Dy, 041 = Viqo = = vy =0}

is a subcode of C' with dim D = r and [supp(D)| = d,(C;) - 6;. It is clear that D C C
because D; C C; C --- C (4, and dim D = r since A has full rank. Let v € D;, then

[)\11),...,)\7;1)] 'Ai = Zaﬂ/\jv,...,Zajh)\jv = (vfl,...,vfh),
7=1 7j=1

where f = (f1,...,fn) € Fg, that is, f; is the i-th coordinate of f, for 1 < ¢ < h. Hence,
D={(vfi,...,vfn) € C|v e D;}.

From this expression and the fact that [supp(D;)| = d,(C;), we obtain

4,(C;) it f; £0,
lsuppj(D)‘:{o( ) iffj'ZO.

Since wt(f) = d;, we have |supp(D)| = d,(C;) - 9;. O

Remark H.5.2. In the previous result, if A is NSC, then by [3, Prop. 7.2] we have
0i = (h—1i+1),1<i<h. Moreover, if A is triangular (that is, a column permutation of
an upper triangular matrix), then the previous result holds even if the codes are not nested
(this was already known to be true for the minimum distance [3, Thm. 3.7]). Indeed, we
just need to consider

D" :={[v1,...,vs]- Al v € Dy, v; = 0if j # i},
where we consider D; as in the proof of Proposition H.5.1. Since A is triangular, we have
D' = {(aﬂv, .. .,aihv) | NS Dz},

where a;; is nonzero for exactly h —i+ 1 values of j, which implies |supp(D)| = d,(C;) - 6.
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H.6. Examples for particular families of codes

Note that the previous result does not provide any upper bound if » > dim (4, and,
when r = dim C1, it only gives d,(C') < h-n = N, which cannot be sharp if dimCy > 1
due to the monotony of the GHWs. This contrasts with the case of the minimum distance
(r = 1), where one gets that the minimum of the bounds provided in Proposition H.5.1 is
always sharp [11, Thm. 1]. Nevertheless, for lower values of r, this bound performs well,
as we see in the following example (and as we will see in Theorem H.6.1).

Example H.5.3. Using the setting from Example H.4.7, from Proposition H.5.1, we
obtain

d2(C) < 3da(RS(k1)) = 9.

Thus, from this we can also deduce that the bound given in Example H.4.7 is sharp.

H.6 Examples for particular families of codes

We start by considering Reed-Solomon codes RS(k) with dimension k and length n < ¢,
for which we know the GHWSs from Remark H.2.8. In what follows, we denote

0 ifr=0
d-(RS(k)) =¢n—k+r ifl<r<k, (H.6.1)
00 if k<.

Theorem H.6.1. Let 1 < ko < k1 <n < gq, let A C Fg“ be a NSC matriz, and let
RS(k1, ko) := [RS(k1),RS(k2)] - A. For 1 <r < dimRS(k1,ks) = k1 + ko, we have

n+r— (k‘l + k‘g) if r > max{k‘l — ko, k’g},

RS Ra)) = {min{er(RS(kl))adr(RS(k2))} if v < max{ks — Kz, k2}.

Proof. Let a; # 0, o # r, for 1 <14 < 2. First, we give a lower bound for d,(RS(k1, k2))
using Corollary H.4.3. By (H.6.1) we have

2
Bo oy = Zmax{n — k1 +7r—aj,n—ky+ i1},
i=1

where ¢ + 1 is understood to be ¢ + 1 mod 2. This can be expressed as

2(71—]4314—7‘)—(0414—042) if r > k1 — ko + aq + ao,
Ba, s = { (H.6.2)

2(n — ko) + a1 + o if r <ky—ko+4 ar+ as.

We now study the minimum of By, 4, for all (aq,as) € Y, with a; # 0, o; # r, using this
expression. Let & :=r — (k1 — k2), and z = a1 + ag. Consider (g, a2) € Y with a; # 0,
a; # r. Then we can rewrite (H.6.2) as

2(n— ko) + 2 if z > ¢,

B = Bai an =
=) ne {2(n—k1+r)—z if z <¢.
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About the generalized Hamming weights of matrix-product codes

As a function of z, we see that B(z) is an increasing function for z > ¢ and a decreasing
function for z < ¢. Thus, the minimum for (a1, a2) € Y, a; # 0, o; # 1, is always greater
than or equal to

B(f) =2n+r— (kﬁl + kz)

Now we study the minimum of By, o, for (a1, a2) €Y, a1 =0, 0 < ag < r. As before,
we can write
B 2(n—k1+r)—042 if r > k1 — ko + a9,
0’ = .
. 2n4r— (k1 + ko) ifr <ky — ko + ao.
As a function of «pg, this is constant for ag > r — (k1 — k3), and it is decreasing for
ag <1 — (k1 — k2). The minimum over ag, with 0 < ag < r, is greater than or equal to

B07T,(k1,k2) =2n+r— (kl + k'2) = B(f)

The only cases left to check are (a1, a2) = (0,0) and (g, as) = (0,r), if they are in YV
(the rest of the cases are also covered by symmetry between o and ag). We have

B()70 = 2(n — k1 + 7“) = 2dr(Cl), BO,r =n—ko+r= dT(Cg).

Note that (0,0) € Y if and only if r — k; <0, and (0,7) € Y if and only if r — k1 < 0 and
r < ko (this last condition implies r < k). It is straightforward to check that B(§) < By
if and only if r > ki — ko, By, < B(§) always (but (0,r) € Y only if r < kp), and
By < By, if and only if r < ki — k2 — (n — k). Therefore, by Corollary H.4.3, we obtain

(B(¢) if 7 > max{k; — ko, ka},

dr,»(CQ) if ki — ko <koand k1 — ko <r < kg,

dr(RS(k1,k2)) > < 2d,(C1) if k1 — ko > ko and ko <1 < k1 — ko, (H.6.3)
d,(C3) if k1 — ko — (n—ky) <r <min{k; — ko, ko},

2d,.(Cy) ifr<k;—ky—(n—ky).

It is straightforward to check that this lower bound is equal to the formula in the statement
of the result (with the notation from (H.6.1)). By Proposition H.5.1 and Corollary H.2.7,
the previous bound is sharp for 1 < r < dim RS(kq, k2). O

Remark H.6.2. Note that the previous result shows that RS(k1, k2) is t-MDS, for ¢ =
max{kl — kg, kz}.

In a similar way, we can consider other families of nested codes for which we know the
GHWs, for example Hermitian codes [1] or Cartesian codes [2]. However, obtaining an
explicit result like Theorem H.6.1 seems out of reach since the expressions of the GHWs
of these families of codes are more involved than those of Reed-Solomon codes.

We turn our attention now to the family of Reed-Muller codes, which is closely related
to MPCs, as we see next. We denote by RM,(v, m) the Reed-Muller code of degree v in
m variables over [F,. We take F; = {a1,...,a4}. Let

<%‘> _ (aj—a1)---(aj —ai1)

% (i — o) (@ —aj—1)’
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H.6. Examples for particular families of codes

where we understand that if ¢ = 1 or ¢ = j then ($7) = 1, and (¢9) = 0 if and only if
1 <j<i¢—1. We consider the matrix

GRM, :=
a1 a2 @
() G2 )
In [3, Section 5], the authors prove that GRM, is NSC, and they also prove the following
result.

Theorem H.6.3. The Reed-Muller codes can be recursively defined by

RM,(v,0) = 10} z.fr <0
F, ifr >0,
and for m > 1
RM,(v,m) = RMy(v,m —1),--- ,RMy(v — g+ 1,m —1)] - GRM,. (H.6.4)

For ¢ = 2 and ¢ = 3, we get

11

111
) ,GRM;= (0 1 2

0 01
In particular, this recovers the well-known result that binary Reed-Muller codes can be
constructed recursively using the (u,u + v) construction.

Another important aspect of Reed-Muller codes in this context is that their GHWSs are
known [9]. Therefore, they provide a family in which to test our bounds, in particular
Corollary H.4.3 and Theorem H.4.4. For example, for ¢ = 2, we can bound the GHWs of
RMz3 (v, m) with Corollary H.4.3 using the GHWs of RMy(v,m—1) and RMa(v—1,m—1),
and we can check if the bound is sharp because we know the true values of the GHWs of
RMz (v, m). We can proceed similarly for the case of ¢ = 3 using Theorem H.4.4. Note that
we can apply our results since GRM, is NSC and RM, (v, m) C RMy(v2, m) if vy < vy,
i.e., the codes in (H.6.4) are nested.

For 2 < m < 10, we have computed the bound from Corollary H.4.3 for RMa(v, m),
0 <v <m(q—1), and we have checked that the bound coincides with the corresponding
GHW. This not only shows that the bound from Corollary H.4.3 is sharp in this case, but
also showcases the fact that it can be computed efficiently even for large codes.

For the case ¢ = 3, we have computed the bound from Theorem H.4.4 for 2 < m < 3
variables, which also gives the true value of the corresponding GHW of RM3(v,m), 1 <
v < m(q — 1). Since this bound is more computationally intensive to compute than the
one from Corollary H.4.4, is not feasible to compute it for every possible degree for a
larger number of variables. Notwithstanding the foregoing, we have tested a wide range
of degrees for 4 and 5 variables, and the bound is sharp for all of them.

Another family of codes which can be constructed recursively using the MPC construc-
tion is the family of Berman codes [18], which are nested, similarly to Reed-Muller codes.
However, the matrices corresponding to these codes are not NSC. Thus, it would be in-
teresting to see if some of the results from Section H.4 could be generalized to the case of
general matrices A, but keeping the nested condition on the component codes.
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Conclusion

In this thesis we have studied several interactions between Commutative Algebra and
Coding Theory, with an emphasis in applications. In particular, we have studied how
to compute the homogeneous vanishing ideal of any finite set of points of the projective
space using the saturation in Paper A. The same can be achieved by saturating with
respect to the ideal generated by a polynomial that does not vanish at any of the points
considered. Therefore, it would be interesting to study which polynomials do not vanish
at some particular sets of points for computing the corresponding vanishing ideal.

We have also studied the vanishing ideal of the set of fixed representatives of a set of
projective points in Papers B and C. By obtaining Grobner bases of these ideals, we have
obtained bases for the subfield subcodes of projective Reed-Solomon codes and projective
Reed-Muller codes, which have been used to construct EAQECCs with good parameters.
Using these Grobner bases, we obtain the hulls of projective Reed-Muller codes over the
projective plane in Paper F. This Grobner basis approach may be used in the future to
study other aspects of projective Reed-Muller codes, such as their weight distribution,
which has been an extensive object of study for the affine case.

A different approach to study projective Reed-Muller codes is given in Paper D, where a
recursive construction is given. With this construction, we also obtain bases for the subfield
subcodes of projective Reed-Muller codes for some particular degrees. Moreover, this
recursive construction also provides bounds for the GHWs of projective Reed-Muller codes,
allowing the exact determination thereof in many examples. Such recursive constructions
have been used for the affine case to obtain decoding algorithms and results about their
weight distribution. Moreover, another topic of future research is to investigate whether
similar constructions can be obtained for similar families of codes, such as nested projective
Cartesian codes [27].

Another topic covered by this thesis are the hulls of projective Reed-Muller codes, which
have been determined for the case of the projective plane in Paper E. Furthermore, in Paper
F we have also explored ways to change the dimension of the hull by using monomially
equivalent codes, giving rise to EAQECCs with flexible amounts of entanglement. As
before, a future research agenda would be to study if this computations can be carried out
for other families of codes.

As we have mentioned in the previous paragraphs, one of the main contributions of this
thesis is to fill some of the gaps in knowledge between affine and projective Reed-Muller
codes, in particular with respect to their subfield subcodes, hulls and generalized Hamming
weights. Nevertheless, some of these topics are still wide open, such as the determination
of the hulls for arbitrary projective Reed-Muller codes, and the exact determination of
their generalized Hamming weights.
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In Paper H we have given lower and upper bounds for the GHWs of MPCs, focusing on
the cases with two and three constituent codes. As an application of these bounds, we get
the exact value of the GHWs of the MPCs obtained by using two Reed-Solomon codes. The
techniques used are inspired by the ones considered with the recursive construction from
Paper D for projective Reed-Muller codes. Some of these techniques can be generalized
to obtain bounds for the relative generalized Hamming weights of matrix-product codes,
which could have applications for secret sharing schemes and quantum codes.

Finally, with respect to quantum fault-tolerant computing, we have given a manageable
characterization of CSS-T quantum codes in Paper G. With this new view on CSS-T
codes, we have obtained a propagation rule and we have determined the pairs of cyclic
codes that give rise to CSS-T codes. This opens the path to considering other families
of binary codes to construct CSS-T codes. A more ambitious project would be to obtain
similar conditions for a certain non-Clifford operator (analogous to the T' gate) in the
p-ary case (instead of binary). This would greatly increase the families of classical codes
we can consider to construct codes suitable for fault-tolerant computing, which in turn
may give better parameters. Triorthogonal codes are a particular case of CSS-T codes
which has aroused a lot of attention recently. Finding alternative characterizations for
these codes, and obtaining new constructions using cyclic codes (or subfield subcodes of
evaluation codes) is also a natural future research project.
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