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1 Introduction

Relative generalized Hamming weights (RGHW) of two linear codes are funda-
mental for evaluating the security of ramp secret sharing schemes and wire-tap
channels of type II [3, 4]. Until few years ago only for MDS codes and a few
other examples of codes the hierarchy of the RGHWs was known [6], but recently
new results were discovered for one-point algebraic geometric codes [3], g-ary
Reed-Muller codes [7] and cyclic codes [8]. In [2] it was discussed how to obtain
asymptotically good sequences of ramp secret sharing schemes by using one-point
algebraic geometric codes defined from good towers of function fields. The tools
used here were the Goppa bound and the Feng-Rao bounds. In the present paper
we focus on secret sharing schemes coming from the Garcia-Stichtenoth second
tower [1]. We demonstrate how to obtain refined information on the RGHW’s
when the codimension is small. For general co-dimension we give an improved
estimate on the highest RGHW. The new results are obtained by studying in detail
the sequence of Weierstrass semigroups related to a sequence of rational places [5].

We recall the definition of RGHW:s and briefly mention their use in connection
with secret sharing schemes.

Definition 1 Let C; C C) be two linear codes. For m =1,...,dimC; —dimC; the
m-th relative generalized Hamming weight (RGHW) of C| with respect to C, is

M,,(C1,Cy) = min{#SuppD | D C C) is a linear space,

dimD =m,DNC, = {0}}. (1)

Here SuppD = #{i € N| exists (c1,...,¢,) € D with ¢; # 0}.
For m = 1,...,dimC) the m-th generalized Hamming weight (GHW) d,,(C)) is
equal to M,,(C1,{0}).

It was proved in [3, 4] that a secret sharing secret scheme obtained from two
linear codes C, C Cy has r,, = n—M;_,,.1(C,C2) + 1 reconstruction and #,, =
My, (CZL,Cll) — 1 privacy for m = 1,...,£. Here, r,, and t,, are the unique numbers
such that the following holds: It is not possible to recover m g-bits of information



about the secret with only #,, shares, but it is possible with some 7,,, + 1 shares. With
any r,, shares it is possible to recover m g-bits of information about the secret, but
it is not possible to recover m g-bits of information with some r,, — 1 shares.

We shall focus on one-point algebraic geometric codes C (D, G) where D =
P +---+P,G=uQ, and Py,...,P,,Q are pairwise different rational places over
a function field. By writing vy for the valuation at Q, the Weierstrass semigroup
corresponding to Q is
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We denote by g the genus of the function field and by ¢ the conductor of the Weier-
strass semigroup.

We consider C; = C(D,1;1Q) and C; = C¢(D, 112Q), with —1 < up < ;.
Observe that for £ = dim(C; ) —dim(C>) and u = u; — pp we have that ¢ < u, with
equality if 2g < up < u; < n—1 holds.

From [2, Proposition 23 and its proof] we have the following result:

Proposition 2 If 1 <m < min{/,c}, then
My(C1,Co) >n—p+(m—1)+(m—c+g+hem) 3)
where he_p, = #(H(Q) N (0,c —m]). If2g < uy <n—1, then
M, (C1,C) >n—dimC+2m—c+he_p, 4

Applying Proposition 2 to code pairs coming from Garcia-Sticthenoth’s second
tower [1] the following asymptotically result was obtained in [2, Corollary 40]:

Corollary 3 Let g be an even power of a prime and 0 < p < ﬁ. There exists a

sequence of one-point algebraic geometric codes C; = C (D, 1;Q) and a sequence
of positive integers m; such that for i going to infinity: n; = n(C;) — oo, dimC;/n; —
R, Wi/n; — R, mi/n; — p. Let § = liminfd,, (C;)/n;, we have that:

§>1—-R+2p. (5)
Ifﬁ < R <1, we have that:

§>1—-R+2p—

1
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From Garcia-Stichtenoth’s second tower [1] one obtains codes over any field
F, where g is an even power of a prime. Garcia and Stichtenoth analyzed the
asymptotic behavior of the number of rational places and the genus, from which it
is clear that the codes beat the Gilbert-Varshamov bound for g > 49. Remarkably,
a complete description of the Weierstrass semigroups corresponding to a sequence
of rational places was given in [5]. This description is what allows us to refine in
the present paper the analysis of the RGHWs.

2 Small codimension

In this section we give a sharper bound on the RGHW:s of two one-point algebraic
geometric codes coming from Stichtenoth-Garcia’s towers when the codimension
is small.

Proposition 4 Let v be an even positive integer and g an even power of a prime.
Consider two one-point algebraic geometric codes C; C C) defined from the v-th
Garcia-Stichtenoth function field over F,. For u < q T andm = 1,..., U, we have
that:

M, (C1,C) >n—y +min{(m— l)q%f%”—i- {q”f% (1 —q’%ﬂ :

ueHlogq(mlwﬂ , {mgq(uuﬁJ}}. %

Note that there are some cases where the minimum is reached for u = [log, (m—
1)+ %1 and other cases where it is reached for u = Llogq(u —-1)+ %J . For this rea-
son in Proposition 4 the value u is not univocal.

As Proposition 2, this result has an asymptotic implication:

Corollary 5 Let g be an even power of a prime, 0 < Ry <Ry < 1, and R =
R —R, < ﬁ. There exists a sequence of pairs of one-point AG codes Cy; =
Cy(Di 112iQ) & Cri = Cx(Dj, Q). such that: n;=n(Ca,;) =n(Cyi) = oo, lji/n;
— Rj for j=1,2 for i — 0. For a given p let m; be such that m;/n; — p fori — oo
and let M = liminfM,,,(C ;,C2 ;) /ni. The sequence of code pairs satisfies:

M>1—R,+ min {p(u(q—\/a))_é—FZ(q—\/&)}. (8)

ue{p,R}



Note that if we assume that Cy ; are zero codes for all i, then limM,,,,(Cy ;,{0})
is the asymptotically value of the m;-th general Hamming weight of C; ;. For R <
4(4*17\@’ the bound in Corollary 5 is sharper than the one obtained in Corollary 3.

In the following graph we compare the bound from Corollary 3 (the dashed
curve) with the bound from Corollary 5 (the solid curve). The first axis represents

p = limm; /n;, and the second axis represents 8 = liminfM,, (C) ;, {0}).
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3 The highest RGHW

In this section for 2g < u» < ) < n— 1, we obtain a new bound for the highest
RGHW of two one-point algebraic geometric codes obtained from Stichtenoth-
Garcia’s second tower.

Proposition 6 Let v be an even positive integer and 2g < L, < iy <n—1. Con-
sider two one-point algebraic geometric codes C, C Cy built on the v-th Garcia-
Stichtenoth tower. We have that:

M((CI,CZ) =n-— d1mC2 lf[ > qu71 (9)
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1

~ log, (£)] — _ _
M(C1,C2) > n—dimC, — <qzl Z (¢ =g )+
i=1

(2

+(q%1,LVT+Llogq(£)J _g)qzzlogq(m> ift < q%1 (10)

For ¢ > qufl, the Singleton bound is reached. For £ < qv%l it is still an interest-
ing bound because we are able to estimate 4._,,. This bound has an asymptotically
implication as well:



Corollary 7 Let g be an even power of a prime, ﬁ <R, <Ry <1 and R =

Ry — Ry. There exists a sequence of one-point algebraic geometric codes Cy; =

Cz(Dis p12,0) & Cri = Cor(Dis i Q). Wi = i = Mo such that: ni = n(Cy;) =
n(Cl,,‘) —> 0o, ‘LLj’i/ni — Rj fOF ] = 1,2 fOF’ I —> oo, Let &' = dimCU — dimCQJ,

M = liminfM,(Cy,Ca,)/mi, R; = lim % for j = 1,2, and R = Ry — Ry, we
have that: |
M=1-R, if R>—— (11)
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zero codes for all i, then the value M of Corollary 7 represents the asymptotically
value of the highest generalized Hamming weight of C; . By using Corollary 3 for

R= \/51_1 it is possible to obtain a similar value, but for the other values of R it is
a new bound.

In Corollary 3, p is smaller than or equal to If we assume C; ; to be the
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