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Classical Fundamental Question of Coding Theory

Find the largest subset of I'5 such that any two vectors are at least
distance d apart, where the distance between two vectors is the
number of coordinates in which they differ.



Linear Version

Find the largest subspace of I'J such that the minimum weight of
any non-zero vector is at least d, where the weight of a vector is
the number of non-zero coordinates in that vector.



Linear Version

Find the largest subspace of I'J such that the minimum weight of
any non-zero vector is at least d, where the weight of a vector is
the number of non-zero coordinates in that vector.

For vectors v, w, d(v,w) = wt(v — w) hence this is the linear
version of the previous question.



Modified Fundamental Question of Coding Theory

Find the largest subset of A” such that any two vectors are at least
distance d apart, where the distance is a metric and A is an
algebraic structure.
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it is also a submodule.
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Basic Definitions

A code C over a ring R of length n is a subset of R”. It is linear if
it is also a submodule.

[v,w] = Z viW;

Ct={v]|[v,w]=0, Ywe C}
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C C Ct - the code is self-orthogonal.
C = C' - the code is self-dual.
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Basics

R Frobenius = |C||C*| = |R|".

C C Ct - the code is self-orthogonal.

C = Ct - the code is self-dual.

We(y) = Yeec v ).

We(y) = WeL(y) the code is formally self-dual.

Self-dual codes are of particular interest because of their
connections to unimodular lattices and invariant theory.
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Rings of Order 4

Zs = {0,1,2,3}

Fys={0,1,w,w?}

IF2+UIF2:{O,1,U,1+U},U2:O

Fo+vFy ={0,1,v,14+ v}, v? =v



Rings of Order 4

Zy4 is a chain ring



Rings of Order 4

Zy4 is a chain ring
IF4 is a finite field and so it is within the area of classical coding
theory.



Rings of Order 4

Zy4 is a chain ring

IF4 is a finite field and so it is within the area of classical coding
theory.

F» + ulFy is a local ring with maximal ideal (u) (it is also a chain
ring but its generalization is not).



Rings of Order 4

Zy4 is a chain ring

IF4 is a finite field and so it is within the area of classical coding
theory.

F» + ulFy is a local ring with maximal ideal (u) (it is also a chain
ring but its generalization is not).

IF» + vIFy is a principal ideal ring isomorphic to Zy x Z



Gray Maps

The following are the distance preserving Gray maps from the rings
of order 4 to IF3.

Zys T4 To+uFy, Fo+vEF, F3

0 0 0 0 00
1 1 1 v 01
2 14w u 1 11
3 w 14+ u 1+v 10
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Generalizations

> 74 generalizes to Zok, Zok is a chain ring.

» IF4 generalizes to IFps, IFps is a finite field.

» Iy + ulFy generalizes to Ry, Rk = Falug, va, ..., ukl, u,-2 =0,
which is a local ring.

» Iy + vIF, generalizes to Ak, Ak = IF2[V]_, Vo, ..., Vk], V,-2 =v;,
which is isomorphic to TF5.



We begin by extending the Gray map (non-linear) to the chain ring
Z2k.



We begin by extending the Gray map (non-linear) to the chain ring
Zok. Let 1; denote the all-one vector of length i and let 0; denote

the all zero vector of length .



Gray Maps

Then we define the Gray map ¢ : Zyx — Z%k_l by

o(i) = 0x21; 0<j<ok2
DT 1+ g(i — 2K i 262



Example

~No ok~ Ww N+ O

Zg — 5

N

0000
0001
0011
0111
1111
1110
1100
1000



Rank and Kernel

Let C a code over Zyk. Define the rank of C, denoted rank(C), as
the minimum number of generators of the code C, and the kernel
of C, denoted K(C), as the set

K(C)={vlve(C, v+ C=C}
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Singleton Bound

If C is a linear code over Z,« of length n then

LdL(C) -1

k1 J < n— rank(C). (1)

A code meeting this bound is said to be Maximum Distance with
respect to Rank with the Lee weight, or Lee MDR.

It is Lee MDS if it meets the stronger bound

LdL(C)—l

= J < n— logy«|C|. (2)



Kernels

Theorem

Let C be a code over Zx of type {do,d1,...,0k—1}. If
m = dim(K(¢(C))), then

k—1 k—

1 k-1 k—1
m € {;6;,25;—1—1,...,;5,4_5,(2_27251._’_5,(2}'

i=0

Moreover, there exist such a code C for any m in the interval.



Linear Image

Theorem
Let C be a code over Zyx, k > 2. Then ¢(C) is linear if and only if
C is permutation equivalent to a code with generator matrix of the

form
( 2k72l6,(72 2k72A 2k72B )

0 2/(—1/6!(_1 2k—1 T (3)

where A, B and T are matrices over Zy« with all entries in
{0,1} C Zp.



Formally Self-Dual Codes over Z,
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Let C be a formally self-dual code over Z.4 with respect to the Lee
weight enumerator, then the image of C under the Gray map has
the weight enumerator of a formally self-dual code.



Formally Self-Dual Codes over Z,

Theorem

Let C be a formally self-dual code over Z.4 with respect to the Lee
weight enumerator, then the image of C under the Gray map has
the weight enumerator of a formally self-dual code.

Often self-dual codes will produce binary self-dual codes but not
always.



Examples

Table: Binary Images of Self-dual Codes over Z4

Code | Length Binary Image Orthogonality
A 1 [2,1,2] Linear Code Self-Dual
DE 4 [8,4, 4] Linear Code Self-Dual
DP 6 [12,6,4] Linear Code Not Self-Dual
& 7 (14,27,4) Non-linear Code | Not Self-Dual
DY 8 [16,8,4] Linear Code Not Self-Dual
Es 8 (16,28, 4) Non-linear Code | Not Self-Dual
Ks 8 [16,8,4] Linear Code Self-Dual
Kg 8 [16, 8, 4] Linear Code Self-Dual
Og 8 (16,28, 4) Non-linear Code | Not Self-Dual
Qs 8 [16,8,4] Linear Code Not Self-Dual




The ring Ry

Rk - IF2[“17 u,..., Uk]/(U,‘z = 07 ujuj = UjU,’)



The ring Ry

Rk = Falui, up, . . ., uk]/<u,-2 =0, ujuj = uju;)

Theorem
The ring Ry is a local ring with unique maximal ideal
My = lyy uo,....u.- This ideal consists of all non-units and has

R,
| = 1B,



Representation of Elements

Let up = HleA ui. Any element in R, can be written as

Z caua, ca € Iy,
AC{1,2,...k}



The ring Ry

The ring R, has cardinality:

|Rk| — 2(2k)



The ring Ry

The ring R, has cardinality:

[Re| = 22

The rings is neither principal nor a chain ring for k > 2, but it is
Frobenius.



Gray Map

gZ)Rl(a + bul) = (b, a—+ b)

quk(a + buk) = (¢Rk71(b)7 ¢Rk71(a) + d)kal(b))



Gray Map

gZ)Rl(a + bul) = (b, a—+ b)

¢Rk(a + buk) = (¢Rk71(b)7 ¢Rk71(a) + d)kal(b))

The map is linear.
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Alternate Gray Map

View R, as a vector space over IF» with basis

{ua: AC{1,2,... k}}.

Define the Gray map of each uj and then extend it linearly to all
of Rk.

Fix an ordering on the subsets of {1,2,..., k}, that will be defined
recursively as follows:

(1,2, k} ={1,2,...,k— 1} U {k}.

Denote by ¥, : Ry — ]F%k and define it as follows:

VYi(ua) = (cB)Bc{1,2,... k}>

where
__[1 iBCA
B~ 0 otherwise.



Alternate Gray Map

It follows immediately that

WL(UA) = 2|A| .



Alternate Gray Map

It follows immediately that

WL(UA) = 2|A| .

The map v is equivalent to ¢k



Gray Image

Theorem

If C is a binary code that is the Gray image of a linear code over
Ry then its automorphism group contains k distinct
automorphisms which are involutions corresponding to multiplying
by the units 1 + u;, fori =1,2,--- | k.



Gray Image

Theorem

If C is a binary code that is the Gray image of a linear code over
Ry then its automorphism group contains k distinct
automorphisms which are involutions corresponding to multiplying
by the units 1 + u;, fori =1,2,--- | k.

Theorem
If C is a self-dual code over Ry, then ¢, (C) is a binary self-dual
code of length 2% n.



Reed Muller Codes

Theorem
The Reed-Muller codes RM(r, m) are the images of linear codes

over the ring Ry of length 2™ under the Gray map ¢ for all
m >k and for all r with 0 < r < m.



Lifts

Define M x : Rj — Ry by Mj x(u;) = 0if i > k and the identity
elsewhere. That is [; x is the projection of R; to Ry. Note that if
J < k, then [1;  is the identity map on R;.



Lifts

Define M x : Rj — Ry by Mj x(u;) = 0if i > k and the identity
elsewhere. That is [; x is the projection of R; to Ry. Note that if
J < k, then [1;  is the identity map on R;.

If C = «(C") for some C" and j > k, then C’ is said to be a lift
of C.



Lifts and Projections of Self-Dual Codes

Theorem
If C is a self-dual code over R then there exists a self-dual code
C' over R;, for j > k, with T; ,(C") = C.
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Self-Dual Codes

Theorem
Self-dual codes over Ry exist for all lengths and for all k.

A self-dual code over Ry is Type Il if the Lee weights are all
multiples of 4. A self-dual code over IF5 is Type Il if the Hamming
weights are all multiples of 4.



Self-Dual Codes

Theorem

Let C be a self-dual code over Ry then ¢x(C) is a binary self-dual
code of length 2. If C is a Type Il code then 1, (C) is Type Il and
if C is Type I then 1, (C) is Type I.



Cyclic Codes

A code C is cyclic if (ag, a1,...,an—1) € C implies
(anflv 40, d1, - . -, 3,772) e C.



Cyclic Codes

A code C is cyclic if (ag, a1,...,an—1) € C implies
(anflv 40, d1, - . -, an,2) e C.
A code C is b-quasi-cyclic if (ag, a1,...,an—1) € C implies

(30—ba Al—bs-+ > an—l—b) e C.



Cyclic Codes

Theorem
Let C be a cyclic code of length n over the ring Rx. Then ¢ (C)
is a 2K~ quasi-cyclic binary linear code of length 2¥n.



Good Codes

Using cyclic codes and self-dual codes we have found many good
binary codes as images under the Gray maps.



The Ring Ay

Ax = TFaolvi, va, ..o, ]/ (V2 = vi, vivj = vjv;)



Gray Maps

da(a+ bvi) = (a,a+ b)

o (a+ buy) = (da,_,(3), da,_.(a) + ¢a,_, (D))



Gray Maps

OrderIE‘%k again.
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Gray Maps

OrderIE‘%k again. Let ¥, : Ax — ]F%k. Define

V(vg) = Z WE

ECB
where F € Py and

(WE)F:{l EcF

0 otherwise.



Gray Maps

OrderIE‘%k again. Let ¥, : Ax — ]F%k. Define

Vi(ve) = > we
ECB
where F € Py and
wop_ {1 ECF
EJF =1 0 otherwise.

Then Wk(z anB) = Zagwk(VB).



Gray Maps

The two Gray maps are equivalent.



Inner Products

Over Ag, the Euclidean inner product is:

[v,w] = Z ViW;

and the Hermitian is

[v,w]y = Z VW,

where v; = 1 + v;.



Elements of A,

Each element of Ay is of the form ZBePk agvg where ag € I,
and Py is the power set of the set {1,2,3,..., k}.



Elements of A,

Each element of Ay is of the form ZBePk agvg where ag € I,
and Py is the power set of the set {1,2,3,..., k}.

For A,B C {1,2,...,k} we have that vavg = vag which gives
that

Y agve- > Beve= Y (> asBc)vo.

BePy CePy DePy BUC=D



The Ring Ay

Theorem
The ring Ay has characteristic 2 and cardinality 22 The ring Ay Is
not a local ring.



Chinese Remainder Theorem

Theorem

The ideal (w1, wa, ..., wg), where w; € {v;,1+ v;}, is a maximal
ideal of cardinality 22-1 Denote these maximal ideals by m;.
There are 2% such ideals and m? =m; for all i and e > 1. Hence

its index of stability is 1. Moreover the direct sum of any two of
these ideals is Ag.



Chinese Remainder Theorem

Theorem

The ideal (w1, wa, ..., wg), where w; € {v;,1+ v;}, is a maximal
ideal of cardinality 22-1 Denote these maximal ideals by m;.
There are 2% such ideals and m? =m; for all i and e > 1. Hence

its index of stability is 1. Moreover the direct sum of any two of
these ideals is Ag.

Theorem

The ring Ay is isomorphic via the Chinese Remainder Theorem to
ok . . . . .

IF5 . Consequently, the ring Ay is a principal ideal ring.



Euclidean Self-Dual Codes

Theorem
Euclidean self-dual codes exist if and only if the length is
congruent to 0 (mod 2).



Euclidean Self-Dual Codes

Theorem
Euclidean self-dual codes exist if and only if the length is
congruent to 0 (mod 2).

Theorem

The image under the Gray map of a Euclidean self-dual code is a
binary self-dual code.
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Hermitian Self-Dual Codes

Theorem

Let C be a Hermitian self-dual code over Ay, then, with the proper
arrangement of indices, C is isomorphic to

Cix G x G x G x -+ x Cpre1 X Caig

where C; is any binary code.



Hermitian Self-Dual Codes

Theorem
Let C be a Hermitian self-dual code over Ay, then, with the proper
arrangement of indices, C is isomorphic to

Cix G x G x G x -+ x Cpre1 X Caig
where C; is any binary code.

Theorem
Let C be a Hermitian self-dual code over Ay of length n then
®,(C) is a formally self-dual binary code of length 2% n.



Cyclic and Quasi-Cyclic Codes

Theorem
The Gray image a cyclic code over Ay of length n is a quasi-cyclic
code of index 2% over F» with length 2¥n.



Cyclic and Quasi-Cyclic Codes

Theorem
The Gray image a cyclic code over Ay of length n is a quasi-cyclic
code of index 2% over F» with length 2¥n.

Theorem
The Gray image of a quasi-cyclic code over Ay of length n with
index | is a | quasi-cyclic code of index 2% over 5 with length 2%n.



Odd formally self-dual codes

» There exist odd formally self-dual codes of all lengths over Ag
for all k.



Odd formally self-dual codes

» There exist odd formally self-dual codes of all lengths over Ag
for all k.

» Linear odd formally self-dual codes exist over Z4 and Ry for
all lengths greater than 1.
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What we have done

» Each of the rings of order 4 has been generalized in a natural
way with a corresponding Gray map.

» The standard classes of codes have been examined over these
rings and their Gray images examined.

» These rings have been used to produce interesting (good)
binary codes.

» Computationally rich example. If C is a formally self-dual
code over Zg, R, or A then the image under the
corresponding Gray map is a binary formally self-dual code.



