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Abstract

In this extended abstract, we use the techniques of computation of the minimum apparent
distance of a hypermatrix given in [2] in order to develop a notion of BCH bound and BCH
code in the multivariate case. Then we extend the most classical results in BCH codes to the
multivariate case and we show how to construct abelian codes with maximum dimension with
respect to prefixed bounds for their minimum distance.
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1 Introduction, notation and preliminaries

The oldest lower bound for the minimum distance of a cyclic code is the BCH bound (see [4, p.
151]). Its study and its generalizations are classical topics, which include the study of the very
well-known family of BCH codes. In 1970, P. Camion [3] extended the study of the BCH bound
to the family of abelian codes by introducing the notion of apparent distance of an abelian code.
For cyclic codes, it coincides with the BCH bound (see[3, p. 22]).

In [2] we gave an algorithm to compute the minimum apparent distance of a hypermatrix, and
thereby to compute the apparent distance of an abelian code, based on hypermatrix manipulations
that extends other methods (see [6]). In this extended abstract we use those techniques in [2]
to develop a notion of BCH bound and BCH code in the multivariate case. We also extend the
most classical results in BCH codes to our case. Finally, we show two different applications. The
first one consists of constructing multivariate abelian codes from BCH cyclic codes, multiplying
their dimension and preserving their BCH bounds. The second one consists of designing maximum
dimensional abelian codes with respect to several bounds.

All throughout, [, denotes the field with ¢ elements where ¢ is a power of a prime p. It will
be the ground field of the codes. An abelian code is an ideal of a group algebra F,G, where G
is an abelian group. It is well-known that a decomposition G ~ C,, x --- x C,_, with C;, the
cyclic group of order 7 for k =1, ..., s, induces a canonical isomorphism of F,-algebras from F,G
to Fylx1, ..., z6)/ (x1* —1,..., 2% —1). We denote this quotient algebra by A,(r1,...,rs) and by
I the product Z,, x --- X Z,,. So, we identify the codewords with polynomials that we write as
f=f(x1,...,z5) =Y a; X!, where i = (i1,...,i5) € [ and X! = xil coels,

We deal with abelian codes in the semisimple case; that is, we always assume that ged(rg, q) =1
for every k = 1,...,s. Let U,, denotes the set of all r;-th primitive roots of unity, for each i =
1,...,s. WedefineU = {(a1,...,05) : a; € Uy, }. Every abelian code C'in A,(r1, ..., 7s) is totally
determined by its root set Z(C) ={a € U : f(a) =0 for all f € C}. Fixed a = (a1,...,a5) € U,
C'is determined by its defining set, Dy, (C)={(a1,...,as) € I : f(af',...,a%) =0for all f € C}.
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Given an element a = (ay,...,as) € I, we define its ¢*-orbit modulo (ry,...,rs) as Qi(a) =
{(al ¢t .. a - qi) |ie N} C Zypy X+ +XZyp,. In the case t = 1 we only write Q(a). The parameter
(r1,...,7rs) will be omitted because it will always be clear from the context.

It is easy to see that, in the semisimple case, for every abelian code C in A, (r1,...,7s), Do (C)
is a disjoint union of g-orbits modulo (r1,...,rs). Conversely, every union of g-orbits modulo
(r1,...,7s) determines an abelian code (an ideal) in A,(rq,...,7s) (see, for example, [1]).

To define and compute the apparent distance of an abelian code, we will associate to its defining
set, with respect to a € U, certain hypermatrix that we will call g-orbits hypermatrix. Let r1, ...,
be positive integers, and set I = [[;_, Z,,. For any i € I we write its k-th coordinate as i(k). A
hypermatrix, with entries in a set R, indexed by I (or an I-hypermatrix over R) is an s-dimensional
I-array, that we denote by M = (ai);c;, with a; € R [7]. The set of indices, the dimension and the
ground field will be omitted if they are clear by the context. As usual, in case s = 2 we will say that
M is a matrix, and for s = 1 we will call M a vector. We write M = 0 when all of its entries are
0; otherwise we may write M # 0. A hypercolumn is defined as Hps(k,b) = {a; € M : i(k) = b},
with 1 < k < s and 0 < b < r, where the expression a; € M means that a; is an entry of M.
Usually, a hypercolumn will be seen as an (s — 1)-dimensional hypermatrix. The hypermatrix
afforded by D is defined as M = (ai)iej, where ¢; = 1 if i € D and a; = 0 otherwise. When
D is an union of ¢‘-orbits we will say that M is the hypermatrix of g-orbits afforded by D, and
it will be denoted by M = M (D). For any I-hypermatrix M with entries in a ring, we define
the support of M as the set supp(M) = {i€ I : a; # 0}; whose complement will be denoted by
D(M). Note that, if D is a union of g*-orbits, then the ¢'-orbits hypermatrix afforded by D verifies
that D(M (D)) = D.

Let Q; be the set of all g*-orbits in I, for some ¢ € N. We define a partial ordering over the set
of g'-orbit hypermatrices {M (D) : D = Q for some subset Q C Q;} as follows:

M(D) < M(D') < supp (M(D)) € supp (M (D")). (1)

Clearly, this condition is equivalent to D’ C D.

Let Fgv /F, be an extension field such that U C Fgo. The (discrete) Fourier transform of a
polynomial f € A4(r1,...,7s) (also called Mattson-Solomon polynomial [6]), with respect to « € U,
that we denote by ¢4 1, is @a, 5 (X) = ng f(ad) X3, Clearly, po.f € Agv(r1,...,7s); moreover, the
function Fourier transform may be viewed as an isomorphism of algebras ¢, : Agv (r1,...,75) —

Wy ”

(Iﬁ‘g%:1 " %), where the multiplication “x” in Fgﬁl " is defined coordinatewise. So, we may see

©a,f as a vector in ngﬂ " or as a polynomial in A, (ry,...,7s). See [3, Section 2.2] for details.

1.1 Apparent distance of an abelian code

The apparent distance of hypermatrices is a tool used to compute a lower bound for the minimum
distance of an abelian code. The notion of apparent distance was originally given for polynomials
by P. Camion in [3, p. 21]. In [6, Section 2.3], Sabin computes the apparent distance of polynomials
by using matrix methods in the case of two variables. As a generalization of those techniques, we
introduce the notion of apparent distance of a hypermatrix (see [2]). For a positive integer r, we
say that a list of canonical representatives by, ...,b; in Z, is a list of consecutive integers module
r, if for each 0 < k < [ we have that byr1 =br +1 mod r. If b = by (resp. b = br11) we denote
bt = bryq (vesp. b~ = by).

Definition 1. Let s,q, r1,...,7s and I be as above. Let M be a hypermatriz, k € {1,...,s}, b€
Ly, and Hpr(k,b) a nonzero hypercolumn. The set of zero hypercolumns adjacents to Hpr(k, b) is the
set of hypercolumns CHp(k,b) = {Har(k,bo), Har(k,b1), ..., Hy(k, b)) such that Har(k,bj) =0
forallj € {0,...,1}, bo, ..., by is a list of consecutive integers modulo ry,, b™ = by and Hy(k, b)) #
0. In the case s = 1 we replace hypercolumns by entries.

Notation 2. We denote by wps(k,b) the value |CHys(k,b)|; in the case s =1 we write wps(b) =
war(1,b). Note that for some values k and b it may happen that wyr(k,b) = 0.

Definition 3. Let s,q, r1,...,7s and I be as above. Let M be a hypermatriz over Fy and k €

{1,...,s}.
1. If M 1is the zero hypermatriz, its apparent distance is d*0 = 0.

2. In case s =1, the apparent distance of a vector M is d*M = maxpez, {wn(b) +1}.



8. For s > 2, we give the definition in two steps:
(3.1) The apparent distance of M with respect to the k-th face is

diM = max {(wnr(k,b) + 1) - d" Hys(k,b)}
€

-
Then
(5.2) the apparent distance of M is d*M = maxi<p<s{d;M}.

Theorem 4. [2, Theorem 7] Let s,q, r1,...,7s, I and Agv(r1,...,75) be as above. For a polynomial
feAp(ri,...,rs) with coefficient hypermatriz M(f), the equality d*f = d* M (f) holds.

Now, we give an alternative definition of apparent distance of a code, to that given by Camion
in [3].

Definition 5. Let C' be a code in Ay(r1,...,7s). The apparent distance of C, with respect to
aeU, isd,C = min{d*M(gpa,e) c0#£e?2=cc C}, where v . denotes the image of e under
the discrete Fourier transform, with respect to «, as we denoted in the previous section. The
apparent distance of C is d*C = max {d}gC : B e U}. We also define the set of optimized roots

of C as R(C)={BEeU : dC=d*M(gps.)}.

Note that, if e € A4(r1,...,7s) is an idempotent and E is the ideal generated by e then for any
a € U we have that M (¢q.) = M (Do (E)). Now let C' be an abelian code and M = M (D, (C)).
For any g-orbits hypermatrix P < M [see (1)] there exists an idempotent ¢’ € C such that
P = M(per). So we may conclude that min{d*P : P < M} = min{d*M(¢a.) : 0#e? =e € C}.
This fact drives us to give the following definition.

Definition 6. In the setting described above, for a q-orbits hypermatrixz M, its minimum apparent
distance is mad(M) = min{d*P : 0# P < M}.

The apparent distance is a lower bound for the minimum distance of any abelian code (see [3,
Theorem 4.1]). In the next theorem we set the relationship between the apparent distance of an
abelian code and the minimum apparent distances of the coefficient hypermatrices of the Fourier
transforms of its generating idempotent. It is one of our main results.

Theorem 7. Let C' be an abelian code in Ay(r1,...,7rs) and let e be its generating idempotent.
Then d},C = mad (M (pa.e)) (a € U). Therefore, d*C = max{mad (M (pq,e)) : « € U}.

In [2, Theorem 9] we present a technique to compute the minimum apparent distance of a
hypermatrix and thereby to compute the apparent distance of an abelian code.

Remark 8. Let us note that the maximum that defines d*C does not have to be computed over all
the elements of U. Indeed, let Q(a1),Q(az),...,Q(ap) be all different g-orbits modulo (rq,...,rs)
and fix the representatives ai,...,a,. Chose @ € U to get a defining set D,(C). Let 8 € U. One
may see that if Dg(C) # Do (C) then f% = « for some a; = (a1, . . ., a;s) such that ged(a,;,7;) =1
with j = 1,...,s. In this case, it is clear that Dg(C) = a; - Do(C), where the multiplication has
the obvious meaning.

Then, we denote by K(r1,...7s) = {a; = (as1,...,ais) : ged(aij,ry) =1, =1,...,s,1 =
1,...,h} and fixed @ € U we define R, ={f €U : p% =a,a; € K(r1,...,7rs)}. So, in practice,
fixed a € U, d°C = max {d5C : B €Ra}.

2 Multivariate BCH bounds and BCH codes

Theorem 9. (Multivariate BCH bound) Let s,q, r1,...,rs be positive integers, with q a
power of a prime number p, such that ptr;, fori=1,...s and a € U. We set I = H‘;:l Ly, -
Let C be a nonzero abelian code in Aq(r1,...,rs) with defining set D, (C) and M the g-orbits
hypermatriz afforded by D, (C). Suppose that there exist a subset v C {1,...,s} and a list of
integers {0 > 2 : k € v} satisfying the following property: for each k € v, the hypermatriz M has
distinct zero hypercolumns Hys(k, ji0)), - - Hy (K, Ges,—2)), where {50y -5 Jh,6,—2) ) 5 @ list

of consecutive integers modulo ry, (see Section 1.1). Then d,C > [[., k. Hence, d*C > [].c., Ok



Example 10. Set ¢ =2, =5, =7, D =Q(0,0)UQ(0,1)UQ(0,3)UQ(1,1) and M = M (D).
Then Hp(1,0) = 0 and Hpy(2,1) = Hp(2,2) = Hp(2,4) = 0. So we take v = {1,2}, 61 = 2,
02 =3, j1,00 = 0, J2,00 = 1 and j,1) = 2. Then if C is the abelian code with defining set D, with
respect to some a € U, we can check that d*C > 6. In this case we have that d*C achieves this
bound.

Let us reformulate last theorem in a more traditional way. We recall that for any two integers
b,r € Z with r > 0, we denote by b the canonical representative of b in Z,..

Corollary 11. Let v C {1,...,s} be a set, and let 6 = {0 > 2 : k €~} andb={by >0

k € ~} be lists of integers. For each k € «y consider the list of consecutive integers modulo Ty,
Ji = {bky...,bp + 0k — 2} and set Ay, = {i € I : i(k) € Jp}. If C is a nonzero abelian code
satisfying Uj_1 A € Da(C), for some o € U, then d*C' > []c., Ok-

Example 12. Set =2, =3, ro =13 =5, D =Q(0,0,0) UQ(0,0,1) UQ(0,1,0) UQ(1,0,0) U
Q(1,0,1)UQ(1,0,2)uQ(1,1,0)UQ(1,2,0), M = M (D) and let C be the abelian code with defining
set D, with respect to some 8 € U. One may check that Hys(2,0) = Hps(3,0) = 0; so that, we
may take v = {1,2}, § = {2,2}, b = {0,0} and then d*C > 4.

Now we present a new notion of multivariate BCH code. We set I(k,l) ={i € I :i(k) =1}.

Definition 13. (Multivariate BCH code) Let s,q, 1,...,7s, I be as above. Let v C {1,...,s}
and 6 = {0 > 2 : k € ~}. An abelian code C in Ay(r1,...,7s) is a multivariate BCH code
of designed distance 0 if there exists a list of positive integers b = {br : k € ~} such that
Da(C) = Upe, U?iaQ ic1(kmngn) Q) for some o € U, where {by ..., b + 6 — 2} is a list of
consecutive integers modulo ri. We denote C' = Bgy(a,7,6,b), as usual.

Example 14. In Ezample 10 we obtained the multivariate BCH code Bs (o, {1,2},{2,3},{0,1})
and the BCH multivariate code in Example 12 is B2 (8,{2,3},{2,2},{0,0}).

As a direct consequence of Theroem 9 we have that d*By(«,7,d,b) > HkE'y 6x. From now on,
we shall extend the basic properties of BCH codes to the multivariate case. The following property
is immediate.

Corollary 15. Let By(a,,6,b) be a multivariate BCH code. For each k € vy, set J, = {a, cee
b+ 0k — 2} and Ay = {i € I : i(k) € Ji}. If C is an abelian code in Ay(ry,...,rs) such that
Uj_1 Ak € Do (C) then dim C' < dim By(a, 7,6, b).

To see the next property we need additional notation. Let a and b be positive coprime integers.
The multiplicative order of @ modulo b is the first positive integer m, such that b divides a™ — 1.
We shall denote it by Op(a). It is known (see [5, Theorem 10, p. 203]) that any (univariate) BCH
code B = By(a,d,b) in Iy verifies that d(B) > ¢ and dim(B) > r — m(d — 1), where m = O,.(q).
In the multivariate case we have the following result.

Theorem 16. Let s,q, r1,...,7s and I be as above and let By(c,,d,b) be a multivariate BCH
code with 6 = {6p > 2 : ker}andb={bp >0 : k € ~v}. Then dimp, By(a,7,d,b) >

H;:1 ri —m (Zkew ((5k -1) H?;i Tj)) , where m = lem{O;, () } ke -

3 Applications

Application 1. Multiplying dimension in abelian codes. We shall construct abelian codes
starting from cyclic codes with apparent distance § € N.

Theorem 17. Let n and r be positive integers such that ged(q,nr) = 1 and o = (a1,02) €
Un x Up. Let C be a cyclic code in Aqy(r) with d*C = d},(C) = 0 > 1. Then, the abelian code
Cy in Ag(n,r) with defining set Do (Cy) = Zy, X Dy, (C) verifies that d*C,, = d’(Cy,) = 6 and
dimg, (Cy,) = ndimg, (C).

Example 18. Set ¢ = 2, r = 55, n = 3. Consider ay € Uss and the code C such that D,,(C) =
Q(1)UQ(5). So C'is a BCH code with designed distance § = 7, i.e. d},,C = § = 7, and dimension 25.
By applying the theorem above we construct the abelian code Cs with D4, a,)(C3) = Z3 X Da, (C),
for any a; € Us. Note that Dy, 0,)(C3) = D(g,a,)(C3) for all 3 € Us. Then dfa17a2)03 =1,
dimp, (C3) = 75 and lenght 165. In fact C3 = Bao((au, a2), {2}, {7}, {13}).



Proposition 19. Let s,q, m1,...,7s and I be as above and let By(a,~,d,b) be a multivariate
BCH code with v = {k}, for some k € {1,...,s}. If ry = q— 1 then d%By(,7,9,b) = §i and
dim]Fq (Bq(aa% 5) b)) = (Tk‘ - 5k + 1) H;:}C Tj-

Application 2. Designing maximum dimensional abelian codes (MD codes) for
prescribed apparent distance. We are going to design maximum dimensional abelian codes
(MD codes, for short) for prescribed apparent distances in the case ¢ = 2 and lenght 45. To do
this, we shall apply some of the ideas developed in this extended abstract that allows us to see
abelian codes as ideals in univariate, bivariate or multivariate polynomial quotient rings. As the
reader will see, our ideas are based in the consideration of the distribution of the g-orbits on the
indexes of hypermatrices. We point out that some computations were done with GAP4r7 and with
the cooperation of Alexander Konovalov. The authors are indebt to him.

In the case of univariate codes, to be a MD cyclic code implies that it is a BCH code for which
its designed distance coincide with its apparent distance (the maximum of its BCH bounds) and
with its Bose distance (which is, in fact its apparent distance). One may check that taking «
the 45-th primitive root of unity with minimal polynomial m, = x'? + 23 + 1 then B(a,4,15),
B(«,5,15) and B(«,7,15) are MD cyclic codes to dimensions 31, 27 and 21, respectively.

Now we consider two variables 1 = 5 and ro = 9. Following the notation in paragraph bellow
Remark 8, we set a1 = (0,0), az = (1,0), a3 = (0,1), ay = (1,1), a5 = (1,2), ag = (0,3),
a; = (1,3) and ag = (1,6) and we fix @ = (a1,a32), where a; is the ri-th primitive root of
unity with minimal polynomial m; = ®5 and «s is the ro-th primitive root of unity with minimal
polynomial my = 2% + 23 4+ 1. Then K (5,9) = {ay,as}.

Taking into account the distribution of 2-orbits in a 5 X 9 matrix we begin by considering
apparent distance at least 4; d* > 4, for short. Let Cj be the abelian code with D, (Cy) =
Q(a2) U Q(as) = Dy. One may check that mad(M(D;)) = 4, asD1 = Dy and dimg, (C;) = 35.
A simple inspection shows that C; is a MD bivariate code with d*C; = 4. Now we consider
d* > 5. The abelian code Cy with D, (C3) = Q(az) U Q(as) U Q(ag) = Dy verifies that, as Dy =
Q(az) U Q(as) U Q(as), and one may check that mad(M(Dz)) = mad(M (asD2)) = 5, and that
dimp, (C3) = 27. So we have that Cy is a MD bivariate code with d*Cy = 5. Finally, for d* > 6,
we consider the code C3 with D, (C3) = Q(a1) U Dy. One may check that C3 is a MD bivariate
code with dimension 26 and apparent distance 6. Observe that, if we consider 1 = 3, 7o = 15 and
we fix a € U then we may choose representatives such that K (3,15) = {(1,7)}. So we can obtain
the code Cy with Dy (C4) = Q(0,0) UQ(1,0) UQ(0,7), d*(Cy) =4 and dimension 38.

By considering the distribution of 2-orbits in a 3 x 3 x 5 hypermatrix, and fixed a € U, we
may find the code C5 with defining set D, (C5) = Q(0,0,1) UQ(1,0,1) UQ(0,1,0), d*C5 = 4 and
dimension 37. We also find Cg with D, (Cs) = Q(0,0,0)UQ(0,0, 1)UQ(1,0,1)UQ(0,1,0)UQ(1,2,2),
d*Cg = 6 and dimension 28. Finally, the code C7 with D, (C7) = Q(0,0,0)UQ(0,0,1)UQ(1,0,1)U
Q(0,1,0) UQ(1,2,1)UQ(1,0,2) UQ(1,2,0) has d*C7 = 8 and dimension 24. This is the code with
the largest dimension (even than cyclic codes).
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