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Cyclic codes

@ have a rich algebraic structure

o fast sharp estimates on their most important parameters and
e exact determination of parameters via commutative algebra
techniques;

@ posses decoding algorithm which is extremely efficient.

Our goal is to extend algebraic structure of cyclic codes;
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Cyclic codes

@ have a rich algebraic structure

o fast sharp estimates on their most important parameters and
techniques;

e exact determination of parameters via commutative algebra
@ posses decoding algorithm which is extremely efficient.

Our goal is to extend algebraic structure of cyclic codes;
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Generalize good properties of cyclic codes

Cyclic codes
@ have a rich algebraic structure

o fast sharp estimates on their most important parameters and
e exact determination of parameters via commutative algebra
techniques;
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Generalize good properties of cyclic codes

Cyclic codes
@ have a rich algebraic structure

o fast sharp estimates on their most important parameters and
e exact determination of parameters via commutative algebra
techniques;

@ posses decoding algorithm which is extremely efficient.

Our goal is to extend algebraic structure of cyclic codes;



Let

@ g be a power of prime, Iy is the finite field of g elements,

@ n € N,n > 1such that (n,q) =1,

o R,={z e Fy|z" =1},

@ m € N, m > 1 such that R, C [Fgm, not necessary the smallest,
o LcCR,U{0}, L=A{h,...,In},

o (_P: {gl(X)g2(X)~ o gr(X)} C ]qu[X] SUCh that
Vi=1,..., N exists at least j =1,..., r such that gj(/;) #0 .
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Let

@ g be a power of prime, Iy is the finite field of g elements,

e n € N;n > 1 such that (n,q) =1,

o R,={z e Fyz" =1},

e m c N,m > 1 such that R, C Fgm, not necessary the smallest,

o LCRHU{O}, [_:{/1,....//\/},

o P={gi(x),g(x),...,8(x)} C Fgm[x] such that
Vi=1,..., N exists at least j = 1,..., r such that gj(/;) #0 .
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Let

@ g be a power of prime, Iy is the finite field of g elements,
e n € N;n > 1 such that (n,q) =1,
o Ry={z € Fylz" =1},
e mc N,m> 1suchthat R, C Fgnm
o LC R,U{O}, L=A{h,..., In},
o P={gi(x), g(x),..., gr(x)} C Fgm[x] such that

Vi=1,..., N exists at least j =1,..., r such that gj(/;) #0 .

, hot necessary the smallest,
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Let

@ g be a power of prime, Iy is the finite field of g elements,
e n € N;n > 1 such that (n,q) =1,
o Ry={z € Fylz" =1},
@ m c N,m > 1such that R, C Fgm, not necessary the smallest,
o LC R,U{O}, L={h
o P={gi(x), g(x),..., gr(x)} C Fgm[x] such that

Vi=1,..., N exists at least j = 1,..., r such that gj(/;) #0 .
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General nth-root codes

Definition

[e]e]

Let
@ q be a power of prime, Fy is the finite field of g elements,
e n € N, n > 1 such that (n,q) =1,
Ra= {z € Fy|z" = 1},
m € N, m > 1 such that R, C Fgm, not necessary the smallest,
Lc R,U{0}, L={h,...,In},
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Definition
Let

@ q be a power of prime, Fy is the finite field of g elements,

e n € N, n > 1 such that (n,q) =1,

o Ry={z € Fy|z" =1},

@ m € N, m > 1 such that R, C [Fgm, not necessary the smallest,

oL R,U{0} L=A{h,...,In},

o P={gi(x),g(x),...,&(x)} C Fgm[x] such that

Vi=1,..., N exists at least j = 1,...,r such that gj(/;) # 0 .
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General nth-root codes

Definition

Then C = Q(q,n,q™, L, P) is the nth-root code defined over F
such that

gi(h), ..., g(ln) g1(L)

&(h), .., g(ln) g (L)
H = . . = .

gf(ll)a R gr(/N) gr(L)

is its parity-check matrix.



C =(q,n,q", L, P) is linear over Fg, its length is N = |L| and its
distance d is greater than or equal to 2, because there are no

columns in H composed only of zeros.
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General nth-root codes

Definition

Remark

C =(q,n,q", L, P) is linear over Fg, its length is N = |L| and its
distance d is greater than or equal to 2, because there are no
columns in H composed only of zeros.

Remark

Since any function from [Fgm to itself can be expressed as a
polynomial, we can accept in P also rational functions of type f /g,
f, g € Fgm, such that g(x) # 0 for any x € Fgm.




Let C = Q(q, n,q™, L, P) be an nth-root code and v € (Fy)V.
o If L = (), we say that C is maximal.

o If P C Fy[x], we say that C is proper.

e If 0 ¢ L, we say that C is zerofree, non-zerofree otherwise.
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Let C = Q(q, n,q™, L, P) be an nth-root code and v € (Fy)V.
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Let C be a linear code over Fy of length N and d > 2. Then C is
an nth-root code for any n > N — 1, (n,q) = 1. In particular:

@ ifn= N, then C can be maximal zerofree,

@ ifn= N —1, then C is maximal non-zerofree.
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Let C be a linear code over Fy of length N and d > 2. Then C is
an nth-root code for any n > N — 1, (n,q) = 1. In particular:
@ ifn= N, then C can be maximal zerofree,

@ ifn= N —1, then C is maximal non-zerofree.

Let C be a linear code. C is an nth-root code if and only if d > 2. |
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General nth-root codes

Let C be a linear code over Fy of length N, dimension k and d > 2, with parity-
check matrix H = (h;;) € (Fg)V=®>*N_ Since d > 2 thereisno j = 1,...,N
such that h;; = 0,Vi = 1,...N — k. Let n be a natural number such that
n>N-—1and (n,q) =1. Let R, = {a1,...,an} be the set of nth-roots of
unity over [Fy.

@ Suppose that n > N. Let L be a subset of Ry, |L| =N, and r = N — k.
Thanks to the Lagrange interpolation theorem we can find r polynomials
gi(x) € Fgm[x] such that gi(eyj) = hijVajel,i=1,...,r,j=1,...,N,
viewing any h;; as an element of Fgm. We collect polynomials gj(x) in set
P = {gi}1<i<r. Polynomials gi(x) are such that for any i = 1,--- , r there
is at least one 1 < j < r such that gj(a;) # 0. Then it is obvious that
code C can be seen as the zerofree nth-root code Q(gq, n, g™, L, P).

@ With the above construction, if n = N code C is maximal, since L = R,.

@ Let L be a set composed of 0 and N — 1 elements of R,. With the above
argument it is easy to proof that C is a non-zerofree nth-root code.
If n= N —1, code C is maximal non-zerofree, since L = R, U {0}.



Let

e q=2n=7,q" =8,L = Fys,
P ={&1(x) = - 82(x) =

)
m
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Let

e q=2n=7,q" =8,L = Fys,

P={gi(x) = g7 82(%) = 221}
o C=0Q(2,7,8,Fs,{g1,8}) is
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Let

e q=2n=7,q" =8,L = Fys,

P={gi(x) = g7 82(%) = 221}
o C=0Q(2,7,8,Fs,{g1,8}) is

e non-zerofree (0 € L),
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Let
e q=2n=7,q" =8,L = Fys,

P ={g1(x) = gy 82(%) = i)
o C=0Q(2,7,8,Fg,{g1,8}) is
o non-zerofree (0 € L),
e maximal (L =R, \ L =0),
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Let
0 q=2n=7,q" =8 L="Fy,

P={gi(x) = g7 82(%) = 221}
o C=0Q(2,7,8,Fs,{g1,8}) is
° non—zerofrge (0el),
e maximal (L=R,\ L=10),
o proper (g1(x), g2(x) € F2(x))
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First example

Let

e gq=2n=7,q" =8,L = Fjs,

P ={g1() = o 8200 = @)

o C=90Q(2,7,8,Fg, {g1,8}) is
non-zerofree (0 € L),
maximal (L =R, \ L= 10),
proper (g1(x), g&2(x) € Fa(x))
parity-check matrix is the following:

H:(gl(l) ga(d) &) a@@) a@) al@®) &) g1(0))
2(1) 28) &) @) 206 208°) 208°) £0) )’

s y_(1 8 B 8 8 B B
- 1 ,63 BG ﬂS ﬂS 66 ,63 0 .



It is easy to see that C is an [8, 2, 5] code with generator matrix

1
o (!

and weight distribution

= O

010111
111110

Ag=1, Al =Ay=A3 = A3 =0, As =2, Ag = 1
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Second example: not all codes can be seen as proper maximal

Letq=2,n=>5, q" = 2%, L—R5 and P = {g}

where g = 71%x : + 13 4 x2 4 yMx + 73 and 7 is a primitive
element of F1g with minimal polynomial x* 4+ x + 1.

Let C = 9(2,5,2% R5,P). Code C is maximal (L = () and ze-
rofree (0 ¢ L) and its parity-check matrix is the following:

H=(g(+*),8(+°).8(°).g(7**), 8(v")) = (1%, 7%, 7. v**.7") .

It is easy to see that C is an [5,2,3] code with generator matrix

11100
G_<00111>'
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Second example: not all codes can be seen as proper maximal

By contradiction: if C is proper maximal
then C = Q(2,5,2% Rs,P’), where P’ = {g{,..., g/} C Fa[x].
Its parity-check matrix is then

g(v’), &(?®), &(?’), &), &)
W=l g0Y. #69. #6905 g6
£00. g00. €00 £60). €0
Let
e1 =gi(1%), e2 = g{(7°), e3 = g{(7°), es = g(v'?). es = gi(v"°),

for some i=1,...,r and
they must satisfy e; + ex +e3 =0 and e3 +e5 +e5 = 0.
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Second example: not all codes can be seen as proper maximal

JC Flﬁ[bo,...,b15,e1,...,e5]

has at least a solution & = (by,...,bys,&1,...,85) in V(J) such
that (&1, &, &3, &,8) # (0,0,0,0,0).

J=< e+ e+ e3, €3 + €4 + és, {b:‘2+bi}o<i<15’
{ef®+ ei}1§i§5’ g(r)—e, &0 e
g'(7°) — e g% —e g(7°) —es >,
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Second example: not all codes can be seen as proper maximal

A computer computation shows that a Grobner basis of J contains
{e1,...,e5} and so V(J) does not contain ¢, hence g’ does not exist.
This means that no polynomial in P can have coefficients in 5,
which proves our claim.



In order to define the same nth-root code it is possible to use
different n. For example to define a linear code with length N = 5,

we can use the five 5th roots of unity or five elements chosen from
the set of the seven 7th roots of unity.
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Third example

Remark

In order to define the same nth-root code it is possible to use
different n. For example to define a linear code with length N = 5,
we can use the five 5th roots of unity or five elements chosen from
the set of the seven 7th roots of unity.

Let C be a linear binary code, having parity-check matrix

11010
H‘( 0111>'




Q(2,5,2% L1, P1), where

Ly = Rs = {3,7%,7%,7"%,71°} C F16 =< v > U{0},

P1 C ]F16[X] is P1 = {gl,gz}, with
gL = ’)’7X4 +’)’14X3 +’)’11X2 _l_,yl3x + 1,
o =’72X4+’)’4X3 +”)’X2+’78X+ 1.
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C= 9(2, 7, 23, L2, ?2), where

L2 C R7 — F; =< /6 >, L2 = {ﬂ7ﬂ27537ﬁ47ﬂ5}7
P> C ]F23[t] is Pr = {pl, pz}, with

pr=tt+t2+t+1,

p2=ﬂ4t4+ﬂ6t3+t+ﬁ2.
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C= 9(2, 7, 23, L3, ?3), where

L3 C F87 L3 - {ﬂaﬂ23ﬂ3a/g430}7

P3 C ]Fg[z] is P3 = {hl, h2}, with
hl — ,3524+Z3 +/8522 +/34za

hy = 3%2% + 3322 + 35z + 1.
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First case: maximal, zerofree nth-root code

-

code.

Note however that code C cannot be seen as a maximal non-zerofree




Let C =Q(q,n, g™, L,P) be an nth-root code, w and W be natural
numbers such that 2 <w < N=|L|, 1< W <N —1.
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Constructing ideals

Let C =Q(q,n, g™, L,P) be an nth-root code, w and W be natural
numbers such that 2 <w < N =|L], 1 < w < N — 1. We denote
by Jw(C) and Jz(C) the following two ideals:

Jw= Ju(C)=

7 2 W(qanvqm7LvﬂD)C qu[zlw--7Zw,)/1,-~-,)/w]7
= JW(C):

W(qa n, qm7 L’ T) - qu[zla e Zis Y1, e 7Y\7V7V]a

w
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Constructing ideals

Let C =Q(q,n, g™, L,P) be an nth-root code, w and W be natural
numbers such that 2 <w < N =|L], 1 < w < N — 1. We denote
by Jw(C) and Jz(C) the following two ideals:

-/{W: -,{W(C): {W(qanvqvaar‘P)C qu[zlw--7Zw>)/1,-~-,)/w]7
Jl?v: JW(C): J\/Av(qanaqvaaiP)C qu[zla"'aZW7yl7'"7y\7vay]a

Jw =1 {E;V=1y”gs(zh)}155§r’{yfql 1}1<ng’ (1)

zn—1
{Pi(zi Z) 1<icjcw » {WLSKW )

Ja = { {szzl Y8s(2n) + Vgs(o)}1<s<r ’ {yjq_l R 1}13
- - z"—1
9 1_ 1,{p/j(zl'72j)}1§i<j§|7|/’ m

200 .
where pjj = >~ cl)z,hz" 1=h — zl,-—z; are in Fq[z;, z].



A(Ja) = [V(Ja)l.

We denote by 7(Jw) and 7(Jg) the integers n(Jy) = [V(Jw)

Ideals J,, and J;, are radical, since they contain polynomials
yjq —yj and zj""r1 — .
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Constructing ideals

If we are in the binary case (¢ = 2), variables y{ j=1,...,w, and

v are 1, and so we can omit them and the ideals become:
Jw=Ju(C) = Ju(2,n 2" L,P) C Fom[z1,..., 2],
Jo = Ju(C) = Ja(2,n,2",L,P) C Fomzi, ...,z

. z -1 .
Jv = <{hz_; gs(zh)}l<s<ra{Pij(Ziyzj)}1<;<j<w {H/el(zf_l)}KKW)'
Jo = <{ng(zh) +gs(0)} APi(zi Z) heici<a s {#;1_/)} _ >

3)



Proposition
Let C =Q(q,n, g™, L, P) be an nth-root code.

In the zerofree case, there is at least one codeword of weight w
in C if and only if there exists at least one solution of J,(C).

In the non-zerofree case, there is at least one codeword of
weight w in C if and only if there exists at least one solution of
Jw(C) or of J,,_1(C).

Moreover the number of codewords of weight w is

in the zerofree case and

in the non-zerofree case
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Let C =Q(q,n, g™, L, P) be an nth-root code.

In the zerofree case, there is at least one codeword of weight w
in C if and only if there exists at least one solution of J,(C).

In the non-zerofree case, there is at least one codeword of
weight w in C if and only if there exists at least one solution of
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in the non-zerofree case

«O>» «F»r <«

i
it
it
N)
¥l
i)



Definitions and properties Examples Weight distribution ~General error locator polynomial  Othr family of codes Conclusion
000 000 ©0®0000 000000000 foleTe) oo

Constructing ideals

Proposition

Let C =Q(q,n,q™, L, P) be an nth-root code.

In the zerofree case, there is at least one codeword of weight w
in C if and only if there exists at least one solution of J,,(C).

In the non-zerofree case, there is at least one codeword of
weight w in C if and only if there exists at least one solution of
Jw(C) or of J,,_1(C).
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Constructing ideals

Proposition

Let C =Q(q,n,q™, L, P) be an nth-root code.

In the zerofree case, there is at least one codeword of weight w
in C if and only if there exists at least one solution of J,,(C).

In the non-zerofree case, there is at least one codeword of
weight w in C if and only if there exists at least one solution of
Jw(C) or of J,,_1(C).

Moreover the number of codewords of weight w is
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Constructing ideals

Proposition

Let C =Q(q,n,q™, L, P) be an nth-root code.

In the zerofree case, there is at least one codeword of weight w
in C if and only if there exists at least one solution of J,,(C).

In the non-zerofree case, there is at least one codeword of
weight w in C if and only if there exists at least one solution of
Jw(C) or of J,,_1(C).

Moreover the number of codewords of weight w is

A, = ’7(‘:"!") in the zerofree case and
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Constructing ideals

Proposition

Let C =Q(q,n,q™, L, P) be an nth-root code.

In the zerofree case, there is at least one codeword of weight w
in C if and only if there exists at least one solution of J,,(C).

In the non-zerofree case, there is at least one codeword of
weight w in C if and only if there exists at least one solution of
Jw(C) or of J,,_1(C).

Moreover the number of codewords of weight w is

A, = ”(“J,‘,") in the zerofree case and

A, = ”(J‘") + ’é‘(N 1),) in the non-zerofree case




INPUT:

a zerofree nth-root code C = Q(q,n,q™, L, P),
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INPUT:

a zerofree nth-root code C = Q(q,n,q™, L, P),
an integer 2 < w < |L]
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Algorithms

INPUT: a zerofree nth-root code C = Q(q,n,q™, L, P),
an integer 2 < w < |L|
OUTPUT: the element A, of the weight distribution of C
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Algorithms

INPUT: a zerofree nth-root code C = Q(q,n,q™, L, P),
an integer 2 < w < |L|

OUTPUT: the element A, of the weight distribution of C

STEP 1: construct ideal Jy, = Jw(C)
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Algorithms
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INPUT:

a zerofree nth-root code C = Q(q,n,q™, L, P),
an integer 2 <w < |L]

OUTPUT: the element A, of the weight distribution of C
STEP 1: construct ideal Jy, = Jw(C)
compute a Grobner basis Gy, of J,

STEP 2:




Definitions and properties Examples Weight distribution ~General error locator polynomial  Othr family of codes Conclusion

000 000

Algorithms

O0@000 000000000 000 [e]e]

INPUT:

a zerofree nth-root code C = Q(q,n,q™, L, P),
an integer 2 <w < |L]

OUTPUT: the element A, of the weight distribution of C
STEP 1: construct ideal Jy, = Jw(C)

STEP 2: compute a Grobner basis Gy, of J,

STEP 3: use Gy to get the number n(Jw) of points in V(Jy)
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Algorithms

INPUT: a zerofree nth-root code C = Q(q,n,q™, L, P),
an integer 2 < w < |L|

OUTPUT: the element A, of the weight distribution of C

STEP 1: construct ideal Jy, = Jw(C)

STEP 2: compute a Grobner basis Gy, of J,

STEP 3: use Gy to get the number n(Jw) of points in V(Jy)

STEP 4: return %
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Algorithms

INPUT: a non-zerofree nth-root code C = Q(q,n,q™, L, P),
an integer 2 < w < |L]

OUTPUT: the element A, of the weight distribution of C

STEP 1: construct ideals J,, = J(C) and Jy—1 = Ju—1(C)

STEP 2: compute a Grébner basis G, of J,, and
compute aGrobner basis @W_l of .A/W_l

STEP 3: use G, to get the number n(Jy,) of points in V(J,,) and
use Gy _1 to get the number ﬁ(.A/W,l) of points in V(jw,l)

STEP 4: return (W w) 4 (fmwl)l,)




Let C as in the first Example:

C =9Q(2,7,8,Fs, {g1,8}), g1(x)

() = 55—
_X2—|—X—|—1,g2 -

x24+x+1

«O» «Fr « =>»

« =

DA
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Algorithms
Let C as in the first Example:

1 X

C=9Q(2,7,8,Fs, {g1,8}), 81(x) = ma@(x) = Cixt1l

e w=2, h(C)CFy[z, 2] and .All(C) C Folz]:
h(C) = (g1(z1)+81(2), g2(21)+&2(22), 2{ —1,23 -1, p12(21, 22))

h(C) = (g1(z1) + £1(0). &2(21) + £2(0), 2 — 1)

G, and Gy are trivial and hence there are no words of weight
2. The same for w = 3, 4.
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Algorithms

@ w =5, construct Js and 34: Gs is trivial, but basis 94 has the
following leading terms

2 2 .3 3 4 2.2 _5 3
{Z]_ZQ7 Z1, 2123, Zp, 2124, 23, 2523, 24, Z2Z47 2324}
These monomials permit us to compute the number
(Ja) = 48. So that As = "(JS) + "(J“) = 48 = 2. Note that
the 2 words of weight 5 in C have the last component non
Zero.
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Algorithms

@ w =5, construct Js and 34: Gs is trivial, but basis 94 has the
following leading terms

2 2 .3 3 4 2.2 _5 3
{Z]_ZQ7 Z1, 2123, Zp, 2124, 23, 2523, 24, Z2Z47 2324}
These monomials permit us to compute the number
(Ja) = 48. So that As = "(JS) + "(J“) = 48 = 2. Note that
the 2 words of weight 5 in C have the last component non
Zero.

e Computing G¢ we have a non trivial result, 7(Js) = 720, and
for J5 we get an empty variety. The words of weight 6 are

then Ag = (Je) + n(Js) _ 762|0 -1




[ w [ SUw) [ 50w-1) [n0w) [ 10w-1) [ Au]
2347 {1} {1 0 0 0
5 {1} not trivial 0 48 2
6 not trivial {1} 720 0 1
8 - {1} - 0 0

DA



The elements in (F7")"*, o = Hx are called syndromes. We say
that o is the syndrome corresponding to x.
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The elements in (F7")"*, o = Hx are called syndromes. We say
that o is the syndrome corresponding to x.

Let C C (Fgq)"N be an (N, k) code. For any vector a € (F,)" the set

a+C={a+x:xeC}
in called a coset (or translate) of C.

«O» «F»r « =>»

<

it
-

DA



We give as in the code case

@ ideals for the zerofree case and in the non-zerofree case;

«O» «F»r « =

Er «E>»

DA



We give as in the code case

@ ideals for the zerofree case and in the non-zerofree case;

@ proposition for A, in the the zerofree case and in the
non-zerofree case;

«O» «F»r « =

Er «E>»

DA
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Weight distribution for cosets

We give as in the code case
@ ideals for the zerofree case and in the non-zerofree case;

@ proposition for A,, in the the zerofree case and in the
non-zerofree case;

@ algorithms the zerofree case and in the non-zerofree case.



Ju(a
Ja(a

-+ C) C FqM[Zl,---,ZW7}/1,---7YW]1
+C)CFq"’[Zl, ,z.;.,,y;l,...,y,a,,l/],
Ju(a+C)=( {3} yngs(zn)

o(a)s }l<s<r {yjq_l
{pu(z” ZJ)}1<I<J<W ’ {

1}1<J'SW ’
z—1 } i
Wetlm=NJ1<j<w

@)
Ju(a+ €)= ( {zf_lyhgs(zh)+ugs<0)—a(a>s}

Zj —1
vt =1 {pi(z1,2) }<icjca

}1<,§w
HIeL(ZJ ’)}
n(Jw(a+ C)) =|V(Ju(a+ C))|

) ©)
10aa+ €)= [V(Ja(a+ C))

«O» «F

it
it
v

DA



Ju(a
Ja(a

-+ C) C FqM[Zl,---,ZW7}/1,---7YW]1
+C)CFq"’[Zl, ,z.;.,,y;l,...,y,a,,l/],
Ju(a+C)=( {3} yngs(zn)

o(a)s }l<s<r {yjq_l
{pu(z” ZJ)}1<I<J<W ’ {

1}1<J'SW ’
z—1 } i
Wetlm=NJ1<j<w

@)
Ju(a+ €)= ( {zf_lyhgs(zh)+ugs<0)—a(a)s}

Zj —1
vt =1 {pi(z1,2) }<icjca

}1<,§w
HIeL(ZJ ’)}
n(Jw(a+ C)) =|V(Ju(a+ C))|

) ©)
10aa+ €)= [V(Ja(a+ C))

«O» «F

it
it
v

DA
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Weight distribution for cosets

Proposition

Let C=Q(q,n,q™ L,P), ac (Fq)N\ C, and a+ C a coset of
code C. In the zerofree case, there is at least one vector of weight
w in coset a+ C if and only if there is at least one solution of
Jw(a+ C). In the non-zerofree case, there is at least one vector of
weight w in a+ C if and only if there is at least one solution of
Ju(a+ C) or of J,,_1(a+ C). Furthermore, the number of vectors
of weight w ina~+ C is

Aw(a

) =
Aw(a) = a+c)) + n(J"(le(a;LC)) in the non-zerofree case

M in the zerofree case and
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Definition

Definition
¢ Let L¢ be a polynomial in Fg[X, z], where X = (xi,...,X,).
Then L is a general error locator polynomial of C if

Q@ Lc(X,2) =zt + a1zt + - + a9, with a; € Fg[X],
0<j<t—1, thatis, L¢ is a monic polynomial with degree t
with respect to the variable z and its coefficients are in Fg[X];

@ given a syndrome s = (51,...5,) € (Fgm)V=K, corresponding

to a vector error of weight u < t and error locations
{ki, ..., ky}, if we evaluate the X variables in s, then the
roots of L¢(s,z) are {af, ... ok 0,... 0}.

——

t—p
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Definition

Definition

Let £ be a polynomial in Fg[X, W, z], X = (x1,...,X,) and

W = (wy,...,wp), where v > 1 is the number of erasures that
occurred. Then L is a general error locator polynomial of type
v of C if

Q@ L(X,W,z) =27+ a,_12" 1 + - + a, with a; € F4[X, W],
forany 0 <j <7 —1, that is, £ is a monic polynomial with
degree 7 in the variable z and coefficients in Fq[ X, W];

@ for any syndrome s = (51,...,5,) and any erasure location
vector w= (wy,..., W, ), corresponding to an error of weight
p < 7 and error locations {kq,..., k,}, if we evaluate the X
variables in s and the W variables in w, then the roots of
L(s,w,z) are {ak, ... ok, 0,...,0}.

——

T—p
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Ideals for the decoding of nth-root codes

Definition
Let C =Q(q,n, g™, L,P) be a zerofree maximal nth-root code,
with correction capability t. We denote by J&! the ideal

JEE € Fom[x1, .. s Xrs Zt, oy 21, Y1, - -5 Ve,
Ct _ t _ g—1
ST = {Shoameslan) b {7 -1
+1
{#7p(2 )} gy nciee {F — 2}, )

where p(x,y) = S7—5 x"y" 17" We denote by G the totaly
reduced Grobner basis of J&f w.r.t. >.

(6)

Conclusion
oo
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Ideals for the decoding of nth-root codes

Definition
Let C =Q(q,n, g™, L,P) be a zerofree maximal nth-root code,
with correction capability t. We denote by J&! the ideal

JEE € Fom[x1, .. s Xrs Zt, oy 21, Y1, - -5 Ve,
Ct _ t _ g—1
ST = {Shoameslan) b {7 -1
+1
{#7p(2 )} gy nciee {F — 2}, )

where p(x,y) = S7—5 x"y" 17" We denote by G the totaly
reduced Grobner basis of J&f w.r.t. >.

Conclusion
oo

(6)

® Xxi,...,X, represent correctable syndromes,
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Ideals for the decoding of nth-root codes

Definition
Let C =Q(q,n, g™, L,P) be a zerofree maximal nth-root code,
with correction capability t. We denote by J&! the ideal

JEE € Fom[x1, .. s Xrs Zt, oy 21, Y1, - -5 Ve,
Ct _ t _ g—1
ST = {Shoameslan) b {7 -1
+1
{#7p(2 )} gy nciee {F — 2}, )

where p(x,y) = S7—5 x"y" 17" We denote by G the totaly
reduced Grobner basis of J&f w.r.t. >.

Conclusion
oo

(6)

® Xxi,...,X, represent correctable syndromes,

@ 71,...,z error locations and
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Ideals for the decoding of nth-root codes

Definition
Let C =Q(q,n, g™, L,P) be a zerofree maximal nth-root code,
with correction capability t. We denote by J&! the ideal

JEE € Fom[x1, .. s Xrs Zt, oy 21, Y1, - -5 Ve,
Ct _ t _ g—1
ST = {Shoameslan) b {7 -1
+1
{#7p(2 )} gy nciee {F — 2}, )

where p(x,y) = S7—5 x"y" 17" We denote by G the totaly
reduced Grobner basis of J&f w.r.t. >.

Conclusion
oo

(6)

® Xxi,...,X, represent correctable syndromes,
@ 71,...,z error locations and

® yi,...,Y: error values.



Ideal JSt is radical and stratified.
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Ideal JSt is radical and stratified. I

In Grébner basis GCt there exists a unique polynomial of type

g=2z+ar1zl 4+ ... +ag,a; € Fy[X].

«O» «Fr « =>»

« =
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polynomial.

If code C is a proper maximal zerofree nth-root code with
correction capability t, then C possesses a general error locator
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polynomial.

If code C is a proper maximal zerofree nth-root code with
correction capability t, then C possesses a general error locator

«O» «F»r « =

Er «E>»
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@ A polynomial of type g = zf +a; 125 1 4 ... + ap, with

a; € Fyn[X], exists in J&t (Proposition &).
@ Since C is proper, all polynomials in ideal J¢:t have

coefficients in Fq and so g must be in Fy[X, z¢]. Polynomial
L = g(X,z) € Fg[X, z] satisfies:

@ So L =g(X,z) € Fq[X,z] is a general error locator
polynomial for C.

«O>» «Fr «=» <«

it
it
N)
¥l
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@ A polynomial of type g = zf +a;_1z; 1 + ... + ag, with

a; € Fgm[X], exists in J©! (Proposition &).

@ Since C is proper, all polynomials in ideal J¢:t have

coefficients in F; and so g must be in Fg[X, z;]. Polynomial

L =g(X,z) € Fg[X, z] satisfies:

@ So L =g(X,z) € Fq[X,z] is a general error locator
polynomial for C.

«O» «F»r « =>»

<
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Ideals for the decoding of nth-root codes

Proof.
@ A polynomial of type g = zt +a;_1zf 1 + ... + ag, with
a; € Fgm[X], exists in J©! (Proposition &).
e Since C is proper, all polynomials in ideal Jt have

coefficients in Fq and so g must be in Fy[X, z;]. Polynomial
L =g(X,z) € Fg[X, z] satisfies:

Conclusion
oo
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Ideals for the decoding of nth-root codes

Proof.
t—1

@ A polynomial of type g = zf + a;_1z; = + ... + ag, with
a; € Fgm[X], exists in J©! (Proposition &).

e Since C is proper, all polynomials in ideal Jt have

coefficients in Fq and so g must be in Fy[X, z;]. Polynomial

L =g(X,z) € Fg[X, z] satisfies:
e condition (1) in Definition ({);

Conclusion
oo
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Ideals for the decoding of nth-root codes

Proof.
t—1

@ A polynomial of type g = zf + a;_1z; = + ... + ag, with
a; € Fgm[X], exists in J©! (Proposition &).

e Since C is proper, all polynomials in ideal Jt have
coefficients in Fq and so g must be in Fy[X, z;]. Polynomial
L =g(X,z) € Fg[X, z] satisfies:

e condition (1) in Definition ({);
e condition (2) in Definition (<»), because correctable syndromes
are in V(JStNTF,[X]) and
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Ideals for the decoding of nth-root codes

Proof.
t—1

@ A polynomial of type g = zf + a;_1z; = + ... + ag, with
a; € Fgm[X], exists in J©! (Proposition &).

e Since C is proper, all polynomials in ideal Jt have
coefficients in Fq and so g must be in Fy[X, z;]. Polynomial
L =g(X,z) € Fg[X, z] satisfies:

e condition (1) in Definition ({);

e condition (2) in Definition (<»), because correctable syndromes
are in V(JStNTF,[X]) and

e gisin JOL.




Definitions and properties Examples Weight distribution General error locator polynomial Othr family of codes Conclusion
000 000 000000 O®0000000 000 oo

Ideals for the decoding of nth-root codes

Proof.

@ A polynomial of type g = z} + at_lszl + ...+ ag, with
a; € Fgm[X], exists in J©! (Proposition &).

e Since C is proper, all polynomials in ideal Jt have
coefficients in Fq and so g must be in Fy[X, z;]. Polynomial
L =g(X,z) € Fg[X, z] satisfies:

e condition (1) in Definition ({);

e condition (2) in Definition (<»), because correctable syndromes
are in V(JStNTF,[X]) and

e gisin JOL.

@ So L =g(X,z) € Fq[X,z] is a general error locator
polynomial for C.




Cyclic codes are proper maximal zerofree nth-root codes —
cyclic codes have general error locator polynomials.

«O» «F»r « =
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Let
e C be the [5,2, 3] linear code over Fy;

. ( 11100 )
@ generator matrix G = '

0011 1)
e t=1;

@ 7 be a primitive element of F16 (minimal polynomial
4z + 1);

«O>r «Fr «=>»
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Let

@ C be the [5,2,3] linear code over Fy;

11100
0 0111

@ generator matrix G = <
e t=1;

@ 7 be a primitive element of F16 (minimal polynomial
4+ z4+1);

«O>r «Fr «=>»
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Let

@ C be the [5,2,3] linear code over Fy;

@ generator matrix G = ( 1 1100
e t=1;

0011 1);
Z* 4z 4+ 1);

@ 7 be a primitive element of F16 (minimal polynomial

«O>r «Fr «=>»
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Let

@ C be the [5,2,3] linear code over Fy;

@ generator matrix G = ( 1 1100
e t=1;

0011 1);
Z* 4z 4+ 1);

@ 7 be a primitive element of F16 (minimal polynomial
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Let

@ C be the [5,2,3] linear code over Fy;

11100
00111

@ generator matrix G = (
o t=1,

@ 7 be a primitive element of F16 (minimal polynomial
4+ z4+1);

«O» «Fr « =>»
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e parity-check matrix H = (v5,72,73,~4'*,1)
o C=9(2,5,2* Rs, ), where

@ the Grobner basis §’ w.r.t. the lexicographical order induced
by x1 < z1, its elements are:

e/ _

G =%+ (P + (P )+ (P +1)

S/ 3
S =21+ X1

There is only one polynomial in z; of degree 1, as we expected,
and it is another general error locator polynomial for C.
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e parity-check matrix H = (v5,72,73,~4'*,1)
o C=9(2,52* Rs,?), where

P = [412x% £ 413 1 x2 4 AMx 4 43)
@ the Grobner basis

G’ w.r.t. the lexicographical order induced
by x1 < z1, its elements are:
S =1

() + (P )8+ (P 1)

Y 3
S =21+ X1

There is only one polynomial in z; of degree 1, as we expected,
and it is another general error locator polynomial for C.
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e parity-check matrix H = (v5,72,73,~4'*,1)
o C=9(2,52* Rs,?), where

P! :{’712X4+711X3 +X2+’714X+’73}.

@ the Grobner basis §’ w.r.t. the lexicographical order induced
by x1 < z1, its elements are:

e/ _ b
Ixy — X1 T

(FP)x + (P + )8+ (P 1)

Y 3
S =21+ X1

There is only one polynomial in z; of degree 1, as we expected,
and it is another general error locator polynomial for C.

«O>r «Fr <
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Ideals for the decoding of nth-root codes

Example: first method

e parity-check matrix H = (7°,~72,~v3,4*,1)
o C=9(2,5,2* Rs,P), where
:P/ — {712X4 +711X3 +X2 +,Yl4x+,.y3} .
o the Grobner basis §’ w.r.t. the lexicographical order induced
by x; < z1, its elements are:
S =% + (I + (P +)x +a+ (P +v+1)

’ 3
9)(1,21 =z1+Xx1.
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Ideals for the decoding of nth-root codes

Example: first method

e parity-check matrix H = (7°,~72,~v3,4*,1)
o C=9(2,5,2* Rs,P), where
P = {y12x% + 413 4 x2 4 ylx +3) .
o the Grobner basis §’ w.r.t. the lexicographical order induced
by x; < z1, its elements are:
S =% + (I + (P +)x +a+ (P +v+1)

’ 3
9)(1,21 =z1+Xx1.

There is only one polynomial in z; of degree 1, as we expected,
and it is another general error locator polynomial for C.



We suppose that error general locator polynomial exist. Let

@ C be the code studied in the previous examples;
@ parity-check matrix is a row, H = (e1, e, €3, €4, €5);

@ an general error locator polynomial z + f(x) (the degree t of
z is 1) must satisfy the following conditions:

f(x) = bsx® + bax* + b3x® + box? + bix (f(0) = 0 = by = 0).

«4O0)>» «Fr «=Er» « =)
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Ideals for the decoding of nth-root codes

Example: second method

We suppose that error general locator polynomial exist. Let

@ C be the code studied in the previous examples;

@ parity-check matrix is a row, H = (e1, 2, €3, €4, €5);



Weight distribution General error locator polynomial Othr family of codes Conclusion

Definitions and properties Examples
000 oo

000 000 000000 00000e000

Ideals for the decoding of nth-root codes

Example: second method

We suppose that error general locator polynomial exist. Let

@ C be the code studied in the previous examples;
@ parity-check matrix is a row, H = (e1, 2, €3, €4, €5);

@ an general error locator polynomial z + f(x) (the degree t of
z is 1) must satisfy the following conditions:
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Ideals for the decoding of nth-root codes

Example: second method

We suppose that error general locator polynomial exist. Let

@ C be the code studied in the previous examples;
@ parity-check matrix is a row, H = (e1, 2, €3, €4, €5);

@ an general error locator polynomial z + f(x) (the degree t of
z is 1) must satisfy the following conditions:

o fle)=a', VI<i<5, and f(0) =0.
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Ideals for the decoding of nth-root codes

Example: second method

We suppose that error general locator polynomial exist. Let

@ C be the code studied in the previous examples;
@ parity-check matrix is a row, H = (e1, 2, €3, €4, €5);
@ an general error locator polynomial z + f(x) (the degree t of
z is 1) must satisfy the following conditions:
o f(ef)=a', V1<i<5, and f(0) =0.
o f(x) has degree at most 5
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Ideals for the decoding of nth-root codes

Example: second method

We suppose that error general locator polynomial exist. Let

@ C be the code studied in the previous examples;
@ parity-check matrix is a row, H = (e1, 2, €3, €4, €5);
@ an general error locator polynomial z + f(x) (the degree t of
z is 1) must satisfy the following conditions:
o f(ef)=a', V1<i<5, and f(0) =0.
o f(x) has degree at most 5
e coefficients b; € IF»,
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Ideals for the decoding of nth-root codes

Example: second method

We suppose that error general locator polynomial exist. Let

@ C be the code studied in the previous examples;

@ parity-check matrix is a row, H = (e1, 2, €3, €4, €5);
@ an general error locator polynomial z + f(x) (the degree t of
z is 1) must satisfy the following conditions:
o fle)=a', V1<i<s5, and f(0) =0.
o f(x) has degree at most 5
e coefficients b; € IF», \U/

f(x) = bsx® + bax* + b3x® + box? + by x (f(0) = 0 = by = 0).



@ The Grobner basis of ideal

J - ]Flﬁ[bla b27 b3) b47 b5a €1, €2, €3, €4, e5] given by
J=1

where relations e; = e, + €3, 4 = e3 + e5 follow from
matrix G.
We obtain:
2
€1 :“,6. & =, €3 :73 €4 = ~14 e =1

4

o H=(7°+2+3~% 1) and the general error locator
polynomial is f(x) = x3

, as in the first method, part B.

«4O0)>» «Fr «=Er» « =)

el t+ete, estetes, {4+ 1 cics, {b?+ bilici<s,
fler) +1°, fe2) +1° f(es) +7°, flea) +72, fles) +7")
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Ideals for the decoding of nth-root codes

Example: second method

@ The Grobner basis of ideal
J C ]F16[b1a b27 b37 b47 b57 €1, €2, €3, &4, 65] given by

J=( et+e+te, estetes, {€° +1lh<ics, {b? + bi}i<ics,
fle)+7° fle2)+° fles)+7°, fle) +7%, fles)+7")

where relations e; = e; + €3, 4 = e3 + e5 follow from
matrix G.
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Ideals for the decoding of nth-root codes

Example: second method

@ The Grobner basis of ideal
J C ]F16[b1a b27 b37 b47 b57 €1, €2, €3, &4, 65] given by

J=( et+e+te, estetes, {€° +1lh<ics, {b? + bi}i<ics,
fler) +1°, fe2) +1° f(es) +7°, flea) +72, fles) +7")

where relations e; = e, + €3, 4 = e3 + e5 follow from
matrix G.

We obtain:

6 2 3 14
aea=7,ae=7,a8=7,a=7,e6=1

4
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Ideals for the decoding of nth-root codes

Example: second method

@ The Grobner basis of ideal
J C ]F16[b1a b27 b37 b47 b57 €1, €2, €3, &4, 65] given by

J=( et+e+te, estetes, {€° +1lh<ics, {b? + bi}i<ics,
fler) +1°, fe2) +1° f(es) +7°, flea) +72, fles) +7")

where relations e; = e, + €3, 4 = e3 + e5 follow from
matrix G.

We obtain:

6 2 3 14
aea=7,ae=7,a8=7,a=7,e6=1

4

o H=(7%~%73~% 1) and the general error locator
polynomial is f(x) = x3, as in the first method, part B.



Let

@ 7 be a natural number corresponding to the number of errors,

» Skip erasures
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Let

@ 7 be a natural number corresponding to the number of errors,

@ 4 be a natural number corresponding to the number of
erasures and such that 27 + 4 < d.
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Ideals for the decoding of nth-root codes

Let
@ 7 be a natural number corresponding to the number of errors,

@ 4 be a natural number corresponding to the number of
erasures and such that 27 + u < d.

We have to find solutions of equations of type:
T v
5+ _agi(0h) + Y _ggila"), j=1....r (1)
I=1 T=1

where

» Skip erasures
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Ideals for the decoding of nth-root codes

Let
@ 7 be a natural number corresponding to the number of errors,

@ 4 be a natural number corresponding to the number of
erasures and such that 27 + u < d.

We have to find solutions of equations of type:
T v
5+ _agi(0h) + Y _ggila"), j=1....r (1)
I=1 T=1

where
o {ki},{a} and {¢} are unknown

» Skip erasures
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Ideals for the decoding of nth-root codes

Let
@ 7 be a natural number corresponding to the number of errors,

@ 4 be a natural number corresponding to the number of
erasures and such that 27 + u < d.

We have to find solutions of equations of type:
T v
5+ _agi(0h) + Y _ggila"), j=1....r (1)
I=1 T=1

where
o {ki},{a} and {¢} are unknown
o {5;},{h} are known.

» Skip erasures



We introduce

e variables W = (

Wy
locations (a);
o U= (LI1

wy ), where {wy} stand for erasure
(h=1,..., V)

uy,), where {u,} stand for erasure values &

When the word v(x) is received, the number v of erasures and
their positions {w, } are known.

{x;} stand for the syndromes (j =1
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We introduce

o variables W = (w,, ..., wq), where {wy} stand for erasure
locations (a/7);

«O» «F»r « =

Er «E>»
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We introduce

o variables W = (w,, ..., wq), where {wy} stand for erasure
locations (a/7);
] U = (U]_,

(h= 1,...',1/).

., uy), where {un} stand for erasure values &

«O» «F»r « =

Er «E>»
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Ideals for the decoding of nth-root codes

We introduce
e variables W = (w,, ..., w), where {w,} stand for erasure
locations (a/7);
o U= (uy,...,u,), where {un} stand for erasure values &
(h=1,...,v).
When the word v(x) is received, the number v of erasures and
their positions {wy, } are known.
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Ideals for the decoding of nth-root codes
We introduce

e variables W = (w,,

locations (a/7)

o U= (u17 .
(h=1,...,v).

,wy), where {wy} stand for erasure

., uy), where {un} stand for erasure values &

When the word v(x) is received, the number v of erasures and
their positions {wy, } are known.

{x;j} stand for the syndromes (j =1,...,r), as:




Jerv = ( {27:1 vigi(z) + 227 uigi(wy) — Xf}j=1,...,r,'
{zM = z}im,. o,

Ot =1},
{uZm— Un}h=1,...,v5 {wi = 1}he1 s
X7 = x}i=t,rs
{zip(zi, wh)}i=1,... 7. h=1,

{P(Wh, Wk)}h;ék,h,k:L...,u,
. )
We observe that polynomials:

{zizip(zi, ) iz ij=1,7)-

«4O» «F»r « =

Er «E>»
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Ideals for the decoding of nth-root codes

O = XL vig(@) + X7 wgi(w) =X},

{zM — z}ica o ory {}’i‘rl — izt
{4 — i trn [F — Thos
" = xib=t,r {p(wh, wi) }hthhb=1,...0s

{zip(zi, wn)}iz1,...rh=1,..0, {2iZip(2i, Z1) }itsi =1, 7) -
We observe that polynomials:

o > 1_1vg(z) + > 7 ugj(w;) — x; characterize the nth-root
code;
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Ideals for the decoding of nth-root codes

O = XL vig(@) + X7 wgi(w) =X},

{zM — z}ica o ory {Yiq71 — izt
{4 — i trn [F — Thos
" = xib=t,r {p(wh, wi) }hthhb=1,...0s

{zip(zi, wn)}iz1,...rh=1,..0, {2iZip(2i, Z1) }itsi =1, 7) -
We observe that polynomials:

o > 1_1vg(z) + > 7 ugj(w;) — x; characterize the nth-root
code;

° z,-"Jr1 — z; ensure that z; are nth-roots of unity or 0;
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Ideals for the decoding of nth-root codes

O = XL vig(@) + X7 wgi(w) =X},

{zM — z}ica o ory {Yiq71 — izt
{4 — i trn [F — Thos
" = xib=t,r {p(wh, wi) }hthhb=1,...0s

{zip(zi, wn)}iz1,...rh=1,..0, {2iZip(2i, Z1) }itsi =1, 7) -
We observe that polynomials:

o > 1_1vg(z) + > 7 ugj(w;) — x; characterize the nth-root
code;

° z,-"Jr1 — z; ensure that z; are nth-roots of unity or 0;

° yl.qfl —1, wf — 1, u — uj ensure that y;, wy, € [Fg and
up € Fy;
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Ideals for the decoding of nth-root codes

O = XL vig(@) + X7 wgi(w) =X},

{zM — z}ica o ory {Yiq71 — izt
{4 — i trn [F — Thos
" = xib=t,r {p(wh, wi) }hthhb=1,...0s

{ZiP(Zh Wh)}i:l,...,r,h:l,...,w {ZiZjP(Zh Zj)}i;éj,i,j:l,...,r)-

We observe that polynomials:

o > 1_1vg(z) + > 7 ugj(w;) — x; characterize the nth-root

code;

,-"H — z; ensure that z; are nth-roots of unity or 0;

yl.qfl -1, w) -1, uZ — up ensure that y;, w, € Fy and

up € Fy;

V4

zip(zj, wp) ensure that an error cannot occur in a position
corresponding to an erasure;

Conclusion
oo
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Ideals for the decoding of nth-root codes

O = XL vig(@) + X7 wgi(w) =X},

{zM — z}ica o ory {Yiq71 — izt
{4 — i trn [F — Thos
" = xib=t,r {p(wh, wi) }hthhb=1,...0s

{zip(zi, wn)}iz1,...rh=1,..0, {2iZip(2i, Z1) }itsi =1, 7) -
We observe that polynomials:

o > 1_1vg(z) + > 7 ugj(w;) — x; characterize the nth-root
code;

° Z’_nJrl

° yl.qfl —1, wf — 1, u — uj ensure that y;, wy, € [Fg and

up € Fy;

— z; ensure that z; are nth-roots of unity or 0;

@ z;p(z;, wp) ensure that an error cannot occur in a position
corresponding to an erasure;

@ p(wp, wk) ensure that any two erasure locations are distinct;
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Ideals for the decoding of nth-root codes

O = XL vig(@) + X7 wgi(w) =X},

{zM — z}ica o ory {Yiq71 — izt
{4 — i trn [F — Thos
" = xib=t,r {p(wh, wi) }hthhb=1,...0s

{zip(zi, wn)}iz1,...rh=1,..0, {2iZip(2i, Z1) }itsi =1, 7) -
We observe that polynomials:

o > 1_1vg(z) + > 7 ugj(w;) — x; characterize the nth-root

code;

° z,-"Jr1 — z; ensure that z; are nth-roots of unity or 0;

° yl.qfl —1, wf — 1, u — uj ensure that y;, wy, € [Fg and
up € Fy;

@ z;p(z;, wp) ensure that an error cannot occur in a position
corresponding to an erasure;

@ p(wp, wk) ensure that any two erasure locations are distinct;

® zizjp(z;, zj) ensure that any two error locations are distinct.
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Ideals for the decoding of nth-root codes

O = XL vig(@) + X7 wgi(w) =X},

{zM — z}ica o ory {Yiq71 — izt
{4 — i trn [F — Thos
" = xib=t,r {p(wh, wi) }hthhb=1,...0s

{zip(zi, wn)}iz1,...rh=1,..0, {2iZip(2i, Z1) }itsi =1, 7) -
We observe that polynomials:

o > 1_1vg(z) + > 7 ugj(w;) — x; characterize the nth-root

code;

° z,-"Jr1 — z; ensure that z; are nth-roots of unity or 0;

° yl.qfl —1, wf — 1, u — uj ensure that y;, wy, € [Fg and
up € Fy;

@ z;p(z;, wp) ensure that an error cannot occur in a position
corresponding to an erasure;

@ p(wp, wk) ensure that any two erasure locations are distinct;

® zizjp(z;, zj) ensure that any two error locations are distinct.

Ideal JS7¥ depends only on code C and on v.



In Grébner basis G& ™ there is a unique polynomial of type

+ ...+ ap, aj € Fgm[X, WI.
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In Grébner basis G& ™ there is a unique polynomial of type

g=2zI + ar_1z2" Y +...4+ag, a; € Fgm[X, WI.
If code C is a proper maximal zerofree nth-root code, then C
possesses general error locator polynomials of type v, for
any v > 0.

«O» «F»r « =>»
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Ideals for the decoding of nth-root codes

Let C’ be the shortened code obtained from code C presented in
Example I. Code C' is a [7,1, 6] linear code, so that 7 (errors) and
 (erasures) satisfy relation 7+ < 6. If 7 =1, =2, the
syndrome ideal is
J= A{gi(z1) + mgi(w1) + ag(w2) + x1, &2(21) + t1g2(w1) + 2ga(w2) + X2,
22—z wl —1,w) —1,x% —x1,x8 +x, v} + w1, U3 + o,
21p(z1, wa), 21p(21, w2), p(wa, wa)}

and in the reduced Grobner basis there is only one polynomial
having z; as leading term (see Appendix of [4]).



Let g be a divisor of x" — 1 over Fy. We define S¢ as the set
Sc ={n,.. <
g. Let H be the following matrix:

-vin—k|g(a) = 0,1 < i; < n} of all powers of a that are roots of

a2i
1 a2
H=

(=D

o2 a(n=Di

i ain.—k a2i:;—k a("_i)in—k

The cyclic code C generated by g is the linear code C over Fq such that H is
a parity-check matrix for C.
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Let g be a divisor of x" — 1 over Fy. We define S¢ as the set
Sc ={n,.. <
g. Let H be the following matrix:

-vin—k|g(a) = 0,1 < i; < n} of all powers of a that are roots of

a2i
1 a2
H=

(=D

o2 a(n=Di

i ain.—k a2i:;—k a("_i)in—k

The cyclic code C generated by g is the linear code C over Fq such that H is
a parity-check matrix for C.

@ L=R,ie L={a,0?...,a"}
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Let g be a divisor of x" — 1 over Fy. We define S¢ as the set
Sc ={n,.. <
g. Let H be the following matrix:

-vin—k|g(a) = 0,1 < i; < n} of all powers of a that are roots of

1 il 21 aln—1i
1 ol o2 a(n=Di
H=
i ain.—k o}');—k a("_i)in—k
The cyclic code C generated by g is the linear code C over Fq such that H is
a parity-check matrix for C.

@ L=R,ie L={a,0?...,a"}
@ P={xi|ieSc}
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Cyclic codes

Definition

Let g be a divisor of x" — 1 over Fq. We define Sc as the set

Sc =A{i,...,in—«|g(a¥) = 0,1 < i; < n} of all powers of « that are roots of
g. Let H be the following matrix:

1 ol a?i . al=Di

1 a2 a??2 boo alr=Di
H =

1 adn—k  oZn—k . Q= Dip_k

The cyclic code C generated by g is the linear code C over F, such that H is

a parity-check matrix for C.

@ L=R,ie L={a,d?...,a"}
@ P={xi|ieSc}
@ C as the nth-root code Q(q, n, ¢™, R, {x7 | i; € Sc})



Definitions and properties Examples Weight distribution ~General error locator polynomial Othr family of codes Conclusion
000 000 000000 000000000 @00 oo

Cyclic codes

Definition
Let g be a divisor of x" — 1 over F,. We define Sc as the set
Sc =A{i,...,in—«|g(a¥) = 0,1 < i; < n} of all powers of « that are roots of
g. Let H be the following matrix:

1 ol o2i (=1t

1 P 20 a(n—1i

H=
i a’.n.—k az’.n.—k a(”—i)in—k

The cyclic code C generated by g is the linear code C over F, such that H is
a parity-check matrix for C.

@ L=R,ie L={a,d?...,a"}

@ P={xi|ieSc}

@ C as the nth-root code Q(q, n, ¢™, R, {x7 | i; € Sc})
Proposition

Any cyclic code is a proper maximal zerofree nth-root code. As a consequence,
it possesses a general error locator polynomial.




Shortened cyclic codes can be seen as nth-root codes: if D is a
subset of positions where cyclic code C is shortened, then code

C(D) is an nth-root code Q(q, n,q™, L, P), where g, n and P are
as above and L ={o/ |1<j<n,j¢D}.

«O>» «F»r <«
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Cyclic codes

Shortened cyclic codes

Shortened cyclic codes can be seen as nth-root codes: if D is a
subset of positions where cyclic code C is shortened, then code
C(D) is an nth-root code Q(q, n,q™, L, P), where g, n and P are
as above and L ={o/ |1<j<n,j¢D}.

Reed Solomon code

A RS code is a cyclic code with generator polynomial

g(x) = (x — a®)(x — a®t1) ... (x — ab7972), where a is the
primitive element of Fgm. A RS code can be treated as an nth-root
code Q(q,n,q’",IF’;m,{x" |i=bb+1,....,b+d—2}).
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Goppa codes

Definition

Let g(z) € Fgm[z], deg(g) =r > 2, and let L = {aq,...,an}
denote a subset of elements of Fgm which are not roots of g(z).
Then the Goppa code (L, g) is defined as the set of all vectors

c =(c1,...,cn) with components in F, that satisfy the condition:
N
E — =0 mod g(z2).
i— £

A parity-check matrix for (L, g) can be written as:

1 1 1
gla1)  glaz) g(ay)
o an oy
g(azl) g(azz) glay)
o o) XN
H = gla1)  glag) glay)
arfl arfl arfl
1 2




1 - m_lv
=0,...,r—1}

@ Setting q. m and L as in definition, n =g
P= {g(X)’

«O» «Fr « =>»

« =
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Goppa codes

@ Setting g, m and L as in definition, n = ¢ — 1,
T:{ﬁ'(),Vizo,...,r—l}

e It follows that classical Goppa code I'(L, g) over F is the
nth-root code

i
F_Q<q,qm—l,qm,L,{ x ]i_O,...,r—1}> .
g(x)
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Goppa codes

@ Setting g, m and L as in definition, n = ¢ — 1,
:P:{f’x),\ﬁzo,...,rfl}

e It follows that classical Goppa code I'(L, g) over F is the
nth-root code

(o rann{ i1

Proposition

If the Goppa polynomial g is in Fq[x], then T(L, g) is a proper
nth-root code. In particular, if L =Fqm \ {0}, code ['(L, g) is
proper and maximal.
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Goppa codes

@ Setting g, m and L as in definition, n = q¢™ — 1,

‘P:{ﬁ,wzo,...,r—l}

e It follows that classical Goppa code I'(L, g) over F is the
nth-root code

(o rann{ i1

Proposition

If the Goppa polynomial g is in Fq[x], then T(L, g) is a proper
nth-root code. In particular, if L =Fqm \ {0}, code ['(L, g) is
proper and maximal.

Theorem

Any classical Goppa code ['(L, g) such that g € Fq[x] and
L = Fgm admits a general error locator polynomial.
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Goppa codes

Consider the nth-root code of the first Example, shortened in
position 0. It is a classical Goppa code with g(x) = x> + x + 1 and
L =Tg.
A general error locator polynomial for this code is
L :z§+

2(xPx3 + X + X2x5 + X3 + xExa+

X12X2 + X1x25 + Xlxg + X1X23 + X1X22—|—

X1X2 + X1 —|-X27 —|—X§—|—X23—|—X22 + 1)+

xfx22 + XfXg + xir’ + xfx22—i—

xf’x23 + X12x2 + x12 + xlxg—i—

X]_X2+X]_+X27+X26.
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Goppa codes

Consider irreducible Goppa codes, (L, g) such that L = Fgm.
These codes admit also the following parity-check matrix H:

1 1 1
H:(W—Co’ =G o Y—Cgm—1 )7

where v € Fgmr is any root of g(x) and Fgm = {¢; | 0 < i < ¢™—1}.
We can extend the definition of nth-root codes to generalized nth-
root codes, by allowing also P C Fg[X] with Fgm C Fq. In
this sense, an irreducible Goppa code I'(L,g) can be considered
as a generalized nth-root code Q(q,q™ — 1,9™" ,Fgmr,P), where

P={e()}={}




Other families of codes

@ Reed-Muller codes
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Other families of codes

@ Reed-Muller codes

@ Hermitian codes
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We can investigate on

@ general error locator polynomial for nth-root non proper;
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We can investigate on

@ general error locator polynomial for nth-root non proper;
@ which other class of codes are nth-root;
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Further research

000

We can investigate on
@ general error locator polynomial for nth-root non proper;
@ which other class of codes are nth-root;

@ which representation of nth-root permits to find a sparse
general error locator polynomial.

Othr family of codes

Conclusion
@0
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