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The SNIEP (symmetric

nonnegative inverse eigenvalue problem) is the problem of

characterizing all possible real spectra of entrywise symmetric nonnegative matrices. A

complete solution of this problem is known only for spectra of size n < 4. For these n’s

the most basic necessary conditions are also sufficient. That is, the Perron and the trace

conditions characterize the SNIEP for n < 4. Spectra of size 5 are not characterized and

this problem has proven to be a very challenging one.
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The open case for size 5, 0 = {A; > Ag > A3 > Ay > A5}, is when there are 3 positive
eigenvalues, the trace is positive, A\; > |As| and A1 + A2 + Ay + A5 < 0 (see [1]). Loewy
in [4] studies this case. In fact, as he shows, when Loewy’s result, see Theorem 1 below,
is applied to the case of two repeated eigenvalues we have a wider area than the one
excluded in [1, Theorem 1].

Theorem 1. ([4, Theorem 2.1]) Let 0 = {A1, A2, A3, M\a, A5} be a list of real numbers,
where the elements of o are arranged in monotonically decreasing order and with A3 —
s1(0) > 0. If o is the spectrum of a nonnegative symmetric matriz, then s3(o) > s1(0)3+
6A351(0)( A3 — 51(0)).

( sg(o) is the kth moment of o, i.e. si(0) = Z?:l Ak

Before this result was published, another result appeared about symmetric realization
of spectra with 5 eigenvalues.

Theorem 2. ([3, Theorem 4]) Let 0 = {\1,..., A5} be a list of monotonically decreasing
real numbers such that Z?Zl A > % Necessary and sufficient conditions for o to be the
spectrum of a nonnegative symmetric matric are:

() M =maxaes A, (2 Ao+ <S0 N and (3) A3 <30 A

Previously, unresolved spectra with just one repeated eigenvalue are shown not to
occur in [2]. The repetition could be either positive or negative, but the two situations
are different.

Theorem 3. ([2, Theorem 3)) Let a,d; > 0, do > dy satisfy a+da,d1+ds < 1 < a+di+ds.
If(a+di)?+(a+d2)®>1+4a®+ (a+dy +dy—1)3, then 1,a,a,—(a + dy),—(a + dz)
are not the eigenvalues of a 5-by-5 symmetric nonnegative matriz.

Theorem 4. ([2, Theorem 4]) The spectrum 1,a,a —r,—(a + d), —(a + d) with d,r > 0,
a>randa+d,r+2d <1 <a+2d is not realizable by a symmetric nonnegative 5-by-5
matriz if

2(a+d)* > 1+a®+ (a+2d —1)3.

The purpose of this note is to establish the current state of the knowledge about the
SNIEP in size 5 with just one repeated eigenvalue. The next theorems show that Loewy’s
result is strictly stronger than the results in [2] when it is particularized to one repeated
eigenvalue.

Theorem 5. Let o0 = {1,a,a,—(a+dy), —(a+dz2)} with a,dy > 0, dy > dy and a+da,d; +
de <1<a+di+dy If (a+d1)>+ (a+da)®>—1—a—(a+dy +dy—1)3 >0, then
s1(0)® + 6as1(0)(a — s1(0)) — s3(0) > 0. The reverse is not true.
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Proof. First of all, note that the hypothesis A3 > s1(o) of Theorem 1 applied to our list
is the hypothesis 1 < a + dy + ds. It is straightforward to show that

51(0)2 + 6as1(0)(a — s1(0)) — s3(0)
:(1—d1—d2)3+6a(1—d1—dg)(a+d1+d2—1)—1—2a3+(a+d1)3+(a+d2)3
=(a+d1)?+(a+d2)®—1-0a®—a®+(1—di —d2)® +6a(1—dy —da)(a+dy +da—1)

>(a+d1+d271)37a3+(17d17d2)3+6a(17d17d2)(a+d1 +d271)
=3a(l—di —d2)(a+d1+d2—1) >0,

where both inequalities are from the hypothesis of the theorem.
For a = %, di = i and dy = % we are under the hyphotesis of the theorem and for
these values we have

9
51(0)® 4+ 6as1(0)(a — s1(0)) — s3(0) = 256 >0
and
9
(a+dl)3+(a+c12)3—1—a3—(a+dl+dg—1)3:—ﬁ <0. O

Let a,d; and dy be under the hyphotesis of Theorem 5 and let define the functions

44d +do\? —14dy+dy\?
F(a,dl,dQ)_(%> +2<5a+—51+2>

dy —5a—1—4d;\* [dy —5a—1—4dy\*
+ 5 + 5

G(a7d1,d2) = (a+d1)3+(a+d2)3—1—a3 — (a+d1+d2—1)3
L(a,dy,dy) = 51(0)® + 6asy(0)(a — s1(c)) — s3(0)

and, for a fixed a, the curves s = F(a,d;,d2) =0,t = G(a,d1,d2) = 0,n = L(a,d;,ds) =
0and ¢ = {dy +dy = 1} N{X = a}. See [2] for a more detailed explanation. For the
spectra o under the hyphotesis of Theorem 5 we have:

o If a < 4\/151_5, for some (dy,ds) the spectrum o is symmetrically realizable with
constant diagonal, those under or on curve s in Fig. 1. And for others, ¢ is not symmet-
rically realizable those above curve ¢ in Fig. 1 (Theorem 3) and those above curve n in
Fig. 1 (Theorem 1). The question mark in Fig. 1 means that the region between s and
n (including n) is unresolved.

o If 4‘/1_% <a< %, for some (dj,ds) the spectrum o is not symmetrically realizable,
those above curve t in Fig. 1 (Theorem 3) and those above curve n in Fig. 1 (Theorem 1).
The question mark in Fig. 1 means that the region under or on n is unresolved.

o If % <a< %, for some (d1, ds) the spectrum o is not symmetrically realizable, those
above curve t (Theorem 3), or those above curve n (Theorem 1) in Fig. 1, and for others
neither, those under or on line ¢ in Fig. 1 (Theorem 2). Since all the section is covered
between both, ¢ is not symmetrically realizable.
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olfa> %, the spectrum o is not symmetrically realizable by Theorem 2, see Fig. 1.
The new area that was unresolved is the one between curves n and ¢ for a < %

Theorem 6. Let o = {1,a,a—7r,—(a+d),—(a+d)} withd,r > 0, a > r and a+d,r+2d <
l<a+2d. If2(a+d)?—1-a®—(a+2d—1)3 >0, then s1(c)® +6(a —1)si(c)(a —
r—s1(0)) — s3(o) > 0. The reverse is not true.

Proof. The hypothesis A3 > s1(0) of Theorem 1 applied to our list is the hypothesis
1 < a+ 2d. It is straightforward to show that

51(0)* +6(a —1)s1(0)(a — 1 — 51(0)) — s3(0)
=(1-r—2d°+6(a—r)(1—r—2d)(a+2d—1)—1—a®— (a—7)*+2(a+d)?
=2(a+dP?-1-a*+(1—r—2d)°+6(a—7r)1—r—2d)(a+2d—1)— (a—r1)>

>(a+2d—1°+ (1 —r—2d)3+6(a—7)1—r—2d)(a+2d—1)— (a—r)>
=3(a—7r)(1—r—2d)(a+2d—1) >0,

where both inequalities are from the hypothesis of the theorem.

For a = %, d= % and r = 1—10 we are under the hyphotesis of the theorem and for

these values we have

1167

s1(0)° +6(a—r)si(0)(a—7 = 51(0)) = 83(0) = o5 >



342 C. Marijudn, M. Pisonero / Linear Algebra and its Applications 675 (2023) 338-343

0.309 0.57 0.7

H
0 X Y
s 0.2 025 0.5

d d

Fig. 2. dr-sections of the domain of Theorem 6 with curve s = H(a,d,r) = 0, curve t = J(a,d,r) = 0, curve

n=L(a,d,r) =0and curve £ = {r +2d = 1} n{X = a} forae{%,%,%}.

and

1563

2 d)?—1-a> - 2d — 1) = ——— .
(a+d) a (a+ ) 62500<

Let a,d and r be under the hyphotesis of Theorem 6 and let define the functions

4 2d\* —1 2d\*
H(a7d,7“)=( +T5+ d) +(5a ;T+ d)

5a —4r —1+2d\° r—5a—3d—1\°

() ()
J(a,d,r) =2(a+d)?*—-1—-a®>—(a+2d—1)*

L(a,d,r) = s1(0)* +6(a —1)s1(0)(a —r — s1(0)) — s3(0)

and, for a fixed a, the curves s = H(a,d,r) =0, t = J(a,d,r) =0, n = L(a,d,r) =0
and £ = {r+2d = $} N{X = a}. See [2] for a more detailed explanation. For the spectra
o under the hyphoteses of Theorem 6 we have:

o If a < ‘/3[17 the spectrum o is always symmetrically realizable with constant

diagonal.
o If @ < a < %, for some (d,r) the spectrum o is symmetrically realizable with

constant diagonal, those above or on curve s in Fig. 2. And for others ¢ is not symmet-
rically realizable, those on the right hand side of curve t (Theorem 4) and those on the
right hand side of curve n (Theorem 1) in Fig. 2. The question mark in Fig. 2 means
that the region under s and on the left hand side of n (including n) is unresolved.

o Ifa> %, for some (d,r) the spectrum o is symmetrically realizable with constant
diagonal, those above or on curve s, for others ¢ is not symmetrically realizable, those
on the right hand side of curve ¢ (Theorem 4), those on the right hand side of curve n
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(Theorem 1), and those under or on line £ (Theorem 2) in Fig. 2. The question mark in
Fig. 2 means that the region among ¢, n and s (including only n) is unresolved.
The new area that was unresolved is the one between curves n and ¢ for a > @.
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