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1. Introduction

The real nonnegative inverse eigenvalue problem (hereafter RNIEP) is the problem of
characterizing all possible real spectra of entrywise nonnegative matrices. This problem
remains unsolved. A complete solution is known only for spectra of size n < 4. A number
of realizability criteria or sufficient conditions for the existence of a nonnegative matrix
with a given real spectrum have been obtained, from different points of view. In [12]
the authors construct a map of sufficient conditions for the RNIEP, in which they show
inclusion or independence relations between these conditions.

If in the RNIEP we require that the nonnegative matrix be symmetric, we have
the symmetric nonnegative inverse eigenvalue problem (hereafter SNIEP). For a long
time it was thought that the RNIEP and the SNIEP were equivalent, but in [8] it was
proved that both problems are different and in [5] that they are different for n > 5.
Both problems, RNIEP and SNIEP, are equivalent for n < 4 and remain open for
n > 5.

The first known sufficient condition for the SNIEP is due to Perfect and Mirsky [14] for
doubly stochastic matrices and Fiedler [7] gave the first symmetric realizability criterion
for nonnegative matrices. Several realizability criteria which were first obtained for the
RNIEP have later been shown to be realizability criteria for the SNIEP as well. Fiedler
[7], Radwan [15] and Soto [18] showed, respectively, that the Kellogg [9], Borobia [1]
and Soto 2 [17] criteria are also symmetric realizability criteria. In [22,10,19] the authors
propose, directly, symmetric realizability criteria.

There are in the literature some other criteria for the SNIEP based on a theorem
from Rado, see Soto—Rojo—Moro—Borobia [21] and Soto—Rojo—Manzaneda [20]. These
criteria trivially contain, by their own definition, any other sufficient condition, and for
this reason we will leave them out of the analysis. Their interest lies in providing different
procedures to realize certain lists.

The paper is organized as follows: Section 2 contains the list of all sufficient conditions
that we shall consider, in chronological order, and some technical results that we will use
in the next section. In Section 3 we construct a map of symmetric realizability criteria,
establishing inclusion or independence relations between these criteria.

2. Sufficient conditions for the SNIEP

In this paper, by a list we understand a collection A = {A1,..., A} of real numbers
with possible repetitions. By a partition of a list A we mean a family of sublists of A
whose disjoint union is A. As is commonly accepted, we understand that a summatory
is equal to zero when the index set of the summatory is empty.

We will say that a list A is (symmetrically) realizable if it is the spectrum of an
entrywise (symmetric) nonnegative matrix A. In this case A is said to be a realizing
matric.
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The RNIEP and the SNIEP have an obvious solution when only nonnegative real
numbers are considered, so the interest of both problems is when there is at least one
negative number in the list.

In what follows we list the sufficient conditions, or realizability criteria, that we are
going to consider, in chronological order. The first result in this area was announced by
Suleimanova in 1949 and proved by Perfect in 1953.

Theorem 1. (Suleimanova [23], 1949) Let A = {X\g, A1, ..., \n} satisfy

Mo >[N for NeA and M+ Y A0, (1)
A <0

then A is realizable.

Theorem 2. (Suleimanova—Perfect [23,13], 1949, 1953) Let A = {0, Ao1,- -, Aotgs A1,
)\11, ceey )\1,51, ey AT, )\rla ey )\rt,,.} satisfy

Xo > A for Ae A and >‘j+z/\ji20 for §3=0,1,...,r (2)
Aji<0

then A is realizable.

Theorem 3. (Perfect 1 [13], 1953) Let

A= {)\OaAla)‘lla"'aAltla"'vAT7)‘T17" '7)‘7“157‘75}7

where
A=Al for XeA, D> A>0, §<0,
AEA
Aj >0 and Ay <0 for j=1,....,7r and i=1,...,1;.

If

tj
Aj+0<0 and /\j+z)‘ji§0 for j=1,...,n (3)

i=1

then A is realizable.

Theorem 4. (Perfect-Mirsky [14], 1965) Let A = {A1,..., A} with Ay > |\| for A € A
and A\ > Ajy1 fori=1,...,n—1. If

+o = 20, (4)

M Ao An
T an-1) 2.1

n  nn-—1)

then A is symmetrically realizable.
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Remark 1. In [14, Theorem 8], the previous result is given with A; = 1 and asserts that A
is realized by a doubly stochastic matrix. Reading the proof, one can see, as the authors
point out, that in fact A is realized by a symmetric doubly stochastic matrix.

Theorem 5. (Ciarlet [4], 1968) Let A = {Xo, A1,..., A\n} satisfy

Ao

|>‘j‘ < Z’

j:17"'7n7 (5)
then A is realizable.

Theorem 6. (Kellogg [9], 1971) Let A = {Xo, A1,..., A\n} with Ag > |A] for A € A and
Ai = N1 fori =0,...,n— 1. Let M be the greatest index j (0 < j < n) for which
)\j >0 and K = {iE {1,,Ln/2j}/)\l >0, )\i+)\n+17i <0}. If

Ao + Z (N + Angi—i) F Ang1— >0 forall ke K, (6)
ieK, i<k
and
n—M
Ao+ it i)+ D>, A >0, (7)
i€K =M1

then A is realizable.

Theorem 7. (Salzmann [16], 1972) Let A = {Xo, A\1,..., A\n} with N\; > Nip1 for i =
0,...,n—1.If

> A0, (8)

0<j<n
and
i + A 1 .
< ; =1,...
5 <o Z Aj, i=1,...,(n/2], (9)
0<j<n

then A is realizable by a diagonalizable nonnegative matriz.

Theorem 8. (Fiedler [7], 1974) Let A = {Xo, A1, ..., An} with A; > Ajyq1 fori=0,...,n—
1. If

1
Dot At D Az 5 D0 it Al (10)
AEA 1<i<n—1

then A is symmetrically realizable.
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Soules in 1983 gave two constructive sufficient conditions for symmetric realization.
The inequalities that appear in these conditions are obtained by imposing the diagonal
entries of the matrix Rdiag(\1, ..., \,)R! to be nonnegative, where R is an orthogonal
matrix with a certain pattern. For a particular R, this criterion is the Perfect—Mirsky
criterion.

Theorem 9. (Soules 1 [22], 1983) Let A = {A1,..., \p} with \; > \jpq fori=1,...,n—1
and let x = (z1,...,2,) > 0. If

i—1

Zﬁ)\nﬂ'w
22\ - ik )2 Ap_ =’
d; = 11+Z ( k) k42 +Jl

3 22 k=it (R o koo S

. = 22

= 2wy || X —
j=1 j=1 J

fori=1,...,n, then there exists a symmetric nonnegative matriz with the ith diagonal
entry d;, spectrum A and x an eigenvector associated to Ay. Further, if 0 < 1 < x9 <
oSy, thendy <dy < -+ < dp.

>0, (11)

The next result is a generalization of Theorem 9.

Theorem 10. (Soules 2 [22],1983) Let A = {\1,..., An} with \; > Njpq fori=1,...,n—1
and let x = (x1,...,2,) > 0. Let {i1,...,im} U {j1,.- s in-m} and {k1,..., km_1}
U{l1,.. ., ln—m—1} be partitions of {1,...,n} and {3,...,n}, respectively. If

2 ("2 LS
%2 )\1 l‘ip 21 l'jr /\2 m (in z; )2 /\k 2 mirAk'rrpr#»l
d. = P r= + p Ut m—t+1 r=1 >0
P . n mo Z t—1 t P, =
2 = 2 2
> a2 > w2 > 3, t=p+1 5. > 3, > x5,
r=1 r=1 r=1 r=1 r=1 r=1
and
2 ( 2
2 X Z T, A2 n—m
d o qu)\l + 71 \/= + } : (‘rquJt) )‘ln—m—tﬂ
m+q T 9 n n—m 9 t—1 t
€T 2 t=q+1 2 2
2_:1 r 2 a7 Ly, a 2 Tj 2. z3j,
r= r=1 r=1 r=1 r=1
q—1 )
Z xjr ln—m—q+1
+ = >0
DA
r=1
forp=1,...,mandq=1,...,n—m, then there exists a symmetric nonnegative matrix

with the ith diagonal entry d;, spectrum A and x an eigenvector associated to \p.
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Remark 2. If in the previous theorem we take {i1,...,im} = {1,...,m} and
{1y -y Jn-m} = {m + 1,...,n} we have an equivalent condition, although in this
case the realizing matrix has its columns permuted.

n n

Remark 3. Note that in Theorems 9 and 10 we have > d; = > A;. So, if this sum is
i=1 i=1

zero, then every d; is zero.

Corollary 1. ([22], 1983) Let A = {\1,..., A\p} with \; > X\jpq fori=1,...,n—1 and
letn=2m+2 (n even) orn=2m+1 (n odd). If

Al (n—m—1)A ~ An—2kt2
—_t = 12
n+ n(m +;(k—|—1k_ (12)

then A is symmetrically realizable.

Theorem 11. (Borobia [1], 1995) Let A = {Xo,A1,..., A} with N\; > Ay for i =
0,...,n—1 and let M be the greatest index j (0 < j < n) for which A; > 0. If there
exists a partition Jy U---UJy of {\nr41,--., A} such that

{AozAlz---zAM>ZAz---zz/\} (13)

A€y AEJ:

satisfies the Kellogg condition, then A is realizable.
Theorem 12. (Soto 2 [17], 2003) Let A be a list that admits a partition
{)\11,. . ~7)\1t1} U---u {/\r1, ce 7/\rtr}

with A1 > || for A€ A, Aij > A jp1 and Ajp >0 fori=1,...,rand j=1,...,t; — 1.
For each list {\i1,...,\it,} of the partition we define

Sl‘j = )\ij + Ai’ti7j+1 fO'I“ j=2,..., |_t2/2J
S (ti+1y/2 = min{A; ¢, 41)/2,0}  ifts is odd for i=1,...,r,

and
Ti=Xia+Nie, + > Sij for i=1,...,m.
Si;<0
Let
L=max{-Ay, — Y S, Jnax {Aﬂ}} (14)

S1;<0
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If

Ai>L- ) T, (15)

T;<0, 2<i<r

then A is realizable.

The following result gives a sufficient condition for the existence of an n-by-n sym-
metric nonnegative matrix with eigenvalues A1, ..., \, and diagonal entries wy, ..., wy,.

Lemma 1. (Fiedler [7], 1974) Let Ay >+« > A, with A1 > | Ay, andwy > -+ > w, >0
satisfy

i)Y N> wifors=1,...,n—1;
i=1 i=1

n n
W) Y=Y wi;
=1 =1

1i1) );gwi_;forizl...,n—l.

Then there exists an n-by-n symmetric nonnegative matriz with eigenvalues A1, ..., \n
and diagonal entries w1, ...,wy.

Remark 4. Note that if conditions i), ii) and iii) of the previous lemma are satisfied for
A1 > -+ > A, and for a family of w’s unordered, they are also satisfied for the sequence
of w’s ordered. Let suppose wy < w41 for a certain k& and that conditions i), ii) and iii)
are satisfied for wy, ...,wy,. It is clear that conditions ii) and iii) and condition i) but for
s = k are also satisfied for wy,...,wk—1,Wk+1, Wk, Wk+2, - - - , W If condition i) for s = k
were not true, that is A\ +-- -+ Ay <wi+---+wi—1+wk41, we will reach a contradiction:

k+1 k41
A b eo )\ B
1+ F A <wip+ - wWe—1 + Wet ;‘ZAKZW
At1 S Wk i=1 i=1

Theorem 13. (Laffey-Smigoc [10], 2007) Let Ay = {\1,..., A} and Ao = {1, ..., i }
with Ay > |A| for A € Ay and py > || for p € Ag. Suppose that Ay is the spectrum of
an irreducible nonnegative symmetric matriz with a diagonal element ¢ and Ay is the
spectrum of a nonnegative symmetric matriz.

(1) If p1 <, then {\1,..., A\n, 42, -, fim } 18 symmetrically realizable.
(2) If ¢ < pa, then {1+ p1 — ¢, Aoy ooy Any 2y« oy fhn b 18 symmelrically realizable.

Remark 5. In order to apply this sufficient condition we will assume n > 1. Other-
wise every symmetrically realizable spectrum A = {Ai,..., A}, with Ay > A, for
j = 2,...,m, would be realizable by this criterion: with Ay = {A\}, ¢ = A\ and
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Ay = {p1 = A, A2,..., A\ }. This also means that every spectrum realizable by this
criterion should have at least three elements.

Note that lists with only one nonnegative element and satisfying Suleimanova are
always realized by irreducible nonnegative symmetric matrices (the Frobenius normal
form of any symmetric nonnegative realization has only one irreducible block matrix on
the diagonal).

Note also that lists with the biggest element repeated and the other elements negative
cannot be realized by Laffey-Smigoc: Suppose {A, A, with Ay = A2 > 0> A3 >
... >\, and n > 3, is realized by Laffey-Smigoc, then there exist Ay = {\1, \i,, ..., iy}
realized by an irreducible nonnegative symmetric matrix with a diagonal element ¢ (note
c< 5\1) and Ap = {p1, A2, Ajy, ..., Ay, } with g1 > Ao symmetrically realizable such that
one of the next two situations is satisfied:

(1) If p1 < e, then {A, X2, A3, A} = {0, Aiyy oo Ay, A2y gy, o0 Ay, | s symmetri-
cally realizable with 5\1 = A1. This is not possible because \; = Ao <y <c < 5\1 =
A1

(2) If ¢ < p, then {A, A0, Az, s A} = {1+ s — & A, Ay Aoy Ay e Ay b
is symmetrically realizable with ;\1 + p1 — ¢ = A1. This is not possible because
A :5\1 —|—,u1—025\1+)\2—c:5\1+)\1—cimpliechS\l.

This will be a source of examples not satisfying Laffey-Smigoc for Section 3.

The following criterion requires the concepts of negativity and realizability margin.
Let IC be a realizability criterion. If a list of real numbers satisfies the sufficient condition
IC we say that the list is IC realizable. We denote the set of IC realizable lists as

R ={A CR : Ais K realizable}.

In this paper K will be the surname of an author(s). For example, a list satisfying
Theorem 1 will be said to be Suleimanova realizable. Following the definitions in [2,
Section 4] we define the IC negativity of a list A = {1, Aa,..., A, } of real numbers, with
A > Ajforj=2,...,n,as:

too if{)\1+(5,)\27...,)\n} is
Ni(A) = not K realizable V6 > 0
min{d > 0: {\1 + 9, A2, ..., A\, } is K realizable} otherwise

and when A is K realizable we define the K realizability margin of A as the number:

{A1 —€ A, ..., Ay} is K realizable
A) = >0: .
M) max{e_ and A —e>|Aj| forj=2,...,n
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Note that the I negativity of a list measures, in a certain sense, how far the list
is from being K realizable. A similar interpretation can be given for the concept of IC
realizability margin of a /C realizable list. For properties, closed expressions or bounds
of these concepts see [11].

Based on a Brauer’s result, Soto [19] gives a family of symmetric realizability criteria
denoted by Soto p, p = 1,2,.... These criteria are defined recursively, starting from
p = 1, which is equivalent to the Fiedler condition given in Theorem 8, see [12].

Theorem 14. (Soto p [19], 2013) Let p be an integer with p > 2. Let A be a list that
admits a partition

{)\117'"7)\1t1}U"'U{)\’I‘17"';)\’r‘t7.}

with A1 > |>\| fO’I“)\ S A, /\ij > )\z’,j-i-l and)\“ > OfOTiZ 1,...,7‘ and] = 1,...,ti— 1,
and {M1, ..., Ay, } Soto p-1 realizable. Let Ns,—1(A;) be the Soto p-1 negativity of A; =
{Nits -, Ai; b and Mgp_1(A;) the Soto p-1 realizability margin of A;. Let

7 = max{An — Msp-1 (A1), max {Air}}). (16)
If
A >y + Z Nsp—1(Ai), (17)
ANi¢Rsp—1

then A is (symmetrically) realizable.

Note that the Soto 2 condition given in Theorem 12, is equivalent to Theorem 14 with
p =2, see [19].

In practice, it is not necessary to know the margin of realizability of a list to use the
previous theorem. It is enough to know a nonnegative lower bound of it, under certain
circumstances, as it shows the following result:

with )\11 Z |)\‘ fO’]" A E A, Al = {)\ila .. ',)‘iti}y )\ij 2 )\i,j+1 and )\7;1 Z 0 fO’f‘i = ]., ceey
and j =1,...,t; — 1, and Ay Soto p-1 realizable with p > 3. Let 0 < € < Mg,_1(A1
and

Lemma 2. Let A be a list that admits a partition A = {A11,..., A1e, JU---U{Ap1, .o, Are, }
)

7 = max{\; — ¢, 2r21;3<xr{)\i1}}

such that

A1 >+ Z Nsp—1(A;),

ANi¢Rsp—1

then A is Soto p and Mgp,(A) >7+ > Ngp_1(Ay).
ANi¢Rsp—1
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.

Proof. Let us see that A = [J A; satisfies inequality (17). Depending on the values of «
i=1

and 4 we have the following cases:

A=A1—€> A1 — Mgp_1(Ar) =7,

—e> = 5= =
=An—ex max{An} =7 or 7= max{\i}=1,

and in all of them it is clear that (17) is satisfied. O
3. A map of sufficient conditions for the SNIEP

It is well known that the Suleimanova and Kellogg criteria are symmetric realizability
criteria, see [7], as well as the Borobia criterion, see [15]. Then Suleimanova—Perfect,
Ciarlet, Salzmann and Perfect 1 are sufficient conditions for the SNIEP too, because
all of them imply Borobia, see [12]. We need to know what the relations are between
Perfect—Mirsky, Soules conditions, Laffey-Smigoc and Soto conditions.

In the next results we will use the following equality, which can be easily proved by
induction,

n—1 _1
3 . (18)
k:l (k+ 1)k n

Lemma 3. Let A = {A\1,..., A} with Ay > |A| for A € A, \; > Nipq fori=1,...,n—1 and
let p be the greatest index j (1 < j <mn) for which \; > 0. If A satisfies Perfect-Mirsky,
then {A1, A\p+1,. .., A\n} also satisfies Perfect—Mirsky.

Proof. Let us see that

ﬁ+#+ +>\7n< A1 + Ap+1 4 +)\7n
n  n(n—1) 21 " n-p+1 (m—-p+1)(n—p) 2.1

To prove this inequality is equivalent to prove

M (p— 1)\
GRS R e p+mm pD S anpr 1) (19)

On the one hand we have

7A2 +...+ >\
n(n—1) m—p+2)(n—p+1)

1 1
§M<Mn—n+”'*m—p+mm—p+n)

and on the other hand, the repeated use of equality (18) gives
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1 4oa 1 ~n—1 n—p p—1
n(n—1) n—p+2)(n—p+1)  n n—p+1 nn—-p+1)

and the inequality (19) is proved. O
The following result relates Perfect-Mirsky with other symmetric criteria.
Theorem 15.
1. Cliarlet implies Perfect—Mirsky and the inclusion is strict.

2. Perfect—Mirsky implies Suleimanova and the inclusion is strict.
3. Salzmann and Perfect 1 are independent of Perfect—Mirsky.

A
Proof. 1. Let \; > --- > )\, satisfy Ciarlet: —11 >1|Ajl, j=2,...,n. We have
n—

ﬂ+L+...+>\_n>ﬁ_&_..._M>
n  n(n—1) 2-17n nnh-1) 2-17~

)\1 1 1 )\1 n—1
AL Al —— Sy AL s
n 2rgf<xn|j|(n(n—1)+ +2-1) n 2Igja<xn|]|< n >

where the equality is due to (18). Finally

)\1 n—1 n—1 )\1
— — max [\ = — max [\
n 2<j<n n n n—1 2<j<n

which is nonnegative because of the Ciarlet condition and then the list satisfies Perfect—
Mirsky. The inclusion is strict as shows the list {1,1,—1}.
2. Because of the previous lemma, it is enough to prove the result for lists with

only one nonnegative element. Let {A1,..., A\, }, with Ay > 0> Ay > .-+ > A, satisfy
Perfect—Mirsky:

A1 Ao An
AL .. >0
n  n(n—1) Tty s
Let us see that
A A2 A At A
21 I L
n " n(n —1) Tty s n ’

or equivalently

1 1
-2<(nj+2>(nj+1)_ﬁ>Aj§0~ (20)
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Note that the coefficients of the A;’s in (20) increase with j and use (18) to see that
their sum is zero. Let

. 1 1
q‘maX{J =)+ 1) ‘ﬁ<0}'

e
> (w0 5o (ermeyo )

3 (R O oy (et B
o Z;< e h)

and the inequality (20) is satisfied because

i<("—J'+2)1(7”L—j+1) _%> A= i ((n—j+2)1(n—j+1) _%) =)

Jj=2 Jj=q+1
<0.

The inclusion is strict as shows the list {2,0, —2}.
3. The list {1,1, —1} satisfies Perfect—Mirsky but not Salzmann nor Perfect 1. The
list {5,2, —2, —3} satisfies Salzmann and Perfect 1 but not Perfect—Mirsky. O

Soules [22] proves that Perfect—Mirsky implies Soules 1 for = (1,...,1), and that the
inclusion is strict: the list {5,0, -2, —2} is Soules 1 for = (2,2,2,1) but not Perfect—
Mirsky. In [22], it is also proved that Soules 1 implies Kellogg. The list {2,0, —2}, given
in the proof of the next theorem, proves that the inclusion is strict.

Theorem 16.

1. Soules 1 implies Suleimanova and the inclusion is strict.
2. Perfect 1 and Salzmann are independent of Soules 1.

Proof. 1. Let A ={)\,...,\,} with \; <0 for i =2,...,n. If A satisfies Soules 1, then
the sum, for ¢ = 1,...,n, of the inequalities (11) gives A\ +---+ A, > 0 and so A is
Suleimanova.
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Let A={X\,..., Az} with Ay > --- > X, >0 > Apy1--- > Ay If A satisfies Soules 1,
then the inequalities (11) are also true if we change \;, for 2 < i < p, by A;. Now, the
sum of these new inequalities gives A\ + A\py1 + -+ + Ay, > 0.

The list {2,0, —2} satisfies Sulefmanova but not Soules 1: let = (z1,22,23) > 0,
then

2 2 2 2
_ il Z3 _ x5 x5
dy =2 2 2 2 T2 2 ; dy =2 2 2 2 T2 2 />
T{+Ty+ T3 T+ T T+ T+ T3 X7+ T

SO

2 2
]+ x5 + 3

which is impossible for dy,ds > 0.

2. The list {1,1,—1,—1} satisfies Perfect 1 and Salzmann but not Soules 1 because
it does not satisfy Suleimanova. The list {1,1, —1} satisfies Soules 1 because it satisfies
Perfect—Mirsky but not Perfect 1 nor Salzmann. O

Soules [22] proves that Soules 2 does not imply Kellogg (so neither Suleimanova,
Salzmann or Fiedler): the family of lists {3 —¢,1+1¢,—1,—1,—-1,—1}, ¢t € (0, 1), sat-
isfies Corollary 1 but not Kellogg. This list does not satisfy Suleimanova—Perfect or
Perfect 1.

The next result relates Soules 2 with the other symmetric criteria.

Theorem 17.

1. Soules 2 is independent of Suleimanova, Suletmanova—Perfect, Perfect 1, Salzmann,
Fiedler and Kellogg.

2. Borobia does not imply Soules 2.

3. Corollary 1 is strictly contained in Soules 2.

Proof. 1. The list {2,0,0,—1,—1} is Suleimanova (so Suleimanova—Perfect, Fiedler and
Kellogg), Perfect 1 and Salzmann but not Soules 2: with the convention of Remark 2,
for any vector © = (21, %2, x3,24,25) > 0 and any partition of {3,4,5}, we have

2
2x%

>0
23+ ad + 2k + a2+ a2

ds =

which contradicts Remark 3. This, together with the comments prior to the theorem,
prove the independency.

2. The list {2,0,0,—1,—1} is Suleimanova (so Borobia) but not Soules 2, as was
proved in 1..
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3. The list {2,1,—1,—-2} is Soules 2 with = = (1,1,1,1), {i1,...,im} = {1,2},
{jl,...,j4,m,1} = {3,4:}7 {kl,...,kmfl} = {3} and {51,...754,7”,1} = {4}, but not
Corollary 1. O

Remark 6. In order to explain the map given at the end of this section we would like to
enumerate some results relative to Corollary 1, the corollary of the Soules 2 condition.
It can be proven:

1. Perfect—Mirsky implies Corollary 1 and the inclusion is strict.

2. Corollary 1 is independent of Suleimanova, Suleimanova—Perfect, Perfect 1, Salz-
mann, Fiedler, Kellogg and Soules 1.

3. Corollary 1 implies Borobia and the inclusion is strict.

4. Corollary 1 implies Soto 2 and the inclusion is strict.

We omit the details of this proof because the one we know is too long.
The next result relates Laffey-Smigoc with the other symmetric criteria.

Theorem 18.

1. Ciarlet implies Laffey-Smigoc and the inclusion is strict.

2. Laffey-Smigoc is independent of Suleimanova, Suleimanova—Perfect, Perfect 1,
Perfect—Mirsky, Salzmann, Fiedler, Kellogg, Soules 1, Soules 2, Corollary 1 and
Borobia.

Proof. 1. Let A = {1, -, \,}, with Ay > --- > A, satisfy Ciarlet:

A1 )
— >N, §=2,...,n.

We assume n > 3, see Remark 5. It can happen that:

e Ay >0 and )\, <0. In this case we take

Alz{)\l}U{)\j : )\j<0}
Ag= {1 =X} U\ = A;>0,5>2}

c=M+ DA

)\J‘ <0

Note that A; is the spectrum of an irreducible symmetric matrix, see Remark 5, and
we can take the diagonal as ¢,0,...,0 because the sufficient conditions of Lemma 1
are satisfied. Also Ay is symmetrically realizable. Let p be the number of negative
elements in A. Note that 1 < p <mn — 2. Let us see that u; < c:
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A n—1—p
YD DEVETUED S UES RS I
A; <0 A;<0 A;<0

>(n—1-=pha> A= .

Then A satisfies Laffey-Smigoc.
e A2 < 0. In this case we take

A ={, A, 0 A1}
A2 = {Ml = _/\nv)‘n}

n—1
CcC = )\1 —+ Z >‘j'
j=2

Now we have

n n—1
MAY X200 = c=M+Y NZ-d=m
Jj=2 Jj=2

and the same argument as before gives that A satisfies Laffey-Smigoc.
e )\, > 0. In this case we take

Ay = {1, Ao}
AQZ{Ml :)\2,)\3,...,>\n}
Cc= n—l'

Because of the Ciarlet condition, A; is the spectrum of the irreducible nonnegative

)\1 n—2 /\1
n—1 \/n—l(n—l_)Q))\l

n—2 A1 n—2
\/n—l(n—l_/\2)>\1 n—l)\1+)\2

A -
and gy = Ao < —11 = ¢, so A satisfies Laffey—Smigoc.
n—

symmetric matrix

The list {7,5,0, —4, —4, —4} satisfies Laffey-Smigoc, see [10], but not Ciarlet.

2. The list {7,5,0,—4, 4,4} satisfies Laffey-Smigoc, see [10], but not any of
the other conditions. The list {2,2, —1, —1} satisfies Perfect—Mirsky and Salzmann (so
Suleimanova, Suleimanova—Perfect, Fiedler, Kellogg, Soules 1, Soules 2, Corollary 1 and
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Borobia) but not Laffey-Smigoc, see Remark 5. Finally, the list {1,1,—1, —1} satisfies
Perfect 1 but not Laffey-Smigoc. O

The following results relate the Kellogg and Borobia realizability criteria with the
Soto p criteria.

Theorem 19. If A is Kellogg realizable, then A is Soto p realizable for some p (p depends
on A).

Proof. Let A = {Xo, A1,..., A} satisfy Kellogg: A\g > -+ > Ay, Ao > ||, K ={i €
{1,...,n/2]} / X >0, \i + A1 < 0}, M =max{j € {0,...,n} / A\; > 0} and the
conditions

X+ Y. it A+ A x>0 forall ke K
€K, i<k

and
n—M
Ao + Z(Ai + Ang1-i) + Z A; > 0.
ieK j=M+1

Suppose K = {k1,...,kp}, with k; < k1 fori=1,...,p— 1, and define

n—M
Ao ={Ao, A\vra1s -5 Ao} S=- Z A
J=M+1

A = { ks A1 } for i=1,...,p,
P
Apr1=A—ANo— UAki ,
i=1
and

p
Fi:A()U U Aj for Zil,,p
j=p+1—i

Note that, with the notations of Theorems 12 and 14, we have
Ty = My + Ant1—k;, = —Nsj(Ag) for i=1,...,p and Vi>1.

Now, Kellogg’s conditions become

t—1
Cl: Mo+ TitAnp1k, =20 for t=1,...p

=1

p
C2: X+Y Ti=S5>0.

=1
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We see first that Ag is Fiedler (equivalent to Soto 1, see [12]):

n—M-—1
1
Ao+ An—m + Z)\—§ Z [Anrj 4 An—nr—j
AEAQ j=1
P o2
=2(N—-8)=2(X+> Ti-S| >0.
i=1

If K =0, that is p = 0, then A = Ag U A is Soto 2 because

n—M
A —S =X+ Z )\jZO,

Ao —max{S,\1} = or =ML

A — A1 >0.

In this case the result is proved.
Suppose now that K # (. We will proceed in the following steps:

1. T'y = Ag U A, is Soto 2 and Mgo(I'y) > X\g — L + T}, with L = max{S, \g,}.
It is enough to prove the inequality Ao — L + T}, > 0. Depending on the values of L
we have

p C2
No—S+T, >N+ S Ti—5 >0,
oo LT, =0 Szt 2 =

Ao — Ak, +Tp = Ao+ Ang1-k, =0,

and the claim is proved.
2. FQ = F1UAp_1 is Soto 3 and Msg(FQ) Z /\0*’?\1+Tp_1 with ’71 = max{Lpr, Akpfl }
By Lemma 2, it is enough to prove Ao — 41 + T—1 > 0. Depending on the values of

41 we have

P c2

X—S+T,+Tp 1> +>T;—5>0,
i=1

N Ao =g, +Tp+Tp1 = o+ Tp1+ Any1-k,
Ao =Tt Tpo1 = p—1 c1
>Xo+ > Ti+ Angi-k, 20,
i=1
Ao = Akpoy +Tpm1 =X+ Ang1-k,, =0,

and the claim is proved.

3. T3 =ToUA,_2 is Soto 4 and Mgs(T's) > Ao — 72 + Tp—2 with 42 = max{y —
Tp_l, /\kpfz}“
Again, by Lemma 2, it is enough to prove A\g — ¥2 + Tp—2 > 0. Depending on the
values of ¥, we have
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P C2
)\O_S+Tp+Tpfl+Tp722)\0+ZTZ'_S20,

i=1

p—1 C1
Mo +Tp1+ Mgk, +Tp2> o+ > Ti+ A1k, >0,
Ao — 5’\2 + Tp—2 = i=1
p—2 C1
Ao+ Anti—k,y +Tp2 > Ao+ 21 Ti+ A1k, =0,

Ao — Ay T 1p2=X+ Any1-k, , >0,

and the claim is proved.

The same type of argument, with more combinatorics, proves that I'j_; =T';_o UA,_;
is Soto j and

Ms;j(Tj-1) 2 do =52+ Tp(j-2)
with
Yj—2 = max{¥;_3 — Tp_(j—3), \k,_, } for j=5,....p+1.
In particular, Iy = I'y—1 U Ay is Soto p + 1 and

)\07L+T120 if p:l,
N-THpa1+Thi>0 if p>2

Finally, we prove that A is also Soto p+ 1 if k& =1 or Soto p+ 2 if ky # 1.
If k& =1, it is clear that A, with the partition

A= ].—‘p,1 U A1 U U {)\7,7 )\nJrlfi} )
1e€{l,...,|n/2]}
i ¢ K

is Soto p+ 1 because the lists added are Soto p due to the fact that they are Suleimanova.
If k1 # 1, that is 1 ¢ K, for the partition of A

Fp U U {AiaAn-‘rl—i} 9

iefl,..., |n/2)}
i¢ K
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we obtain (note the lists added are Soto p + 1)

/\Q—L—FTlZO
Ao —max{L—Ti,\} =< or if p=1,
A —A1>0

/\0*’7/;;—\1+T120
Ao—max{ﬁ—ThAl} = or if pZQ.
A —A1 >0

Now, by Lemma 2, we have that A is Soto p+2. O

Remark 7. Note that we have proved that if A is Kellogg and p = #K with K the set
defined in Theorem 6, then A is Soto p+ 1if 1 € K and Soto p+2if 1 ¢ K.

Theorem 20. If A is Borobia realizable, then A is Soto p realizable for some p (p depends
on A).

Proof. Let A = {A\g, \1,..., Ay} satisfy Borobia: Ag > -+ > A\, Ag > |An|, M = max{j €
{0,...,n} /A; > 0} and there exists a partition J; U---UJ; of {Apr41, ..., A} such that
the list

{/\02)\12"'2)\1\42 /\Zn-ZZA}

is Kellogg realizable. We can apply Theorem 19 to this new list.

Going through the proof of the previous theorem we have that the original list A is
Soto p+1 or Soto p+ 2, with p = #K, depending on the fact that 1 € K or 1 ¢ K. This
is possible because all the inequalities related to the Soto’s criteria take the same value
for both lists. Note that only the negative eigenvalues of the original list are modified by
addition, the nonnegative eigenvalues remain equal. O

Theorem 21.

1. Soto p—1 is strictly contained in Soto p, for p > 3.

2. Kellogg and Borobia are independent of Soto p, for p > 3.
3. Soto p does not imply Soules 2, for p > 2.

4. Laffey-Smigoc is independent of Soto p, for p > 2.

Proof. 1. Let

Ay ={9,7,4,—3,—-3,—6,—8}
Ay ={9.01,8.1,7,4,-3,—3,—6,—8, —8.11}
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and for p > 5
2p—7 2p—6

p—4
Ap={Ap1=S9+> 107% 5 | U 9+210 238+2103—8—210]
j=1

The list A, satisfies Soto p and not Soto p—1, for p > 3. For p = 3 see [19].
First we see that A4 satisfies Soto 4 for the partition

Ay = Ay UAy with Ay = {901, —811} and Ay = {81, 7,4,—-3,—3,—6, —8}

Clearly Mg, (A41) = 0.9 and since Ayo = (A5—{9})U{8.1} then N, (As2) = 9—8.1 = 0.9.
Therefore

)\1 - *NS3(A42) =901-81-09 Z 0,

so A4 is Soto 4 but does not satisfy Soto 3 for no partition.
Finally, for p > 5, we see that A, satisfies Soto p with the partition

p—3 2p—6
Ap = Apl U Ap2 with Apl =<9+ Z 10_2j, -8 — Z ]_O_j and
j=1 j=1

2p—T7

Apy = 8+Z10— Apy — 9+ZIO 2
because
v =max{\ — Mg, _, (Ap1)} = =\,
and

—y—=Ns,  (Ap2) = Mg, (Ap1) = Ns,_, (Ap2) =

2p—6 2p—T7

9+Z10 23—8—2107 - 9+Zlo 23—8—2103 =

And A, does not satisfy Soto p—1 for no partition.

2. The list A, just defined satisfies Kellogg but not Soto p. The list {25, 21, 18, 16, —10,
—-10,-10,—10,—10,—10,—10, —10} is Soto 3 but not Kellogg nor Borobia, see [19] for
details.

3. The list {2,0,0,—1, —1} is Suleimanova so Soto p, for p > 2, but not Soules 2 (see
the proof of Theorem 17).
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4. The list {7,5,0, —4, —4, —4} satisfies Laffey-Smigoc, see [10], but not Soto p, for
p > 2. The list {2,2, 1,1} satisfies Soto p, for p > 2, but not Laffey-Smigoc, see
Remark 5. O

Conjecture. Soules 2 is strictly contained in Borobia and Soto 2.

Next we show a map with all the relations between the symmetric conditions studied.

Borobia = B

Ciarlet = C

Fiedler = F

Kellogg = K
Laﬁ'ey—émigoc =LS
Perfect 1 = P1
Perfect-Mirsky = mmm
Salzmann = Sa

Soto p = 5,

Sotos = |J Sotop
p>2

Soules 1 =

Soules 2 = k%

Soules 2 corollary = *
Suleimanova = Su
Suleimanova-Perfect = SP

The discontinuous line for Soules 2 in the map means that we only conjecture this
position for this sufficient condition.

Recently, Ellard-Smigoc [6], via a recursive approach to the SNIEP, have established
the equivalence of several of the most general sufficient conditions for the SNIEP. They
have modified the Laffey-Smigoc condition (Ellard-Smigoc, see [6, Section 3]) and the
Soules 2 condition (piecewise Soules, see [6, Definition 2.8]). They also relate these criteria
with Sotos criteria and C-realizability (see [3]). Explicitly they prove, [6, Theorem 4.1]:

piecewise Soules <= Ellard-Smigoc <= C-realizability <= Sotos.

As a consequence of this result it is obtained that the C-realizability is also a symmetric
sufficient condition, something which was not previously known.
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