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Here we take up the corresponding partial order on linear com-
binations of monomials. In part using analysis based upon the
cone structure of the exponents in p-Newton sequences, an array
of conditions is given for this new partial order. It appears that
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Newton inequalities a characterization in general will be difficult. Within the case in
Newton coefficients which all coefficients are 1, the situation in which, for general se-
p-Newton sequences quence length, there are two monomials, each of length two and

nonnegative integer exponents, the partial order is fully character-
ized. The characterization is combinatorial, in terms of indices in
the monomials, and, already here there is much more than term-
wise domination.

© 2013 Elsevier Inc. All rights reserved.

1. Introduction

Let A be an n-by-n real matrix with eigenvalues A1, ..., A,;. Denote the principal submatrix of A
lying in the rows and columns indexed by o« € N ={1,...,n} by A[a]. Define the k-th elementary
symmetric function of A1, ..., Ap by

Sk=Sk(A) = Y dijhiy- Ay,

1<ip<-<ig<n
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and the k-th Newton coefficient by

e
Ck =Ck(A) = k Sk,

k=1,...,n, with Sg = 1. Of course, since
Si(A) = Z det A[a],
|| =k

as well, c,(A) may be viewed as the average value of the k-by-k principal minors of A. The matrix A,

its spectrum A1, ..., Ay, or the sequence cq, cq, ..., c, is called Newton if
Ck—1Ck+1 <c,%, k=1,...,n—1
and these inequalities are referred to as the Newton inequalities [8]. If, further, ¢, >0, k=1,...,n,

each is called p-Newton. It is known that if the eigenvalues of A are real, A is Newton and that if
the eigenvalues are positive, A is an M-matrix or inverse M-matrix or, under further circumstances
[3,4], that A is p-Newton. Of course, this includes positive definite and totally positive matrices.

The two sides of the Newton inequalities are particular monomials in the Newton coefficients
€o,C1,...,Cn. We henceforth assume that our matrix A is p-Newton and that A is n-by-n. For any
nonnegative exponents dg, dq, ..., d,, by a monomial in the c;’s, we mean an expression of the form

a.__ 0o .1 an

C «.— CO Cl R Cn .
In [5], we addressed and fully answered the question for which pairs of monomials ¢ and ¢® do we
have

c® < ch

for all p-Newton sequences

c: €9,C1,...,Cn?

In this event, we say that the monomial ¢? dominates the monomial ¢® (with respect to p-Newton
sequences). The answer is a certain generalization of the sequence a being dominated by b. Since the
ck's may be viewed as average values of k-by-k principal minors, we were motivated, in part, by the
study of determinantal inequalities in p-Newton matrices.

Given a monomial ¢@ = ¢’c{'---cy", the length of ¢® is the number ag + a;q + -+ + ay, and the
weight of ¢? is the sum of the indices weighted by their exponents in the monomial.

Here, we consider (positive) linear combinations of monomials in cg, c1, ..., c;. For (positive) co-
efficients «, ..., @, and (nonnegative) exponent sequences a(j): ag(j),ai(j),...,an(j), j=1,...,h,
define the linear combination

Caa = a1V 4+ ayc®@ 4. 4yt

of monomials c®J, j=1, ..., h. Our purpose is to raise the question of for which such pairs Co.q and
cg,p of linear combinations of monomials, we have

Caa S CBb

for all p-Newton sequences c: cg, C1, ..., Cp. This question also has an interpretation in terms of prin-
cipal minor determinantal inequalities common to p-Newton matrices.

Of course, when the number of monomials in each linear combination is the same and the co-
efficients are all 1, term-wise domination of the a monomials by the b monomials, under a 1-1
correspondence is sufficient, but we will see that it is not necessary, even for sums of two mono-
mials. After further discussion of the single monomial case, we describe the cone of exponents for
p-Newton sequences relative to a given base and describe further how our linear combinations lead
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to exponential polynomials. Then, we give necessary conditions for our general problem and give
alternate versions of our general problem, both in terms of roots of exponential polynomials and
in terms of an intriguing partial order on (non-square) row stochastic matrices. The important idea
that index complementation preserves inequalities is identified here. While some information can be
gained from these variations, both make it clear that our problem is difficult, even when all coeffi-
cients in the linear combinations are 1's. We hope that these variations will lead to further study by
those who find interest in them. Finally, we discuss the case of h =2 monomials in greater detail
when the coefficients are 1's. We completely solve our problem in this case, when each monomial
has length two with nonnegative integer exponents, in terms of the indices of the Newton coeffi-
cients appearing in the monomials. Our result shows exactly how inequalities for linear combinations
go beyond term-wise domination. We prove, also for this case, that increasing by 1 the highest index
of each monomial of an inequality gives another valid inequality.

2. Single monomial inequalities

In [5] we studied for which pairs of single monomials ¢ and ¢ do we have

c® < cb

for all p-Newton sequences c: cg,C1,...,Cp? That is, when the single monomial cb dominates the
single monomial c? (with respect to p-Newton sequences). See also [6].
Already in [4] and partly in [1,2] it was shown that in any p-Newton matrix, the inequalities
CrCs < CpCyq (1)

hold when r < p <qg <s and p+q=r+s. Of course, also the product of several such inequalities will
give an inequality. Now, the special, 2-term single monomial inequality above is the special case in
which the subscripts appearing in the dominant single monomial strictly “dominate” those appearing
in the smaller, i.e.

r<p

and

p+q=r+s.

This suggested “domination” in the subscripts, which turns out to be part of an answer. The rest is an
interesting generalization of domination (also called majorization).
One list of integers i1 < iy < --- < iy is said to be dominated by another list j; < jo <--- < ji if

i1 < Ji,
i1 +i2 < j1+Jj2,

i1+ix+-Fikeg <j1+ 2+ + Jk—1

and

ih+ia+--+ik=j1+j2+ -+ k.

Note that this definition is the same for lists of real numbers, but only the integer case interests
us from classical domination. In our setting, the i’s and j’s are subscripts that appear in the Newton
coefficients in two single monomials, and each exponent of a ¢ that appears is 1, with repeats allowed.

What, then, if the exponents are not integers? The integer case is expanded to the rational ex-
ponent case by powering, and then the rational case to the general real case by a density argument
based upon the fact that the relevant exponent vector pairs form a cone in the appropriate real
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space and thus that the rational points therein are dense. In [5] it was proved that if ¢@ < c? for all
p-Newton sequences, then

n n
>_jaj=)_ibj
j=0 j=0

and that we may assume

n n
Zaj = ij =1L.
i=0 =0

What is the appropriate analog if the exponents are not integers? For the monomial c?, we define
a step function F, as follows. For 0 <z < Z'}:O aj=1,

Fa(2) =i
if and only if a¢; > 0 and Zj<l-aj <z< ngiai. For z> L, Fs(z) = 0. Now, for the two exponent
sequences in ¢ and c?, a and b, we may define (generalized) domination as follows. We say a < b if

X X

/Fa(z)dz<be(z)dz

0 0

for 0 <x <Y |_gaj=)"j_obj=L, with equality for x > L. We note that [y Fa(z)dz = > i Jaj, and
that when the a;'s and b;’s are integers, the new notion of domination coincides with the classical
one.

With this definition of domination in hand, in [5] we proved the next result:

Theorem 1. The monomial c? dominates c® with respect to p-Newton sequences if and only if a < b.

To show the necessity of domination for single monomial domination we designed appropiate p-
Newton sequences, see [5]. For a positive parameter r and a nonnegative integer i, define the sequence

Qp,i(r) as

i.e. this sequence of n + 1 terms, beginning with term 0, starts as a geometric sequence with base r
and then becomes constant starting with term i.

Proposition 2. The sequences Q »(r) and Qn o(r) are p-Newton for any r > 0, while Q,_;(r) is p-Newton,
O0<i<n,foranyr>1.

Remark 3. In this section (and this section only) we have used the term “domination” for what
is often called (and was called in [5]) “majorization” [7]. Unfortunately, there is another opposing
version of majorization which is convenient for us to use later in this work, and we reserve the
term majorization for that. If, in our definition of domination, we instead write i; > iy > --- > i, and
j1 2 j2 2.+ > jkx (and no other change), we call the resulting relation majorization. Furthermore, in
this form, if the final equality

h+i2+-+ig=j1+j2+ - +Jk
is instead a weak inequality in the same direction as the others
htia+-+i<ji+j2+ -+ jk

the resulting relation is called weak majorization. It is not so convenient to define weak majorization
from domination, although majorization is simply the opposite of domination.
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3. The exponential cone of p-Newton sequences

If we fix a number r > 1, each element c; of a positive sequence ¢ may be written as

ci=r%, i=0,1,...,n.
The sequence c is then p-Newton if the exponent vector x = (Xg, X1, ..., Xp) € R™*! satisfies

X](_]+Xk+] gzx’(’ I<:1""9n_17 (2)
or if for

dk:(Oa~~~,07_132’_1a0,""0)’ (3)
with 2 in the k-th position, we have x-d, >0 for k=1, ...,n— 1. Since xo =0, these linear inequality

constraints mean that the exponent vectors of p-Newton sequences form a cone C' in R™.

We note that a p-Newton sequence is necessarily unimodal: it is either (weakly) increasing,
(weakly) decreasing or (weakly) increasing and then decreasing. The exponents can become (arbitrar-
ily) negative, but once they become negative, they stay negative and become more negative. When
increasing, the sequence increases at most geometrically and, when decreasing, it decreases at least
geometrically. In case the exponents do not become negative, the exponent vectors of the p-Newton
sequences form a finitely generated subcone CT of the nonnegative orthant in R", as the addition
of the constraint x;, > 0 (equivalent to x > 0) makes the cone simplicial. We give the generators of
this cone below. For a particular sequence, x; > 0 can be arranged. Since a (positive) multiple of a
p-Newton sequence remains (quadratic homogeneity of the inequalities) p-Newton (though the nor-
malization cg =1 is lost) we may multiply by a sufficiently large scalar to achive x, > 0. However,
this cannot be arranged for the entire cone by a finite multiple, as x, may be arbitrarily negative in
the cone.

Theorem 4. The generators of the cone C* are (1,2,...,n), n—1,n—2,...,1,0) and

G+Dn—G+2).....0+12,j+1,0)

forj=1,....,n—2.

Proof. The generators of C* are the solutions of the homogeneous linear systems in n unknowns and
n — 1 equations

—2X1 +x2 =0, X1 —2x2+x3=0,
X1 — 2%y +x3 =0, Xy — 2X3 + x4 =0,
Sp_1= X2 — 2X3 + x4 =0, So=

Xn—2 — 2Xp—1 +xp =0,

Xp—2 —2Xn—1 + X, =0, Xxn =0,
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—2x1 +x2 =0,

X1 — 2x3 +x3 =0,

Xj—1— 2Xj +Xjr1 = 0,

“
~
1l
—~
|
Pk
3
|
N

Xj+1 = 2Xj12 +Xj43 =0,

Xn—2 — 2Xp—1 +xn =0,

Xn = 0,
By induction on k for the solutions of S, 1 we have
Xe=kx1, k=2,...,n,

which gives the generator (1,2,...,n).
By induction on k for the solutions of So we have

Xn—k =kxn—1, k=2,...,n—1,

which gives the generator (n —1,n—2,...,1,0).
Let j{1,...,n—2}, again by induction on k for the solutions of S; we have

Xk =kx1, k=2,...,j+1

and
Xn—k:kxn—], k:2,,n—(]+1) s Xk:(n—k)xn_l, k:j+1,...,n—2.
Therefore
. s 7-]'—‘_1
Xipr=G+Dxi=n—G+ D) = S

and this gives the generator

m—1-j2—=1=j),....jm—=1—=)),G+Dn—-G+1),
G+D(n=@G+2),....J+1D2,j+1,0). O

Example 5. So according to Theorem 4, for n = 6 the generators of the cone C* are
(1’2’3?4! 5’ 6)’ (5’ 4’ 3’ 2’1’0)7 (47 87 6’ 4’ 2’ 0)’ (3’69 9! 6’ 3’ 0)’
(2,4,6,8,4,0) and (1,2,3,4,5,0).

The study of an inequality over the generators of C™ does not guarantee the inequality over the
whole cone C™.

Remark 6. The inequality C%C% > 3cqcy is not true for all p-Newton sequences.
33 >3c10; = T gt
Consider r = 3, so that the previous inequality becomes
32x1+2xz >3. 3X1 +x 3X1 +xz+1‘ (4)

For n = 2 the generators of the cone C* are (1,2) and (1, 0), and clearly both of them satisfy inequal-
ity (4). Note also that (%, 0) e C* and does not satisfy inequality (4).
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4. General theory and necessary conditions

Using the exponents x, the monomial ¢? may be written as
a_ (yX0\90 (x1\4  (xn\dn _ ax
= ()P () () =

and then the linear combination ¢y, may be written as

h
Coa= Y a;c",
j=1

subject, of course, to x being in our exponential cone C' defined by the d;’s, see (3). Letting p ji=
a(j) - x, this means that ¢y may be viewed as an exponential polynomial:

Caa=01rP1 +arP? 4 ..+ aprPh,

Similarly,

Then, in order to have

Ca,a < CBb (5)

for all p-Newton sequences, we must have that the polynomial

dry=cgp—Cqa=0

for all r > 1 (and all x in our exponential cone C"). In particular, d(r) > 0, r > 1, must hold for
each extremal in the cone. Each of these give necessary conditions on the coefficients & and 8 and
exponents a and b for ¢y 4 to be dominated by cg p.

Theorem 7. Let

h m
Caa= Zajca“) and cgp= Z/Sjcb(l)
=1 =1

be two linear combinations of monomials and let

h m
Eaar.X)=Y oD% and Egp(rx)=Y piro0™
j=1 =1

be the associated r exponential polynomials. Then ¢y q < Cgp at all p-Newton sequences c if and only if
Eq.a(r,x) < Egp(r, X) at all p-Newton exponential vectors x, and for all r > 1.

We record now the necessary conditions for domination of an «, a pair by a 8, b pair that result
from the extremals of the cone C* of nonnegative x's.

Theorem 8. If cy o < cg p for all p-Newton sequences c, that is, cg p dominates cy q, then

1LY aprZi= J 0 sm g i b0 g o g,
n—1 N s n—1,,  «p o
2. Z?:l aiij:1 (n—ja;() < Z'ln:'l ,Birzj:] (n J)bJ(l) Vr>1:
3. Z?:l (XirZ;:] (n—1—t)a;(H+(t+1) 27;t1+1 (n—ja;@ < Z:);] ﬁirZ?:l (n—=1-t)bj())+(t+1) Z?;tl_ﬂ (n—j)b; () vr > 1;
fort=1,....,.n—2.
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Proof. By Theorem 7 we have

Eqa(r,x) <Egp(r,X)

at all p-Newton exponential vectors x. Now taking x as one of the generators of the cone C* given in
Theorem 4 we have:

h m
S airZi= 0 — Ey o (r, (1,2, ..0m) < Epp(r, (1.2,....m) = Y pirEi=1 050

i=1

and
h n—1 . .
> om0 — Eg o (r, (- 1,...,1,0)) < Egp(r. (1 —1,...,1,0))
m 1
i=1
which give conditions 1 and 2 from the theorem. Finally, let t € {1,...,n — 2} and let x be equal to
m—1-t,2m—1—=1t),....t(n—1—0), (t+D(n— (t+ 1)),
t+Dn—(t+2),....t+12,t+1,0).
Then

Za rZ, 1(n—1— t)aj(l)+(t+1)Z] [+1(n Daj@)
i=1
Zﬂrz, 1(n—1— f)b1(1)+(t+1)Z] m(n—j)b,‘(i)

i=1

=Eqa(r,X) < Egp(r,x) =
and condition 3 is proven. O

Another way to obtain necessary conditions is evaluating the inequality (5) at a particular p-
Newton sequence. For example, Q, o(r) gives the condition d(1) >0 or

h m
Y ai <) B
i=1 i=1

i.e. that the coefficient sums must follow the domination relation. In particular, in case all coefficients
are 1, we must have h < m. Of course, this condition alone is not sufficient for domination.

Theorem 9. If ¢y o < cg p for all p-Newton sequences c, that is, cg p dominates cy q, then

h .

LYo < 112?:1@" o

2. Yl arzm G0 <5 g2 PO v > 1

3. Z?:l O[l'rch (H)+2 ZLZ aj(i) < Z:n:l lgirb1 ()+2 Z?:z b;(i) Vr>1:

t—1 . n (i t=1 o n (i

4. 2?21 arim A aj () s ﬁirz]ﬂ Jbj+t 3 bj i)y 1:fort=0.1,....n
Proof. The conditions are obtained by evaluating the inequality ¢y q < cg on the p-Newton sequence
Qn¢(r), fort =0,1,...,n. Note that condition 4 for t = 0 gives condition 1, for t = 1 gives condition 2,

and for t =2 gives condition 3. O

Other p-Newton sequences that we call UD sequences, for “up and down”, can be useful as well.
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Lemma 10. Let ¢c;, fori =0, 1, ..., n, be defined by ¢; = r"i, with

yi ifogi<k;
Xi = o \,\ fory,z>0, ke{0,1,...,n—1}andu e R.
u—zi ifk<i<n;
Then P}/, , ,(1): Co,C1,. . Cn=1,17, r2Y o rky sz qu—(k+2)z | pu—nz js g p_Newton sequence
if and only if

k(y+2) <u<(k+1)(y+2).

Proof. Clearly, the sequence is positive. Since the exponents are one arithmetic progression through
k and another beginning at k + 1, we need only check the Newton inequalities: cx_1Cx+1 < ci and

CkChr2 < C,fﬂ. The former requires u < (k+ 1)(y + z) and the latter u > k(y +2z). O

An important source of getting a new inequality from one already known is by index complemen-
tation. By this we mean replacing c, by ¢,_ for k=0,1,...,n.

Lemma 11. Index complementation in an inequality between two linear combinations of monomials yields
another valid inequality.

Proof. Since the required Newton inequalities are the same, reversal of a p-Newton sequence is a
p-Newton sequence (though the normalization cop =1 is lost). O

Another source of additional inequalities would be the use of the next conjecture:

Conjecture. An increase by 1 in the highest index of each monomial of an inequality yields another valid
inequality.

This conjecture will be partially proven for two monomials in Lemma 19. We suspect that it is
also valid for general linear combination inequalities. It is in the case proven.

5. Equivalent statements of the problem

Our purpose here is to give two alternate formulations of our problem, one touched upon in the
last section involving polynomials, and the other an interesting matrix formulation. Unfortunately,
both suggest that a complete solution to our problem in terms of ¢, a and 8, b is likely to be difficult.

First, from the prior section, see Theorem 7, we know:

“Ca,a < Cg,p for all p-Newton sequences c if and only if d(r) > 0 for allr > 1 and all x in the full exponential
cone C1".

However, it seems problematic to give a sufficiently nice description of when the exponential poly-
nomial d(r) > 0 for r > 1 in terms of the coefficients and exponents that result from a particular x.
Even when the coefficients are all 1 and h =m, this seems unclear. This suggests the question: char-
acterize p1,...,Pn.q1,--.,qn, With g1 > --- > qp and pq > --- > pp, so that

dr)y=rT 4+ ... 479 —rP1 ... _rPh >

for all r > 1. For h =1, this is clear, and for h = 2, this is done in the next section. However, for h > 2,
we do not know a “nice” answer. It is clearly necessary that

qi1 = p1
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and

h h

ZQi > Zpi
i=1

i=1

(and, in case p1 =q1, q2 = pa, etc.). This suggests weak majorization of the p’s by the g’'s, which is
easily shown to be sufficient. However, weak majorization is not necessary. A simple example is

Example 12. The polynomial

d(r):rm~|—r6—|—r5—r9—r8—r4

satisfies d(r) > 0 for r > 1, as

dr) = — 1> +2r2 + 2r +1).
But, as 10+ 6 <9+ 8, (10, 6, 5) does not weakly majorize (9, 8, 4).

Of course, as d(r) is a real polynomial, it may be factored into linear and (irreducible) quadratic
factors over the reals. Then, d(r) > 0 for r > 1 if and only if any linear term with a root bigger than 1
occurs with even multiplicity (assuming the quadratic factors are positive at r = 1). However, we do
not know how to characterize this occurrence in terms of inequality relationships on the exponents
for h > 2.

Next, we rewrite our linear combination of monomials in a novel form, using nonnegative (non-
square) matrices that may be taken to be “row stochastic”. Recall that for x in the exponential
representation of ¢, we have that the i-th monomial in cy 4 is r*P*. Define the h-by-(n + 1) non-
negative matrix

— a(]) —
— a2 -

— a(h) —
T .Ax

so that ¢y ¢ = o' %, in which rA% is interpreted as the vector whose component in position i is r(4%i.
Similarly, we may write cg, = B rB*. Now, we may define

A <a7ﬂ B

if and only if o rA* < BTrBX for all x in our exponential cone. In case o and g are both e, the vector
of 1’s, we may simply write A < B. Since xg = 0, by convention, we may adjust the initial columns of
A and B so that their row sums are a common constant, which may then be scaled by choice of r
to be 1. Thus, in either case, we would have a new partial order on non-square, nonnegative matrices
with row sums 1, which would be interesting to characterize. We comment that if x were to vary over
some other cone, there would be different partial orders on such matrices that would result. How the
partial order depends upon the cone, when it may be checked via a finite number of points from the
cone, and how else it might be characterized all seem of general theoretical interest.

6. Two monomials versus two monomials

Here we consider likely the simplest case of our problem beyond the single monomial inequalities
of Section 2: h =m = 2, with all coefficients 1 and just two Newton coefficients appearing, with
exponent 1, in each monomial. Though the strategy developed here is helpful in this case, it remains
difficult to give a simple answer.
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We begin by proving a family of inequalities.

Lemma 13. Let g be a nonnegative integer. Then

2
CqCq+1 F €4 2 CqCq+2 + CqCq+3

holds for all p-Newton sequences.

Proof. Let us see first that the following statements are equivalent:

(i) cqCq1 + C§+2 > CqCq42 + CqCq+3 holds for all p-Newton sequences; and
(ii) cq41 + C§+2 > Cq+2 + Cq43 holds for all p-Newton sequences with ¢ = 1.

£.% &

For (ii) = (i) let c: cg, c1,...,cy, be a p-Newton sequence. Then GG

sequence and its g-coefficient is 1. By (ii) we have

2
Cq+1 Cq+2 Cq+2 | Cq+3
1 +<" )2" +
Cq Cq Cq Cq

or equivalently cqCq41 + €2, , > CqCq12 + CqCq+3, Which gives (i). The reverse implication is clear.

q+2 =
Now we will prove statement (ii). Let ¢ be a p-Newton sequence with ¢4 =1, then
) Cq+1 = /Cq+2,
Cq+1 2 Calq+2 =Cq42 = 1o 1

Va2 7 Cg

and

2
Cq42 = Cq+1Cq+3-
If cg42 > 1, then

2
Cq+2(Cq+2 — \/Cq42) 2 Cqi2 — /Cqr2 Cq+2 + Cgyo 2 Cq+2 + Cq42+/Cq+2

and we have

, © , ® 7
Cqg+1 + Cqi2 = /Cq+2 + Cqt2 2 Cq42 +Cq424/Cq+2 =Cqy2 +
V/Cq+2
©) Ciia O
2 Cg+2 + —— 2 Cg42 + Cg+3.
Cq+1

If cg42 <1, then

, O ©®
Cat2 = Cq+1Cq+3 = /Cq42Cq+3 == /Cq42 2 Cq42./Cq+2 = Cq43

= Cqr2(1 = /cqt2) 2 Cq+3(1 = /Cq42)
= /Cq+2 T /Cq+2Cq+3 = Cq42 + Cq43

and we have

> O ©) ®
Cq+1 1 Cqy2 2 Cg+1 +Cq+1Cq+3 2 /Cq+2 + /Cq+2Cq+3 = Cg+2 +Cq43. O

Consider

Ca,a = Ciy1 Cigy 1 Ciy Ciny

, C—Z is also a p-Newton

(7)

(8)
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and

CB.b =Cj11Cj1z T CjpClnys

—t

and a(1), resp. a(2), b(1), b(2), the 0, 1 vectors with 1’s in just positions i1 and i1y, resp. i1 and iy,
j11 and ji2, j»1 and jo>. We may assume for convenience, without loss of generality, that

ie.

i11 <i12, i21 <22, i12 <i22,
jn < ji2. Jj21 < j22. Jj12 < j22. (10)
Note that all monomials have length 2 and their weights are
wi, =i11 +i12, Wi, = i1 +i22, wj, =jn+Jji2 and wj, = ja1 + joo.
Using our exponential approach
Co g = i Ting 4 iz Tigy
and
Cpp= i i 4 i T

and we want the former polynomial to be at least the latter for all x in the exponential cone (and all
r > 1). This necessitates

max{xin + Xigys Xiyy + Xizz} < max{xin T Xjips Xjpy T+ ijz}
for all x in the cone and also that
Xiyy + Xiy + Xiyy + Xiy <Xjyy +Xjj, +Xjy +Xjyy

by the necessary conditions from Section 4. We will show that these conditions are also sufficient.

Lemma 14. Let p > q and s >t be nonnegative numbers. Then

PP4+rdi—r—rt>0 vr>1
if and only if

p>=s and p+q=>=s-+t,

i.e. (p, q) weakly majorizes (s, t).

Proof. For sufficiency, write
rPrd = =t = (1 =" TP) 4 (1P — 1) (P =P,

so that the exponential polynomial r? +r9 —r® —rf is a sum of two expressions, each of which is
nonnegative for r > 1.

Necessity of p > s follows from considering large r, while necessity of the second condition follows
from differentiation and evaluation at r = 1, because the derivative must be nonnegative there. O

' Let us now gnalyze the ineguality CjinnCjra €1 Ciirg 2 Ciry Ciny + Cizy Cing \{vith' indi'ces satisfyipg (10),
in terms of indices. The following results give necessary conditions for domination, in terms of indices,
in the case of two monomials versus two monomials.
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Lemma 15. If ¢j,,Cj,, + Cj,;Cjp, = Ciy; Ciyp + Ciyy Ciyy» With indices satisfying (10), holds for all p-Newton
sequences, then:

1. max{j11 + j12, j21 + Jj22} = max{i11 + i12, i21 + iz2}, i.e. the largest weight monomial is on the larger
side of the inequality.

2. The sum of weights on the left, wj, 4+ w,, is equal the sum on the right, w;, + wy,. That is ji11 + j12 +
J21 4 jo2 =11 +i1p +i21 +i22.

3. Jjo2 < iz and min{j11, j21} = min{iyy, iz1}.

Proof. Statements 1 and 2 from Theorem 8 applied to the inequality give:

pintin 4 pintin 5 patie g otz (11)
and

p2n=Untin) 4 p2n=(ai+i2) > p2n=(in+in) 4 p2n—(1+i) (12)
respectively. Now, Lemma 14 applied to (11) gives

max{ji1 + j12, j21 + Jaz} = max{in +i12, i21 + iz}

J11+ Ji2 +J21 +j22 =i+ i +ix

and to (12) gives

4n — (j11 + jiz2 + j21 + j22) = 4n — (i1 +i12 +i21 +i22)
> Ju+Jjiz+j21 + j22 <inn +ig +i2n + g2,

which prove conditions 1 and 2.

3 We suppose that jy; > ipy. Because the truncation of a p-Newton sequence is p-Newton, we can
assume n = jp» and now apply statement 3 from Theorem 8 with t =n —2 = jy; — 2 to the inequality
(that is, the necessary condition obtained from the generator (1, 2,...,n —1,0)). We then have

rintin + pl21+i22 < rintin + rin+iz < r2iz + r2iz < 0479
By Lemma 14 and statement 2 from this lemma we have the contradiction

0>i11 +i1p+i21 +i22 = j11+ ji2+J21 +Jj22 = ja2 > i22 > 0.

This proves jy» < izy. An index complementation argument, using Lemma 11, gives the condition
about the minimum. O

Corollary 16. If ¢cj,,Cj,, + Cj,,Cjy, = Ciy;Ciyp + Ciyy Ciny, With indices satisfying (10), holds for all p-Newton
sequences, then {w;,, w,} majorizes {w;,, wj, }.

Proof. This follows from statements 1 and 2 of Lemma 15. O

We may now state the key portion of our final result that explains how inequalities for linear
combinations involve more than term-wise domination.

Theorem 17. If ¢j,,Cj,, + Cj,,Cjp, = Ciy; Ciyy + Ciy, Ciny» With indices satisfying (10), holds for all p-Newton
sequences and {wj,, wj,} # {wj,, wj, }, then

J12.J22 <i12,i22 and  ji1, jo1 =11, 121. (13)
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We call condition (13) DB, for “double between-ness”.

Proof. Note that the hypothesis about the weights in the theorem is preserved by index complemen-
tation. So, it is enough to prove jia, jo2 < i12,i22, because then ji1, j21 = i11,i21 follows by index
complementation.

Lemma 15, statement 2, gives {w,, wj,} # {w;,, w;,} is equivalent to {w;,, wj,} N {w;, wi,} =0,

and {wj,, wj,} N{w;i, wi,} #0 if and only if {w;,, wj,} ={w;,, wj,}.

Moreover wj, # wj,, since if w;j, = wj,, this weight is maximum by Lemma 15, statement 1. So

Wi, Wi, < Wj, = Wj,, a contradiction with Lemma 15, statement 2. Thus we have

min{wj,, wj,} < min{w;,, w;,} < max{w;,, wj,} < max{wj,, Wj,}.

To prove ji2, jo2 <13, iy it is sufficient, by convention (10), to prove ji» < ii3. We consider the

following cases:

1) Let i1q <ip1 and ji1 < j21. In this case, wj, < w;, <wj, < wj,.

2)

Lemma 15, statement 3, implies i11 < j11.

As j11 + j12 <iq1 +i12 and iqq is the minimum index, then i1y < j12.

As iy1 + i3 < j21 + j22 and iyy is maximum, then iz < ja1.

By reductio ad absurdum, we suppose j»» > i12, and so ji1 < iz1. Then the situation is

. . <jiz<ine<j» .
111 < J11 ) . ) <2
<1 <J21<J2

Since Cj;,Cjy, + Cjy Cjap = Ciyy Ciyy + Ciy; Cip, holds for the UD sequences P, (1), in particular for
k= jo» — 1, we have

piny+iny + pXu—i2nz > riny+iny + ri213/+u—i222’ (14)

with (joo —1)(y+2) <u < jpn(y+2 and y,z > 0, in which x =u — jy»z when j;1 = j»», and
x=j21y when jy1 < j2.

If jo1 = jo2, then u < joo(y + 2) & jo1y > u — jaoz, so it is sufficient to consider the case
X=jany.

Since (j11 + j12)y < (in1 +i12)y and jo1y +u — j22z > i1y + U — iz, by Lemma 14 applied to
(14) we have

Jj21y +u—jnz>(n +i)y
— uz(in+in—Jj20)y+jxz
< (i +ie—j20y+j2z<(o—-DY +2)
— z<(Uuntin-in—in-Dy=Wwj—w;,—1y.

As wj, — w;, — 1> 1, the last inequality does not hold for all y,z > 0. In fact, for k = j — 1,
y=1,z=wj, —wj, and u = (jo2 — 1)(y + 2), the inequality ¢;,,Cj,, + Cj,,Cjp, = Ciy;Cisp + Cin; Ciny
does not hold for the UD sequence P}, y ().

Let i11 <iz1 and ji1 > j21. In this case, wi, < wj,.

Lemma 15, statement 3, implies i11 < jo1.

If wij, <wj, <wj, <wj,,as iz +ixn < j21+ j22 and ipp is maximum, then iz; < jz1. So we have
J11, j21 =11, d21.

If Wi, < Wi g Wi, < Wj,, as jo1 + jo2 <i11+i12 and iqq is minimum, then jy; <ii2. So we have
J12, J22 <112, 122.

Let i11 > iz1 and ji1 < j21. In this case, wj, < wj,, wj, < wj,.

Lemma 15, statement 3, implies i1 < j11.



2052 C.R. Johnson et al. / Linear Algebra and its Applications 439 (2013) 2038-2056

We suppose that jy» > i1z, and so ji1 < i11. Then the situation is

. .| <in<in<ja .
121 < J11 . . <122
< J21,J12 < )22
and, as in case 1), the inequality cj,,Cj,, + Cj,,Cj,y = Ciy;Ciyy + Ciy; Cip, does not hold for the UD
sequence P, (1) for k= jo — 1.
4) Let i1 > iz and j11 > j21.

Lemma 15, statement 3, implies i1 < j11.
We suppose that jy; > iz, and so jp1 < iq11. Then the situation is

, .| <in<in<jz :
121 < J21 . . . [ S22
<Jusjizsi2z2
If wj, <wj,, then we have wj, < w;,,w;, <wj, and, as in case 1), the ineqqality Cj11Cjp +
Cjy1Cipy = Ciy1 Ciyp + Ciyy Cipy does not hold for the UD sequences P;‘,k’y,z(r) for k= jo — 1.
If wj, <wj,, then we have wj, < Wiy, Wiy < Wjy. Smc'e Cj11Ci1a +Cjai Cjay = Ciyy Ciyy +Ciyy Cip, holdS
for the UD sequences P! (r), in particular for k = j»1, we have

nk,y.z
r2u=(n+ij2)z o pjz1tu—jaz > pu—(in+iz)z ri21J/+u*i222’
with jo1(y +2) <u<(a + Dy +2), y,2>0.
Since 2u — (j11 + j12)z < 2u — (i11 +i12)z and jo1y +u — jopz > ix1y + U —ixpz, we have
J21y +u — j2z>2u — (i11 +i12)2
— u<jny+(n+in—j»)z
= (Ja+DHWy+2 <juy+>n+iz—j2)z
— y<(On+tin—jan-jn—-Dz=(w,—wj; -1z
As wi; —wj, —12>1, the last inequality does not hold for all y,z>0. O

Theorem 18. If cj,,Cj,, + Cjy,Cjy, = Ciyy Ciyy + Ciyy Ciyy, With indices satisfying (10), holds for all p-Newton
sequences with {w;,, wj,} = {w;,, w;,}, then term-wise domination holds, i.e. {i11, i12} majorizes one of
{J11, j12} or {ja1, j22} and {iz1, i22} majorizes the other.

Proof. As iy, is the maximum index, then {i»q, io2} majorizes the couple of indices with equal weight.
If min{iq1, i1} =111, then i1 is the minimum index among the indices of the other two couples with
equal weight, so {i11,i12} majorizes the other couple.

If min{i{q,i21} = i21, then by Lemma 15, statement 3, we have iy < ji1, j21. With the conven-
tion (10), the general situation is

N

i1 <12

N

i21 < jun<jrz2<jxn ¢ <ixn.

N

j21 < j22
We consider the following cases:
a) Suppose wj, = wj, < Wi, = Wj,.
As iyy is the maximum index, then {i»1, i22} majorizes {jo1, j22}.

If {i11, 112} does not majorize {ji1, ji2}, then ji1 <i1 <in2 < jio.
Since ¢j,,Cj;, + Cjy Cjipp = Ciyy Ciyy + Ciny Cip, holds for the sequences Qp (r), for i =iyq we have

pJntin +rmm{z11,121}+111 > rintin o platn

= i1 <minfitq, j213 = i1 < Jj21.
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Now the situation is iy1 < j11 <i11 < j21,012 and i < ji2 < jo2 <o

i Cc vy i i u — i
Since €jy;Cji, + Cjy Cjap 2 Ciny Cigy + Ciy Cip, holds for the UD sequences P (), for k = ji; we
have

rj11y+u—j1zz+ru—j21z+u—jlzz>ru—inz+u—ilzz+ri21y+u—i222’
with jiu(y+2 <u<(n+Dy+2,y,z2>0.
As 2u — (jo1 + Jj22)2 < 2u — (i1 +i12)z and j11y +u — j12z > i1y +u — iz, then
juny+u—jiz>2u— (i1 +i2)z
& u<jny+@n+in—j2)z
— (n+DHy+2<jny+>(n+in—ji)z
— y<(n+tip—ju—Jjn-—1z=-z

against y,z > 0.
b) Suppose wj, = wj, <wj, =wj,.
As iy is maximum, then {iyq1, io2} majorizes {j11, j12}.
If {i11,112} does not majorize {j21, jj2}, then jo1 <iyq <it2 < j2o.
Since €j;,Cjy, + Cjpi Cjyy = Ciyy Ciyy + Ciyy iy, holds for the sequences Qy,i(r), for i =i;; we have

pmin{jir, i} +r121+i11 > rintin +ri21+i11
= i <min{ji,in} = i <jn.
Moreover wj, = wj, and jp1 < iy1 implies i13 < joo. The situation is

in<jun<in<jn<jiz<jpr<in and i <inn < j <ip.

Since Cjy;Cjiy + Cjy Cjap 2 Ciny Ciry + Ciy Cip, holds for the UD sequences P (), for k = ja1 we
have

r2u—GUn+ji2)z 4+ i y+u—j»nz > p2u—(inn+in)z + ri21y+u—i222’

with j1(y +2) <u< (a1 + Dy +2), y,2>0.
As 2u — (j11 + j12)2 < 2u — (i11 +i12)z and ja1y +u — j2az > i21y +u — iz, then
J21y +u — j2oz >2u — (i1 +i12)2
= u<jny+>nn+in—j»)z
— Ua+DHW+2<jny+>(n+ine—j2)z
— y<(n+tin-—ja—-Jjn—-Dz=-z
against y,z > 0.

The cases wj, = wj, < wj; =wj, and wj, = w;, < w;; = wj, can be reduced by index comple-
mentation to the cases b) and a) respectively, which completes the proof. O

Before proving that all these conditions are also sufficient for domination, we will prove that
increasing by 1 the highest index of each monomial of an inequality gives a correct (new) inequality.

Lemma 19. If ¢j,,Cj,, + Cjy,Cjpy = Ciy; Ciyy + Ciyy Ciny» With indices satisfying (10), holds for all p-Newton
sequences, then

Cj11Cj12+1 F Cjz1 Ciap+1 2 Ciyy Cigg1 + Cing Ciny 41 (15)

and
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Cj11—1Cj1y F Cjp1—1Cjpy 2 Ciyy—1Ciyy + Ciy—1Ciyy

also hold for all p-Newton sequences.
Intuitively, we can say that “spreading of indices” preserves inequalities.

Proof. The second claim (16) follows from reversal of the first. To prove the first, we show that the
change in the left hand side of (15) is no more than the change in the right hand side, so that the
inequality is preserved. In case ¢j,,Cj,, +Cj,Cjy, = Ciy; Ciyp +Ciy Cip, holds by domination, the operation
preserves majorization, so that (15) holds also by domination. Thus we may assume DB (13) holds for
Cj11Ci1y F Cjizy Ciay = Cigq Cigy + Ciyy Ciyy s this will be used. Now

Cj11Cj12+1 = Cj11Cjip 1 Cjin1 Clng+1 = Cjpy Cing

C.
P Ji2+1
_CJ11C]12( Ci
J12

D (C122+1

- 1) + Cjzi Cjing+1 = Cjipi Cinp

Z Cj11Ci i

J22

C.

Jn+1

_1)+Cizlci22< , _1>
Clzz

1 L~ e o — (. o~ Cjon+1 1
- F Cja1Cling+1 = Cjpy Cjiny = (C]nchz + Cjyy CJzz) c -

Jj22

Cipn+1 1) =c Cipn+1
Ci — rlir 2 Ci
J22 J22

(13)&(1) Ci Cj
12+1 ixn+1
2 CiyCip < ) — 1)+ iy, Ciyy ) -1
Cl12 Clzz

= Ciy1 Cigp+1 = Ciyy Ciy t Ciy Cing 1 — Cipy Cipy - O

2 (Ciy Ciyy + Ciyy Cizz)(

We finish this section with the characterization, in terms of indices, of the inequalities cj,,cj,, +
Cjp Cjap = Ciy; Ciyp + Ciy iy for p-Newton sequences. The sufficiency of this characterization will be
proved by induction on n, the highest index of the Newton sequence. The case n = 3 will initiate the
induction and we verify it by inventory of all inequalities in this case. These inequalities, listed in
increasing order with respect to their weight and in two columns, having on the right the inequality
obtained by index complementation from the one on the left, are:

weight =2

weight =10

CoCo + €1C1 = CoCo + CoC2 C2C2 +C3¢3 = €163 + 363 1
2 €oCo+ C1C1 = CoCy + CoCy €2C2 + €33 > €23 + C2C3 2
weight =3 weight =9
3 coco + €12 = CoCo + CoC3 €1C2 + €33 > CoC3 + €3C3 3
4 coC1 +C1€1 = CpC1 + CoC2 C2Cy + €23 = €1€3 + Cac3 4
weight =4 weight =8
5 €oCo+ €262 = CoCo + C1C3 €101 + €33 = CoC2 +€3€3 5
6 CoCo+ €202 > CoC2 + CoC2 €101 + €33 > c103 4+ 163 6
17 coc1 + c162 = coc1 + Coc3 162 + €2c3 = coc3 + cac3 17
2+ coc1 +c162 = coca + Coc2 c1c2 + 203 = €103 +cq03 2T
7 c€1€1 4+ CoCy = CoC2 + CoCa CyCy +C1C3 = C1C3 + C1C3 7
8 €101+ C1C1 = CoC2 + Coc2 €2C2 + €202 = €103+ C1C3 8
9 c1c1+c1cq1 =161 +CcpCa C2C2 + €€y = C2C2 + C1C3 9
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weight =5 weight =7
10 cocy 4 €202 > cocy +C1C3 c1¢1 + €203 > coCa + C2c3 10
11 cocq +c2c2 > coca + CoC3 €101+ €2€3 > CoC3 + c1c3 11
4% coea 4 c162 > coca + CoC3 C1C2 + €103 > coc3 + crc3 4F
12 c1c1 + coc3 = CoC2 + CoC3 €2Cy + CoC3 > CoC3 + c1c3 12
13 c1c1 +c1c2 = ol + coC3 C1C2 + C2Ca > CoC3 +C1c3 13
14 c1c14c102 > coc2 + €102 102 + €202 > €102+ c103 14
15 c1c1 4102 > €101 + Coc3 C1C2 + €22 > €202 + Coc3 15
weight =6 weight =6
16 coco + €303 > coC3 + CoC3
67 coc1 + 203 = coC3 + CoC3
17 coCy + C2Cp = coCa +C1C3 C1€1 4+ €c1€3 = CcgC2 + C1C3 17
2% cocz + c103 > coC3 + CoC3
18 c¢1c1 +cac2 = coca +C1C3

19 coCcy 4+ a0
20 cic1 + 0
7+ C1C2 4+ CoC3
21 cic1 40
8t cico+cic
22 101+ 02
9t cicy 4102
23 11+ 0

CoC3 + CoC3
CoCa + C20C2
CoC3 + CoC3
CoC3 + CoC3
CoC3 + CoC3
C1C2 + CoC3
C1C2 + CoC3
Cc1C2 +C1C2

Cc1€1 +cq1¢3 = coc3 +coc3 19
C1€1 + €202 = c1c1 +c1c3 20

VWV VYV VYV YVYVYVYYYY

Inequalities 1, 4, 5, 7, 8, 9, 10, 12, 14, 17, 18 and 20 are obtained directly from the Newton in-
equalities. Inequalities 2, 6, 16 and 23 are obtained from (¢c;j — cj)2 > 0. Inequalities 3, 13 and 15 are
obtained from the generalization (1) of the Newton inequalities. Inequality 11 is due to Lemma 13
with ¢ =0.

The inequalities j* of the previous table are obtained from increasing by one the highest index of
each monomial of the inequalities j, and j* is the application of this procedure twice. By Lemma 19
the inequalities of this type in the table are satisfied.

Inequality 19 is due to

2++
CoC2 + C€2C2 = CpC2 +C1€3 = CoC3 + Co + CoC3.

Inequality 21 is obtained, see (1), from (ci — ¢2)% + 2(cic2 — coc3) > 0 and inequality 22 from
(c1 —€2)? +c1¢2 — coc3 = 0.

Finally, j is the inequality obtained by index complementation in the inequality j. By Lemma 11
the inequalities in the right column from the table hold because of those on the left.

Theorem 20. The inequality cj,,Cj,, + Cjy,Cjyy = Ciy;Ciyy + Ciy, Ciny» With indices satisfying (10), holds for all
p-Newton sequences if and only if the following conditions are satisfied:

L wj +wj, =wi, +Wwiy;

2. max{wj,, wj,} > max{w;,, w;,} and
3. either a) term-wise domination holds or b) DB holds.

An alternate, somewhat more succinct statement of this main result is the following:
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Theorem 21. The inequality Cj,,Cj,, + CjyCjp, = CiyyCiyp + Ciy, Ciny» With indices satisfying (10), holds for all
p-Newton sequences if and only if the following conditions are satisfied:

the weights {w ;,, wj,} majorize the weights {w;,, w;, }, and

. either a) term-wise domination (majorization of indices) holds for a matching of left hand monomials
with right hand monomials (in case the weight pairs are equal) or b) DB holds (in case the weight pairs
are different).

N =

Proof. (Of the sufficiency of DB.) The proof is by induction on n, the highest index of a coefficient in
the p-Newton sequence. The induction is initiated for the case n = 3, which was done by inventory, as
was already mentioned. To go from n to n+ 1, we may consider only proposed inequalities for n 4+ 1
that both meet the necessary conditions and in which both indices 0 and n + 1 appear. Otherwise,
perhaps using translation and/or completation, the proposed inequality is valid by direct application
of the induction hypothesis. Of course, we also assume DB.

To complete a proof of Theorem 20 or Theorem 21, it suffices to show that DB is sufficient when
the weight pairs are not the same. (Necessity of the conditions has already been shown and term-wise
domination is obviously sufficient.)

Now, the only way that the monomials c(z) and ¢
obvious inequality

2

n+1 both appear in the proposed inequality is the

2 2
o+ Cht1 = 2CoCn41

([co —cny1]? = 0). If c(z) alone appears, it will no longer after an application of index complementation.
Thus, we may and do henceforth assume that 0 is not the largest index in any monomial appearing
in the propose inequality.

In the proposed inequality decrease the largest index of each monomial by 1. If n is the largest
index that now appears, we have a valid inequality for n, by the induction hypothesis, as DB is pre-
served. To this inequality apply (15), which, by Lemma 19, is then an inequality. Either the proposed
inequality will have been returned, and thus now verified, or there was a monomial in the proposed
inequality of the form cicy, with 0 < k <n + 1, which is now c,_1cyy1. Barring trivialities, this term
could only have been on the larger side of the inequality because of the DB condition. Then, by ma-
jorization, replacing this term by the original cic; can only increase the larger side, assuring a valid
inequality and completing a proof in this case.

If n+4 1 still appears, there must have been a term c¢,11cp+1, On the larger side of the proposed
inequality only (barring trivialities). In this event, apply the operation of “decreasing the largest index
in each monomial” twice. The result still satisfies DB and is now a valid inequality for n. Now, we
apply (15) twice. Instead of returning the monomial ¢;41¢p+1, we will, instead, have returned c,cp42,
on the larger side. Since this monomial is again dominated by c,+1cy11, we may replace it, returning
the proposed inequality as verified.

Since necessity has been proved, in Lemma 15 and Theorems 17 and 18, this completes the induc-
tion and the proof of the theorems. O
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