Provided for non-commercial research and education use.
Not for reproduction, distribution or commercial use.

and Its

Applications

This article appeared in a journal published by Elsevier. The attached

copy is furnished to the author for internal non-commercial research

and education use, including for instruction at the authors institution
and sharing with colleagues.

Other uses, including reproduction and distribution, or selling or
licensing copies, or posting to personal, institutional or third party
websites are prohibited.

In most cases authors are permitted to post their version of the
article (e.g. in Word or Tex form) to their personal website or
institutional repository. Authors requiring further information

regarding Elsevier’s archiving and manuscript policies are
encouraged to visit:

http://www.elsevier.com/copyright


http://www.elsevier.com/copyright

Linear Algebra and its Applications 433 (2010) 1623-1641

Contents lists available at ScienceDirect

Linear Algebra and its Applications e

journalhomepage: www.elsevier.com/locate/laa

Spectra that are Newton after extension or translation

C.R. Johnson ?, C. Marijuan °, M. Pisonero “*

2 Dept. Mathematics, College of William and Mary, Williamsburg, VA 23187, USA
b Dpto. Matematica Aplicada, E.TS.I. Informatica, Paseo de Belen 15, 47011 Valladolid, Spain
¢ Dpto. Matemdtica Aplicada, E.T.S. de Arquitectura, Avenida de Salamanca s/n, 47014 Valladolid, Spain

ARTICLE INFO ABSTRACT

Article history: The appending of real numbers, and also conjugate pairs, to New-
Received 4 February 2010 ton spectra is studied to understand circumstances in which the
Accepted 3 June 2010 Newton inequalities are preserved. Appending to a non-Newton
Available online 4 July 2010 spectrum to achieve the Newton inequalities is also studied. Finally
Submitted by R.A. Brualdi the translations of Newton spectra that are Newton are also studied.

A sample result is that any number of positive real numbers may
be appended to a Newton spectrum, to retain the Newton prop-

AMS classification:

15A18 erty, when the Newton coefficients are positive, while any Newton
15A42 spectrum may be made non-Newton by appending a conjugate pair
11C20 with positive real part and sufficiently large imaginary part.

© 2010 Elsevier Inc. All rights reserved.
Keywords:

Newton inequalities
Newton spectra
Extension
Translation

1. Introduction

Alist of complex numbers A1, .. ., A, (repeats allowed), that is the spectrum of a real matrix (i.e. is
self-conjugate), is called a Newton spectrum [2] if the normalized elementary symmetric functions
€0,C1,---,Cn
satisfy the Newton inequalities [3]:
A=A, hg) = € — Cko1Cky1 20, k=1,...,n—1.
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Here, co = 1, and

n n
(k)ck Z(k)ck()»l, o A) =Sk =Sk(A, . Ap) = Z Aip A k=1,...,n.

1<ij<--<ig<n

The c’s are called Newton coefficients and the sequence of them a Newton sequence if it satisfies
the Newton inequalities.

We began [2] to study Newton spectra (Newton matrices) because of their connection with deter-
minantal inequalities and potential connection with the nonnegative inverse eigenvalue problem.

As was noted by example in [2], a Newton spectrum may fail to remain Newton either when it is
extended by the addition of a real number A,41 or when it is translated by a constant real number t.
Our purpose here is to elaborate upon both issues. In Section 2, we consider the question of when a real
number may be appended to a Newton spectrum, so that the result is Newton. We will see that this is
the case when the Newton sequence is positive and the real number is positive. In fact, if the Newton
sequence is positive, appending any number of positive numbers results in a Newton sequence that is
also positive. In addition, in Section 3 we consider the possibility of adding a conjugate pair of complex
eigenvalues to a Newton spectrum. For sufficiently large imaginary part, the result will not be Newton,
but there is a trade-off with the real part. In Section 4, we consider those translations that preserve
Newton sequences. This was well-developed qualitatively in [2]. After a review of prior results, we
elaborate upon transitions between Newton and non-Newton spectra as a function of t. All these issues
admit (different) polynomial analyses. Finally, in Section 5, we analyze which non-Newton spectra may
be made Newton by appending (only) a finite number of 0’s, and we determine precisely how many
0’s need be appended. Other possibilities for augmentation to a Newton spectrum are also considered.

Since any sequence of real elementary symmetric functions Sy, . . ., S, may occur, the sequence of
Newton coefficients cy, . . ., c, may be any real sequence. In fact, a Newton sequence may have any
sequence of signs, and for some sign sequences, e.g. + + — — + + — — - - -, it is easier to be Newton

than for other sequences of signs, but with the same absolute values. We call a Newton sequence for
which each ¢, > 0 positive Newton or p-Newton for short. Any re-signing of a p-Newton sequence
is Newton. Nonetheless, positive sequences are often easier to deal with technically, and, for the most
part, prior authors have discussed only p-Newton sequences, though it has long been known [1,4]
that any real spectrum is Newton (see [1] for a nice proof). Some of our results will be about positive
Newton coefficients.

Thus, we recall circumstances that produce positive Newton coefficients, or, equivalently, positive
S1,...,Sp.If Aq, ..., Ay are in the right half-plane (RHP), then it is known and easy to prove inductively
that

Sk(A,...,An) >0, k=1,...,n
and, thus, that

kM, ooy An) >0, k=1,...,n.
(Just use the obvious identities

Sk(Ay -y A Ang1) = Sk, -y An) + A Sk—1 (A, -0 Ap)
if Ay is real and

Sk()"lv st )"Tlv )"ﬂ+1v )"TH-] ) = Sk()\'lv st )\'Tl) + 2Re()\n+1 )Sk—l ()\‘1v R )\‘n)
+ [Ant1 |25k72()"1v ey An)

if 41, Ang1 IS @ conjugate pair, with natural conventions when k is small.)
The converse, however, is not generally true, unless A1,...,A; € R.

Example. The spectrum {3, —1 + i3, —1 — i3} clearly is not in the RHP and its Newton coefficients are
all positive: co =1, ¢ = 1/3, ¢ =4/3 and c3 = 30.

Thus, the assumption that the Newton coefficients are positive, which we often use, is more general
than that the eigenvalues lie in the RHP. A matrix that has positive principal minors is a P-matrix and
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one that has positive Sy’s (ck’s) is sometimes called a Q-matrix. It is not known whether the latter have
more general spectra.

A spectrum Aq, ..., A, that does not have positive Newton coefficients may often be embedded in
one that does. In fact, the spectrum may be so embedded if and only if it does not include a nonpositive
real number. Just as with Newton spectra, it is difficult to describe the spectra for which the c’s
are positive. We mention several situations in which a non-Newton spectrum may be embedded in
a Newton one, but in general this question seems to be open. It is likely that any one may be so
embedded.

2. Real extensions of Newton spectra

Since a spectrum consisting entirely of real numbers is known to be Newton [1], extensions of a
real sequence by a real number will necessarily be Newton. Moreover, it might be expected that a real
extension of any Newton spectrum is Newton. Since this is not true, perhaps it will be true most of the
time. We show a sense in which this is so, and give broad circumstances in which all real extensions
are Newton.

Given a Newton spectrum Ay, . . ., Ap—1, our analysis is to view Ag(Aq, ..., Ay) as a function of A,.
As such, it turns out to be a quadratic function with coefficients involving n, k and cx—3, ck—1, Ck, Ck+1
all evaluated at Aq, ..., Ap—1.

Remark 1. Throughout this section we will adopt the following notation for a fixed self-conjugate
spectrum Aq, ..., Ap—1:

e When ¢y or Ay are not evaluated in a general spectrum, it will mean that they are evaluated on
the fixed spectrum A1, ..., Ap—1.

e cx(Ap) and Ak (A,) are the kth Newton coefficient and the kth Newton difference, respectively,
of the spectrum Aq, ..., Ap—1, Ap, Where A, € R.

Lemma 2. Let A1, ..., Ay—1 be self-conjugate and let

1 for k=0
k= 1¢ck(A1, ..., Ap—1) for k=1,...,n—1
0 for k>n—1 or k<0.

Then, for any A, € R

n—k k
A, ooo, Ap) = " ck—I—EAnck,l, k=0,...,n

andfork =1,...,n—1,
A, A =02 (K6 — (= Do
+An [(k(n — k) — (n 4+ 1))cpcr—1 — (k(n — k) — (n — 1))chy1Ck—2]
+ [(n — k)zc% — ((n — k)2 — ]) ck+1ck_1] .
In particular,
A1, A =0 —c)? +n(n—2)A1(A, ..., Anm1) 20, VA, € R,
M An_1 (A, oo An) = (enCnz — ci1)? + 1 —2)22 A, 2(01, ..., An_1) =0, Vi, € R.

If the sequence cy, c1, . . ., Ch—1 does not contain two consecutive 0’s and A1, ..., An—1 iS a Newton
spectrum, then the coefficient ofkﬁ and the constant term for the function n® Ag(A1, . . ., An), When viewed
as a quadratic function in Ay, are positive.
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Proof. Note that

1 for k=0
Sk()q,...,)\n): Sk(kl,...knq)+An5k_1(k1,...,kn_1) for k=1,...,n—1

MnSn—1(M1, oo oy An—1) for k=n.

Therefore
Sk(A, .o A
cMM,...,AQ:M
n
(&)
1 if k=0

a1 = Eo+ gy i 1<k<n—1

)Lnsnfl (}\ly sy }Ln71)
n
n

From the definition, Ag(Aq, ..., Ap) is

n—k k 2 n—k+1 k—1 n—k—1 k41
|: Ck + *)\nckfl] - |: Ck—1 + )ankfz] |: Ck+1 + )\an:|r
n n n n n n

so that

= AnCn—1 if k=n.

n? A0, . . .,)Ln):)»ﬁ [kchf] —(k—1)(k+ l)ckfzck}

+An {Zk(n —k)ekce—1 — (k — 1) (n — k — 1)Ck—2Ck+1

—(n—k+1)(k+ l)ck_1ck:|

+ [(n - k)zc,% —(n—k+1n—k-— 1)ck_1ck+1]

and the expression given in the lemma is clear.
Letk € {1,...,n}. The first coefficient of n> Ag (A1, . . ., A») as a function of A, is

KPct_ | — (2 — Vcg—ack = (2 — 1) Ag—1 (A1, - oo, hnt) + G5
which clearly is positive if c,_1 # 0.Otherwise, Ag_1(Aq, ..., An—1) = —ck—2¢k and this coefficient is

also positive under the assumption about the sequence ¢y, cy, . . ., Cp—1 Not containing two consecutive
0’s. A similar argument is applied to the last coefficient of n> Ag(A1, . . ., Ay) as a function of A,,. O

Theorem 3. Let A1, ..., Ap—1, With n > 4, be a Newton spectrum such that the sequence ¢y = cx(rq, ...,
An—1),k=0,1,...,n— 1, does not contain two consecutive 0’s. Then, except for A, lying in a collection
of at most n — 3 finite, open, real intervals, for any real A, the spectrum Aq, ..., Ay is also Newton. That
is, An ¢ Uz;glk where I, is the open interval whose extremes are the real roots of n® A (A1, - . ., An—1, An)
when viewed as a function in A, if the roots are real and different, or I, = ¢ otherwise.

Proof. Note that the first and the last Newton inequalities for A, ..., Ay, are quadratic functions
of A, and are always satisfied, see Lemma 2. The bound comes from the other n — 3 Newton
inequalities. [
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Remark 4. For 2 < k <n — 2, with the notation of the previous theorem, define

akzkzclf_1 — (k2 — 1)cp—ack
by=(k(n — k) — (n + 1))ckck—1 — (k(n — k) — (n — 1))cky1Ck—2
de=(n — k)zc,% — ((n —k)? - 1) Ck4+-1Ck—1-

Then, when b > 4aydy, we have

I = (—bk — ,/bi — 4apdy —by + ‘/bi — 4akdk)
kK = , .
2ay 2ay

Example. The bound given in the theorem can be attained. The spectrum {—1, 1 % i} is Newton with
Newton coefficients co =1, ¢ =1/3, ¢ =0, c3 = —2 and {—1,1 £ i, A4} is non-Newton if and
only if A4 € (—3,—3/2) because 164,(—1,1 £ i, Ag) = %(M +3)(2A4 + 3).

Remark 5. If cx = ;41 = Oforacertaink € {1,...,n — 2},n >4, then

2 A1 (M, dn) = —Aal(k+ 1D —k — 1) — (n — 1) ]ceg2Ck1
= —k(n —k — 2)Cp42Ck—1An

is a polynomial in A, of degree one or zero and

n2Ag(hy, ... k) =A2K%CE_ 1 20, YA, €R,
n* Akp2 (A, .o A =(n —k — 2)%ce, >0, Vi, € R.

_1

Example. The spectrum{ y—3

+ @i } is Newton with Newton coefficientsco = c3 =1, ¢ = ¢ =

0 and {l, —% + ?i, A4} is non-Newton if and only if A4 > 0 because 164, (], —% + ?i, A4)

— 4.
Theorem 6. Let A1, . .., Ap_1 beaNewtonspectrumand consider Ag(An) = Ar(Aq, ..., Ap) asaquadratic
function of Ay, k = 1,...,n — 1. If the discriminant of Ax(Ay) is nonpositive, k = 2, ...,n — 2, then for
any An € R, Aq,..., Ay is a Newton spectrum.
Lemma?7. IfAq,..., Ay—1 are such that
kM, ooy An—1) >0, k=1,...,n—1
and A, > 0, then
M, oo, An—1,Ap) >0, k=1,...,n.
Proof. Wehavec, > OifandonlyifS, > 0.SinceSi(Aq, ..., An) =Sk, ..., An—1) + AnSk—1 (A1, ...,

A1), k=1,...,n(withS,(Aq, ..., Ap—1) = 0), the addition of A, > 0 leaves the S;’s positive and,
thus, the ¢'s positive. [

Theorem 8. If\q, ..., Ay—q is a p-Newton spectrum, then appending any number of positive real numbers
will result in a p-Newton spectrum.

Proof. It is enough to prove the result when appending one real number A,, > 0. The expression of
n?Ag(Aq, ..., Ay) from Lemma 2 can be written as:
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(I — 1) Ag1A2 + (k— 1D (n — (k + 1)) [ck—16k — Ck—2Ck1]An
+ ((n = k)? — 1) Ak + [ck—1hn — c&]?,

where Aj = Aj(Aq, ..., Aq—1) forj = k — 1, k. Note that under the hypothesis of p-Newton [2, Lemma
9] we have cy_1cx — Ck—2Ck+1 = 0 and the result is clear. [J

Lemma9. If Aq, ..., Ap—q are such that cy(Aq, ..., An—1) is a strictly alternating sequence (CxCr4+1 <
0,k=0,1,...,n—2)and A, < Othen cy(Aq,..., An—1, Ay) is also a strictly alternating sequence.

Proof. The sign of ¢ is the same as the sign of Si. Since Sg(A1,...,An) = Sk(A1, ..., An—1) +
MSk—1(A1, ... Anz1), k=1,...,n(with S;(Aq, ..., Ap—1) = 0), the addition of A, < 0 leaves the
Sk's positive for k even and negative for k odd. [

Because a spectrum remains Newton upon negation we have the following result:

Theorem 10. If Aq,...,Ayp—1 is a Newton spectrum such that ¢y = cx(Aq,...,An—1),k=0,1,...,
n — 1 is a strictly alternating real sequence, then appending any number of negative real numbers results
in a Newton spectrum with a strictly alternating sequence of Newton coefficients.

Proof. It is enough to prove the result when appending one real number A, < 0. The spectrum
—M, ..., —Ap—1 is p-Newton, so |cx—1¢k| — |ck—2Ck+1| =0 (see [2, Lemma 9]). Then, for the strictly
alternating sequence c; we have

Ck—1Ck — Ck—2Ck+1 = —|Ck—1Ck| + |ck—2Ck+1] < O.
Since the expression of n>Ag (A1, . . ., An) from Lemma 2 can be written as:
(kK — 1) Ag1hp + (k — 1) (0 — (k+ 1) [ck—16 — G—20k11An
+ (= 10? = DA + [k—14n — ],

where Aj = Aj(Aq, ..., Ap—1) forj = k — 1,k, the result is clear. [J

Since appending a real number to a Newton spectrum may cause it to fail to be Newton, we know
that the union of Newton spectra need not be Newton. A more compelling example is the following:

Example. The union of Newton spectra need not be Newton. The spectrac; = {1, 1}ando, = {1,—1 +
i, —1—i}(A1(0y) = %and Ay(op) = %) are Newton but their unionoy, 00, = {1,1,1, =1 +1i,—1 —

2
i} is not Newton because A; (o1, 02) = (—i) — %11—0 < 0.

Aninteresting question is to understand when the union of Newton spectra is Newton. For example,
if it were always so, any spectrum could be embedded in a Newton spectrum. From Theorem 8, if one
of the spectra has positive c’s and the other consists of positive real numbers, then the union of the
two (Newton) spectra is Newton. Is it the case that if both spectra are p-Newton, the union of the two
spectra is p-Newton?

3. Extension of Newton spectra by a conjugate pair of complex numbers
Here, we consider appending to a self-conjugate spectrum of n — 2 eigenvalues a conjugate pair of

complex eigenvalues x + iy. Our primary purpose is to understand the circumstances under which a
Newton spectrum extends to a Newton spectrum.
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Al(xvy) =0 AQ(xzy):O

Al(x7y) =0 A2($7y)=0

Fig. 1. Curves A1 (x,y) = Ay(x,y) = 0 for {a}.

In [2], we algebraically characterized the 3-element spectra, including one complex conjugate pair,
that are Newton. It is useful now to give this characterization in geometric terms. It may be thought of as
appending a real eigenvalue to a conjugate pair (necessarily non-Newton) in such a way as to produce
a Newton triple, but we emphasize the appending of a conjugate pair to a real number (necessarily
Newton) to retain the Newton property.

Example. Consider a triple a, x & iy with a,x,y € R and y > 0. We consider A; and A; as functions
of x and y with a fixed. Then,

Al(x,y)=%(x—a+x/§y) (x—a—+3y)

e =3 (=5) = ) < (¢ (o 5) -]

The region in which A1 (x,y) > 0 is the region, including the x-axis, lying between the lines that pass
through the point (a,0) = (c1(a), 0) and form angles of i% with the x-axis. The region in which

and

A (x,y) =0 is the region either outside both or inside both of the circles with centers (% + ‘/25‘1)

and radius |a|. Note that these circles intersect in the points (0,0) and (a,0) and the lines given
by Aq(x,y) = 0 are the tangents to the circles at the point (a, 0). See Fig. 1. Note that when a =
0, A2(x,y) = §(x* + y*)? > 0 for any pair (x,y).

To give a more general analysis, we first give formulas relating ci(x,y) = cx(A1, ..., An—2, X +
iy, x — iy) to the cx (A1, ..., An—2) = Ck.

Remark 11. Throughout this section we will adopt the following notation for a fixed self-conjugate
spectrum Aq, ..., Ap—2:

e When ¢ or A or S are not evaluated in a general spectrum, it will mean that they are evaluated
on the fixed spectrum Aq, ..., Ap_>.

e cx(x,y) and Ak (x,y) are the kth Newton coefficient and the kth Newton difference, respectively,
of the spectrum Ay, ..., Ap—1,x £ iy, wherex 4 iy € C.

Lemma 12. Fork = 0,1, ..., n and with the convention ¢, = 0ifk ¢ {0,1,...,n — 2},
n(n — Dep(xy) = (n— k)(n — k — V)¢ + 2k(n — k)xcp—1 + k(k — 1) (% + y*)cr—s.

Proof. Letk € {0,1,...,n}andSk(Aq, ..., An—2) = Sk, withthe conventionS, = 0ifk ¢ {0,1,...,n —
2}. Note that
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Sk(My - A2, X 1y, x — 1Y) = Si + 2xSk—1 + (& + yH)Sk—2

()= a=in—i=n ("« ) =k (6= 1) = F=p (=3)

Therefore the result is clear. [

and

Also viewing Ag(Aq, ..., Ap—2,X + iy, x — iy) as a function of x and y, Ak (x,y), we may describe
Ar(x,y) interms of Aq, ..., Ay—> fixed as follows:

n’(n— 1D* A& y) = A + ¥ + Bix(x* +y?) + G(x* +¥*) + D + Exx + Fy
where

Ar=k(k — 1) [[(k —k+1)+21E , — (k—2)(k+ 1)ck_3ck_1]

By=2(k — 1) [[kz(n — k) — k(n 4+ 1)]ce—zce—q — (k — 2)(k + 1)(n — k — 1)ck,3c,<}

Ce=k(n — k) [2(1< —1)(n—k — 1)cgacx — (n — k + 1) (k + 1)c,§_1}
—(k—1)(k—-2)(n—k—1)(n — k — 2)ck—3Ck+1

Dy =4 [kz(n — k) — (& —1)((n—k)?— l)ck_zck]

Ex=2n—k)(n —k — 1)[k(n — k) — (n + 1)]cx—1¢k
2k —1)(n—k+1)(n—k—1)(n — k — 2)Ck—2Ck+1

Fk=(n—k)(n—k—1) [(n —k(n—k— 1)6,3 —(n—k+1)n—k-— 2)ck_1ck+1] .

This allows us to give a relatively simple formula for A1 (x, y), which is very important for our analysis.

Lemma 13. In the notation above, we have (A1 = A1 (A1, ..., Apn—2))

n?(n—1)A1(x,y) =2(n—2)(x — ¢1)® — 2ny* + n(n — 2)(n — 3) A;.

Proof. For k = 1 we have

Aj=B; =0, C;=-2n(n—1), Dy =4n—1)? E = —4(n—1)(n—2)q
and

Fi=(n—1)n-2)[(n—1)(n=2)c —n(n—3)coc2| = (1 = 1)(n = 2) [n(n — 3)4; +2c7].
Then,

n*(n = 1)A1(x,y)
= —2n(x2 —|—y2) +4(n — l)x2 —4n—2)cix+n(n—2)(n—3)A1 +2(n— 2)c%
=2(n— 2)x2 —4(n—2)c1x — 2ny2 +nn—2)(n—3)A1 4+ 2(n— 2)cf
=2 —=2)x—c)> =2  +n(n—=2)(n—3)A;. O

Let A1, ..., Ay_o be self-conjugate. Then for the region A;(x,y) > 0 we have:

o IfA{(Aq,...,An—2) = 0,then Aq(x,y) > 0is the region, including the x-axis, lying between the
lines that pass through the point (cq, 0) and have slopes =,/ % Note that for n = 3 the angles

of these lines with the x-axis are :I:% and as n grows these angles tend to ﬂ:%.
o If Ay(Ay,...,Ap—2) = Ay > 0 and n > 3, then A;(x,y) >0 is the region lying between the
branches of the hyperbola A1 (x,y) = 0, that is
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y? (x—c1)?

— =1.
(n72)2(n73)A1 11(11273)Al

Note that the asymptotes of this hyperbola are the lines that pass through the point (cy, 0) and
have slopes +,/ % If n = 3, the region is the one described in the previous point.
o If Aj(Aq,...,Ap—2) = A1 <0 and n > 3, then A;(x,y) >0 is the region lying outside the
branches of the hyperbola A1 (x,y) = 0, that is
X —c1)? % B
n(n2—3) |A] | (n—2)2(n—3) |A] |

Again, its asymptotes are the lines that pass through the point (¢, 0) and have slopes +,/ %
and if n = 3, the region is the one described in the first point.

Now, consider not only fixed A1, ..., A,—y but also fixed real part x for the appended conjugate
pairx £iy.Let A(Aq, ..., Ap—2,X) = AX) ={y € R : {A,..., Ap—2,x + iy, x — iy} is Newton}. Of
course, A(x) is symmetric about the origin. Since y* enters negatively into A;(x,y), we have the
following:

Theorem 14. Given a Newton spectrum A1, ..., An—y and a real number x, there is a yo > 0 such that

A(x) C [—yo.¥0l-
Moreover, A(x) is a union of at most 2n — 3 closed intervals and is symmetric about 0.

Proof. It is clear from the previous comments. In fact, we can take

yo>\/(n_2)2(n_3)ﬂl+ngz(X—ﬁ)z (1)

which is obtained intersecting A1 (x, y) = 0 with the vertical line passing through the point (x, 0).

For a fixed x, n>(n — 1)2 A (x, y) is a polynomial in y of degree at most 2 if k = 1 and of degree at
most 4 if k > 2. This means that in total we have at most 2 + 4(n — 2) real roots, therefore A(x) is a
union of at most 1 + 2(n — 2) = 2n — 3 closed intervals. []

Corollary 15. If A1, ..., Aqp—3 is a p-Newton spectrum, then for each real number x > 0, the set A(x) is
nonempty and includes an interval of positive length if all the Newton inequalities for A1, ..., An—y are
strict.

Proof. This is a particular case of Theorem 8 takingx +iy = x —iy =x € R. [J

Example. We note that the bound (1) for yg, given in the proof of Theorem 14, is increasing in x as x
moves away from ¢; = n%z()q + - -+ 4+ Ay—2). However, the set .A(x) need not be an interval even
when nonempty (see what follows), and when it is an interval, the length of the actual interval may
not increase as we move away from cq (see Fig. 1 where the interval .A(x) increases before it decreases
and then increases as x moves leftward away from a = cy).

The spectrum {4, —2} is Newton and the extended spectrum {4, —2, x = iy} is Newton only in the
region of the complex plane outside the close curves A, (x,y) = As(x,y) = 0 of Fig. 2 which is inside
the region bounded by the branches of the hyperbola A;(x,y) = 0. Note that .A(x) can be a closed
interval or the union of three closed intervals.

The characterization of the curves Ay (x,y) = 0, in general, is quite complex, but when the fixed
spectrum has all its elements equal, Ay = --- = Ap—» = a € R,we havefork =n — 1

n?(n— 1) Ap_1(xy) = 2(n — 2)a® 5P(x,y)Q(x,¥)
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Az (z,y) =0
Asz(x,y) =0
-4 -2 0] 2 4 6
FZE RN
Al(xv y) =0
Ag(z,y) =0

Fig. 2. Curves Aq(x,y) = Ax(x,y) = As(x,y) = 0 for {4, —2}.

a\? n 2 n—-1 ,
”“"”:[("‘z) - Vaars ) _2(n—2>a}
. a\? n 2 n—-1 ,
Qxy) = ( —5> +|y+ 7401_2)0 —72(,1_2)11 .

That is Ap—1(x,y¥) >0 is the region either outside both or inside both of the circles with centers
a n : n—1
(i' + ma) and radius /mlaL

Remark 16. Note that directly from the definitions

(..., ax+iy,x —iy)=a"2(x* + y?)
20" 2x 4+ (n — 2)a" 3 (x* + y?)
n
2a"2 +4(n— 2)a"3x + (n — 2)(n — 3)a" 4 (x* + y?)
nn—1) '

Ch1(a,...,a,x+iy,x —iy)=

tn2(a,...,ax+iy,x —iy)=

Therefore, the simplest way of calculating A,—1 (%, y) is using its definition. The expressionof A,,_1 (x, ¥),
given in terms of the polynomials P(x,y) and Q(x,y), was obtained by observing, for small n, that
Anp—1(x,y) = 0 can be written as the product of the equations of two circumferences, of the same
radius and centers, symmetric with respect to the x-axis.

4. Translation of Newton spectra

By translation of a spectrum Ay, ..., A, we mean transforming it to
)\1 +t,)\2+[,...,)nn+t

for some constant t € R, but we will view t as a real variable. Our goal is to understand more fully the
translations of a Newton spectrum that are Newton. This subject was introduced in [2]. Again, since a
list of real numbers is necessarily Newton, translation of any real spectrum remains Newton. However,
translation of a general Newton spectrum need not remain Newton. In [2] low dimensional spectra
that are forever Newton (Newton under all translations), f-Newton, were characterized. Also, Newton



C.R. Johnson et al. / Linear Algebra and its Applications 433 (2010) 1623-1641 1633

spectra with nonnegative c;’s remain Newton under all right translations, t > 0, (of course, the spectrum
eventually becomes p-Newton), while the Newton spectra with alternating sign ci’s remain Newton
under left translations (t < 0). Finally, the spectra, which eventually become (and stay) Newton under
translation in one direction or the other, were characterized. Here, we are interested in how transitions
(between Newton and non-Newton) may occur as a spectrum is translated.

Now, Ap(A1 +t, Ao +t,..., Aqp +t) = Ar(t) may be viewed as a polynomial of degree (at most)
2kint.

Lemma 17 ([2, Lemma 12]). The polynomial Ap(t) = Ax(M +t, A+ ¢, ..., Ap+t), fork=1,...,

n—1,is
2kz—2 i{(k)( k ) (k—l)( k41 )] iteta |
. S =G . —iCk—(q—j .
S\l \a—i) U—-1/\a+1-j
where ¢ = ¢j(A1,...,An),j = 0,1,...,n, and 0 otherwise.

From the formula, we see that Ag(t) actually has degree at most 2k — 2 and, thus, has at most
2k — 2 real roots. Each real root, depending upon the behavior of the other A’s, might give a transition
from Newton to non-Newton or vise-versa. Thus,

n—1
m—1n—-2)=) (k—2)
k=1
is an upper bound for the number of transitions.

Theorem 18. Suppose that Ay, ..., A, is a Newton spectrum. Then for t € R,A1 +¢t,...,Ap+tisa
Newton spectrum, except possibly for %(n — 1)(n — 2) finite open intervals of exceptions. Equivalently,
there are at most (n — 1)(n — 2) transitions between Newton and non-Newton in t.

We do not know a sharp bound for the number of transitions, but we do have the following evidence
forn<4.

Example. For n = 2, every Newton spectrum is real, so there are no transitions.

For n = 3 we can have no transitions (any real spectrum), one transition (the 3rd roots of unity
with A1(t) = 0and A, (t) = —t) and two transitions ({1, 4 =& i} with A (t) = % and A, (t) = %tz +
8t + 1%°).

For n = 4 we can have:

- no transitions: any real spectrum or {1, —1, &i} with A1 (t) = A,(t) = 0and A3(t) = t2,

- one transition: {1,3, —2 =& i3} with A;(t) = 0, Ay(t) = —10t and Asz(t) = —20t> — 39t? +
100,

- twotransitions: {1, —1,1 & i} with A1 (1) = 15, A2(t) = 5% + St + S and A3(t) = 5% +
3434 Doy 7

- three transitions: roots of the polynomial x* — 8x> + 24x> — 8x + 1 with A1 (t) = 0, A»(t) =
6t + 12 and A3 (t) = 123 + 39t* + 12t and

- four transitions: {4 4 i, —4 £ i3} with A{(t) = % Ay(t) = 13—]t2 — 16t + % and As(t) =

Dpd — 333 — 1342 352 4 5483

It is not possible to have five or six transitions.

Remark 19. Any self-conjugate spectrum contained in a single vertical line, and including some com-
plex eigenvalues, cannot be Newton.

Aseparate argument for the totally pure imaginary case is the following: A pure imaginary spectrum
is i times a real spectrum that has as many negative as positive elements. Moreover, ¢y = idy if the
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dy’s are the Newton coefficients for the real spectrum and the c;’s for the pure imaginary spectrum. So
ck = 0 for all odd k, and cokcox42 <0, k=0,..., % so that the even indexed c’s strictly alternate
in sign if they are nonzero. This would mean that the even indexed d’s are nonnegative, which is not
possible, as some of the real arguments are negative.

In the case in which the line is Re(z) = 0, and not all eigenvalues are real, it is a calculation to see
that A; < 0. Since A; is translation invariant, such a spectrum is never Newton under translation,
verifying the statement of the remark.

5. Newton extensions of non-Newton spectra

In [2, Lemma 8] we proved that appending O to a Newton spectrum gives a Newton spectrum. Now,
we ask if adding zeros to a non-Newton spectrum can make it Newton, and, if this is the case, what is

the minimum number of zeros that make the spectrum Newton. That is, if A1, ..., A is not Newton,
N
/—/E . . . .
can we add N zeros such that A1, ..., A,,0,...,0is Newton? And what is the minimum N?

First consider small n. For n = 1, there is nothing to study. Note that for n = 2 a non-Newton
spectrum is of the form a & ib witha,b € R and b > 0.

Theorem 20. Leta + ibwitha,b € Randb > 0. There is a Newton spectrum of the forma & ib,0, ..., 0
ifand only if |a| > b. In this event, the minimum number of 0’s that need be appended to a % ib to achieve
Newton is

2b?
a? — p2 :
N

——
Proof. Let 0 = {a = ib,0,...,0}. We have

2a a® + b?
()= ———, (0)=———, (o) =0 for k>3 and Ax(c)>0 for k=2,

N+2\’ N+ 2\’
1 2
then, o is Newton if and only if A1(c") > 0. Since b > 0 and
(N+2)2(N+ 1)A1(0) = 2(a® — b*)(N + 2) — 4d?,

A1(6)>0=>a+# 0 and a* — b?®>0.Moreover A;(c)>0 and a # 0 => a* — b? # 0. There-
fore o Newton = a® — b®> > 0 < |a| > b.
On the other hand, if a> — b> > 0 then

bZ

o is Newton <= N> m

2b?
N= 2 _ 2

is the minimum number of zeros. [J

and

Theorem 21. Let a, b + ic be a non-Newton spectrum with a,b,c € R and ¢ > 0. There is a Newton
spectrum of the form a, b £ ic, 0, . . ., 0 if and only if a® + 2b* > 2c? and 4(2ab + b* + ¢*)? — 6a(a +
2b)(b% + ¢?) > 0. In this event, the minimum number of 0's that need be appended to a, b = ic to achieve
Newton is

2[3¢? — (a — b)?]| [ —2[a®(b* — 3¢?) — 2ab(b? + ) + (b* + )]
PN "2 2p7 — 202 @2 (5b% — 3¢%) + 2ab(b? + &) + 22 + 22 ||
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N
Proof. Let 0 = {a,b + ic, ﬁ} a, b £ ic is a non-Newton spectrum if and only if
(a— b)2 <3¢ or (c2 + b(b — a))2 < 3ad%¢? (%)
We have ,
ci(o) = (NtH——ibB)' (o) = 2(;?‘_”:?)2, c3(o) = EI(\;’_?_'C;) , k(o) = 0 for k>3 and Ag(o) >0 for
1 2 3

k > 3, then, o is Newton if and only if A1(c) >0and A,(o) > 0. Since ¢ > 0 and
(N +3)*(N +2)A1(0) = (a® + 2b* — 2¢*)(N + 3) — (a + 2b)?,
A1(0) >0 = a® + 2b* — 2¢% > 0. Moreover if Ai(o)>0and a® +2b*> —2c> =0= a+2b =
0 andso (a, b) = (:l: % q:%) but these two points do not satisfy condition (*), so A1(c) >0 —
a +2b* —2¢2 > 0.
Since ¢ > 0 and
(N+32(N+2)2(N+1)A(0) = (A— B)(N + 2) — A, with A = 4(2ab + b* + ¢*)?
and B = 6a(a + 2b)(b2 + cz),
Ay(0)>0=—= A— B>0. Moreover if Ay(c)>0andA=B=—>A=0=—>a#0andso A=
B=6a(a+2b)(b*+c*) =0==a+2b=0. Now a+2b=0 and A=0=> (ab)=
(i % :F%) but these points do not verify the condition (*), so A;(c)>0—=— A —B > 0.

On the other hand, if a® + 2b% — 2c*> > 0 and A — B > 0 then o'is Newton <

2b)?
a? + 2b? — 2¢2 1B
2[3c? — (a — b)*] —2[a*(b? — 3c*) — 2ab(b* + ) + (b* + c?)?
N > max | 2B (@= b1 —2la’( c2) — 2ab(b? + ) + (b + ¢2)2]
a? + 2b% — 2¢2 a2(5b2 — 3C2) + 2ab(b2 ¥ C2) T 2(b2 n CZ)Z

A similar analysis is possible, though less explicit, for general n as the next results show.

N
———
Lemma 22. Let 0™ = {Aq,..., Ay} C C be self-conjugate and o = {Aq,..., A, 0,...,0}. Then

(Z)ckw*)
0 &)

if k=1,...,n
if k=n+1,...,n+N

(o) =

andfork =1,...,.N+n—1

(2
A(o) — k : [Ck(a*)z (m—kN+n—k+1)

W C (m—k+1D(N+n—k)

with the convention of cx(c*) = 0fork>n + 1.

k—1(0)Ch41 (G*)}

Proof. Note that

Sk if k=1,...,n
Sk(a)_{o if k=n+1,...,n+N,

so that the expression for cx (o) is clear.
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Using the expression of ¢x (o) in terms of c;(c*), we have

n 2 n n

Now, the identities

(k ! 1) (ki 1) ~ kt ’:)(T(ln—_kl)( 1) (Dz
<N+n> (N—!—n) k(N +n — k) (N+n>2

k—1/\k+1 =(k—|—1)(N+n—k+l) k

Ar(o) =

make clear the expression for the Ay (o) in terms of the Newton coefficients for o*. [

Note that Ag(o) > 0 for k > n, so in order to study the Newton character of ¢ it is enough to check
the sign of the first n — 1 Newton inequalities.

Theorem 23. Let ¢* = {Aq,..., Ay} be a non-Newton spectrum. The following conditions are
equivalent:
N
/_/h .
1. The spectrum o = {Aq,..., A, 0,..., 0} is Newton.

2. For ke {1,...,n—1} with Ax(c™) < 0 we have

(@) ck(o™) #0,

(b) (n — k) Ag(c™®) + cx(6*)? > 0and
(n—k+1)(n—k) Ag(c®)

© N> = e tao?:

Proof. 1 = 2Let ke {1,...,n— 1} with Ag(c™) < 0.From Lemma 22

2
(ij”) (n—k+1)(N+n—k
5 Ar(o)
n
;)
=[O —k+ DO+ 1@ = @ =N +n—k+ Do (@en©@)]. (@)

therefore the nonnegativity of A, (o) is equivalent to the nonnegativity of (2). Note that
m—k+1)(N+n—-k=m—-k((N+n—k+1)+N,
hence
(2) = (n— k)(N +n — k4 1) Ap(0*) + Neg(6)? > 0. (3)
But under the hypothesis Ax(0*) < 0, we have cx(0*) # 0 and
(0 =K A(0") + c(0¥)? 1
(n—k+1)(n—kAo*) N

implies conditions (b) and (c).
2=1Let k € {1,...,n — 1}. As it was shown in the first part of the proof

(3) =
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(M) (= ket DN A0 — k)

N2

k
so if Ap(c*) >0, then Ay(o) >0. Otherwise, Ax(c*) < 0 and condition (c) is equivalent to the
nonnegativity of (n — k)(N + n — k + 1) Ag(6*) + Neg (o).

A(@) = (n—K)(N+n—k+ 1 Ak(c™) + Neg(a*)?,

In [2] was pointed out that if A1,..., A, 0,...,0is a Newton spectrum with Aq, ..., A, nonzero,
thenA;',...,2;1,0,...,0is not necessarily Newton when adding the same number of zeros. In fact,
it can happen that we can never make )\;1, e, A;l Newton by adding zeros.

Example. The spectrum +/8, 1 = i2 is Newton when we add 9 zeros or more and the spectrum ig, %
2

i£ cannot be made Newton by appending zeros.

The spectrum /8,1 =+ i2 is non-Newton because A1 = —% - % <0and Ay = -7 — %ﬁ <
0. The application of Theorem 23 gives that the minimum number of zeros to add to make it Newton
is9:

+

2 4
i + 7& 0= i + 7& 0 (Condition (a))
2 2 20
B-1A + cf = 3 >0 (B—-2A4+ c% —= + 7[ > 0 (Condition (b))
—6A —2A 63 + 20
N > max 7] 2 max |3 +4V2, +20v2 =3+4/2~86 (Condition (c))
2014+ ¢ Ay + 3 —3410v2
The spectrum f L4y 1— is non-Newton because Ay = —% — l < 0and the application of The-
orem 23 gives that this spectrum cannot be made Newton by appendlng Zeros:
2 23 . .
B-DA1+c = ~ %00 (against condition (b)).

Now, we ask if adding a real number or a conjugate pair of complex numbers to a non-Newton
spectrum can make it Newton. That is, if Aq, ..., A, is not Newton, is there A, 1 € Rorx iy € C
such that Aq, ..., Ay, Apy1 OF Aq, ..., Ap, x £ iy is Newton?

Example. The spectrum +/3 = iis non-Newton, but the spectra+/3 =+ i, afora < 0and+/3 £ i, —+/3 £
i are Newton because:

A (ﬁii’a)zmv Az(«/gii,a):—wy

9 27

Al(ﬁii,—ﬁii)=§, Az(ﬁii,—ﬁii)zg and A3 (V3i—V3Ei)="

The spectrum 1 4 3i, 1 & 3i, a is not Newton for any a € R:

(a—l—3ﬁ)<a—l+3ﬁ) .
25 g

& ae(—00,1-3v5]U[1+3v5+00),
5+3ﬁ> <a+5—3ﬁ)>

4 4

Ar(1£3i, 1+£3ia) =

8
AZ(] :t3i, 1 :|:3i,a) = —g (a_|_
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{5+3\/ﬁ 5—3ﬁ]
S aece | — —

4 ' 4
54317
and 1—3«/3%—5.7<—%
5317
w—4.3<—#%1.8<1+3«/§%7.7.

The spectrum 1 = 3i, a % bi is not Newton for any a + bi € C:

A1(1£3i,atbi) =3 <(a 181)2 — E — 1) > 0 outside the branches of the hyperbola Aq(a, b) =

0 and As(1 = 3i,a & bi) = _]7(az+b2)2_20‘1(a +%)=100@6°—a") _ g i the previous region because
17(a® + b*)? + 20a(a® + b?) + 100(2b* — 2) = 17b* + 2b%(17a® + 10a + 100) + a®(17a®> + 20a
—100) and 17a* + 20a — 100 > O for |a — 1| > +/18, i.e. outside the interval determined by the

x-coordinates of the vertices of the hyperbola A4 (a, b) = 0. But the spectrum 1 =+ 3i, —3, 4 is Newton
because

9 21
A £3i-34) =, AH(1£3i-34) = and A(1£3i-3,4) =

Theorem 24. For the conjugate pair b % ic, with ¢ > 0, one real number a may be adjoined to give a
Newton spectrum, unless |b|/c < 1/+/3. In this event (lbl/c < 1/«/5) , two real numbers b & ¢ may be
adjoined to produce a Newton spectrum.

Proof. ¢ = {a, b % ic} is Newton if and only if (a — b)? > 3c? and (c? + b(b — a))? > 3a*c?, see [2].
On the one hand (a — b)? > 3¢ <= a € (—00,b — +/3c] U [b + /3¢, +00).
Ontheotherhand (c? + b(b — a))? > 3a%c* < (b® — 3c?)a® — 2b(b? + c?)a + (b* + )% >0,
and the roots, when b> — 3c? = 0, of this quadratic expression in a are

b% + 2
bF 3¢
Note that
bZ 2 b2 2
0<b—\/§c<i<b—l—\/§c<i when b > /3¢,
b+ﬁc b—ﬁc
b% + 2 b% + 2 c
7<b—\/§c<0<7<b+\/§c when b€ —,ﬁc ,
b—\/_c b—|—«/§c \/5
b—+/3c < ¢ 0<b++/3 b+ hen be (—v3c ——
—4/3c < <0< ¢ < — when —+/3c, ———
—«/' b+ /3¢ V3
and
b2 4 2 i 2 5 e
_ c<7<b—|— 3c <0 when b < —+/3c.
b+3c b— /3¢

Therefore, o is Newton in the followmg cases:
_ b%+c?
b>\/§candae( \/_c] [ — /3 —|—oo>
b= \/_canda € (—o0,0];

fc)andae[b+c b—\/_c}
( \/_c ]andae[b—i—\/—cbbif/%c];




C.R. Johnson et al. / Linear Algebra and its Applications 433 (2010) 1623-1641 1639

b= —+/3canda € [0, +00);

b%4c? .
b < —+/3canda € (—oo, b+\/§c} U [b—i— ﬁc,—{—oo) ;

and o is not Newton if b € ( <, - ) foralla € R; that s, if |b|/c < 1/4/3.

R
Foranyb = icthe spectrumo = {b & ic, b + c}isNewton, becausec; () = b, c(0) = b?, c3(0) =
b3, ca(0) = b* — c*and so A1(0) = Az(0) = 0and As(0) = b2c*>0. O

We already know that the union of two Newton spectra need not be Newton, but what about the
duplication of a Newton spectrum (the adjoining of it to itself)? Thatis,ifo = {A1, ..., A} isaNewton
(non-Newton) spectrum thenis 0,0 = {A1,..., An, A1,..., Ay} a Newton (non-Newton) spectrum?
In the real case, it is obvious that o is Newton if and only if o, o'is Newton. The answer is negative for
general n.

Example. The Newton inequalities for the spectrum o = {«/§ +i—2 4 } are:

10
1804/3 — 19 522904/3 — 53939
1= ——— " 50, A=Y~ 77
1200 360000
_ 1303204/3 — 157639

120000

>0 and

3

Then o is Newton, but its duplication is non-Newton because
106517109 29631514/3
490000000 24500000

On the other, 0,0 can be a Newton spectrum with o non-Newton. The spectrum o = {+/3 &
i, —ﬁ + iﬁ} is non-Newton because

2/6—5
—_— <

Az(o,0) =

Ay(o) = 0,
2(0) 9
while its duplication is Newton because all the Newton differences are positive:
26 —1 5¢6 — 12 166 — 36
A(0,0) = ——, Ay(o,0)= ———, A3(0,0) = ——,
1(0,0) >3 2(0,0) 9 3(0,0) 29
1472/6 — 3248 2564/6 — 576
Ao,y = WSO ZIUE (o gy BOVE5TE
1225 49
12804/6 — 3072 2048+/6 — 1024
Aoy = OO0 ) 204861024

49 7

The next theorem characterize the complex case n = 3.

Theorem 25. Let 0 = {a,b &= ic} witha,b,c € R and ¢ > 0. o is Newton if and only if its duplication
is Newton.

Proof. Without loss of generality we assume that c = 1, then we have

—bh)? -3
A](Gh%,

N2 2.2
Az(a):(1+b(b 9a)) 3a ’
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2((a—b)* —3)
Ao, 0)=—— "7,
1(0,0) 25
a* + &b + a?b® — 11a* — 9ab® — 13ab + 6b* — 6b% + 4
Ay(o,0)= ,
225
—2a%b* + 3b% + 442 + 3a*b? — 8ab® — 6ab — 18a*h?
As(o,0)=
225
N —6a%b — b? + 4b* — 2a* — 2ab®> — 2a°H® — 2
225 '
6b* — 9a?b* — 6a*b* + 4b® + a®b® — 21a®b* + 3ab® + 3ab® + ab + 4a*
A4(o,0)=
225
N —9a%h° + ab” + 4b* — 11a* + b8 + 6a*b* — 2243 — 13a°b + 1
225 '
2a2(b* + 1)%((1 + b(b — a))? — 3d?)
As(o,0)= .

45

Since Aq(0,0) = %A1(0) and As(o,0) = %az(b2 +1)2A,(0) is clear that A (0,0) >0 <
A1(0) >0 and As(0,0) >0 <= Ay(0) >0 and so if the duplication of o is Newton then o is
Newton. We need to prove that if Aj(c) >0,i = 1,2, then A;(0,0) >0, for i = 2, 3,4. The sum of
the exponents of a and b in each term in all the expressions for the A’s are even, thus it is suf-

ficient to prove it for b>0. In this semiplane A;j(c)>0,i = 1,2, in the following cases (see
Theorem 24)
b +1
b> +/3andac (—oo,b—«/ﬂ U|——,+00];
b—+/3

b=+/3anda ¢ (—00,0];

be [\;gﬁ) anda e Lbz__l:/lg'b - ﬁ} .

If we denote A;(a, b) = A, (o, o), then the value of A, (o, o) in the points of A;(0) = 0is

Az(sz b) =4(5J§b3—15b2+5\/§b+1)(\/§b—1)2.

, 4
b—+/3 225 (b - ﬁ)

This expression is nonnegative for b > 0 because the cubic polynomial 54/3b> — 15b% 4 54/3b + 11is
52

strictly increasing with only one negative root b = Since the expression A, (o, o) has the same

V35
(positive) sign in the positive semiplane defined by A; (o) = 0, then A3(0, o) > 0. Analogously for
As(o,0) and A4(o, 0), it is sufficient to bear in mind that

(b2+1 b) 8(b? + 1) (5+/3b° — 156> + 5/3b — 1)
AVENCA zzs(b—\/§)4
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. ... _ 5-350 1
with only one positive root Rb = 53 < 7 and

P41\ 40T+ (V3b—1)
A (b—«/?b> B 45(b—ﬁ)4

so A3(o,0) and A4(o, o) are also positive in the positive semiplane defined by A;(o) = 0. [
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