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Introduction to Logarithmic Classes
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In this talk I will present the advances on my research of my first year of PhD at the University of Bordeaux
under the advise of the professor Jean-François Jaulent.

Let K be a number field, PlK its set of equivalence classes of absolute values and ` a prime number, we associate
to K two Z`-modules, the first one of global nature and the second one local:
We define the `-group of principal idèles as

RK = Z`⊗Z K×, (1)

and the `-group of generalized idèles as

JK =
∗

∏
p∈PlK

K ×
p , (2)

where Kp is the `-profinite completion of K×p , i.e.

K ×
p = lim←−

k
K×p /K×`

k

p . (3)

The product on (2) is restricted in the sense that for (xp)p∈PlK ∈JK , almost all xp are units but a finite number of
them. I will outline the algebraic and topological structure of these Z`-modules.

The natural map of RK into JK , induced by the diagonal mapping of K× into its group of idèles IK , is a
continuous Z`-module monomorphisme. We define the `-class group of idèles as

CK = JK/RK . (4)

We can establish a correspondence between classical algebraic objects and the objects introduced above. In
particular the `-class group of divisors of K is isomorphic to the quotient of the `-class group of idèles by the unit
class subgroup:

ClK 'JK/RKUK , (5)

from this fact it turns out that CK is a compact Z`-module. Where

UK = ∏
p∈PlK

Up. (6)

Furthermore, the `-adic class field theory establishes correspondences between the Galois group of certain
`-extensions of K and subgroups of CK . For instance, the quotient CK = JK/RK is isomorphic as a topological
Z`-module to the Galois group Gal(Kab/K) of the maximal abelian `-extension Kab de K.

One might wonder whether the product formula for the absolute values still holds for the `-adification of the
idèle group, in fact this is the case if we replace the usual absolute values by the following construction:



For an element xp in K ×
p , we denote the `-adic principal absolute value |xp|p, as the element of the multiplica-

tive Z`-module U1
` of principal units defined as follows:

|xp|p =


1, if p is complexe;
〈sg(xp)〉, if p is real;
〈Np−vp(x)〉, if p is ultrametric and prime to `;
〈NKp/Qp(x) ·Np−vp(x)〉, if p lies over `.

Hence, we are in position to state that the mapping

ξ = (xp)p→ ∏
p∈PlK

|xp|p = ‖ξ‖ (7)

is a continuous Z`-morphism from the `-group JK of generalized idèles of the number fields K on the group U1
`

of principal units of Z`. Its kernel

J̃K = {(xp)p ∈JK | ∏
p∈PlK

|xp|p = 1} (8)

is a closed submodule of JK , which contains the `-adic tensor RK of the multiplicative group K×.

We denote
ŨK = ∏

p∈PlK

Ũp (9)

the group of cyclotomic norms in JK , where Ũp = ker | · |p is the group of cyclotomic norms in Kp.

The `-adic class field theory yields the following isomorphisms

ŨKRK/RK ' Gal(Kab/Klc) and J̃K/RK ' Gal(Kab/Kc), (10)

where Klc is the locally cyclotomic maximal `-extension and Kc is the Z`-cyclotomic extension.

The quotient
C̃ `K = J̃K/ŨKRK (11)

is the `-group of logarithmic classes of the number field K. It corresponds to the Galois group Gal(Klc/Kc).

The final goal of the talk is to explain how the `-group of logarithmic classes is related to the Galois group
C ′ = Gal(C′∞/K∞) where C ′∞ is the Hilbert `-class `-group of the cyclotomic Z`-extension K∞. Moreover, is
intended to present the advances on the study of the non cyclotomic case.
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