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Let ¢ be a fixed prime number, the goal of this talk is to present the /-adic Hasse norm principle, to give the
expression of its defect group and its arithmetic interpretation. We will then focus applications.

The objects I work with are those of /-adic class field theory built by Jaulent [4]:

for a local field K, with maximal ideal p and uniformizer m,, we let:

Kk, = l'glk Ky przk: the /-adification of the multiplicative group of a local field, endowed with the logarith-
mic valuation ¥, [4]

Uk, = @k Uy/ U,fk: the /-adification of the group of units Uy of K|,
for a number field K we let:

Fx = Ty @7, K> : the £-adic group of principal ideles

Sk =yepy Zk, : the (-adic idele group

Ux = [lpepiy x, - the subgroup of units

Cx = Jx/%k : the (-adic idele class group
The starting point of this talk is the /-adic Hasse norm principle.

Theorem 0.0.1. The (-adic Hasse norm principle [5]
Let L/K be a cyclic l-extension then a principal idele x € %y, is a norm globally if and only if it is a norm

everywhere locally i.e. for every completion Ly /K,

Thus we naturally introduce the group of defect of this principle defined as the quotient of the elements which are
everywhere locally a norm denoted .47 /x over the group of global norms Ny /x%,. We want to give an arithmetic
interpretation of this group.

Before going further, let’s introduce the notion of logarithmic ramification and logarithmic divisors.

Definition 1. Absolute and relative indexes : [4, def.1.3]
Let K,L be number fields, p a prime of K above p and 3 a prime of L lying above p. Let’s denote @ the 7-

cyclotomic extension of Qp, i.e. the compositum of all Z,-cyclotomic extensions of Q,, for all primes q and K the

compositum of Ky and Q, .
i) the absolute and relative logarithmic ramification index of p are respectively:
& =Ky : QgNKy] &1k, = [Ly : Kg N Ly
ii) the absolute and relative logarithmic inertia degree of p are respectively:

fo= [@ﬁ NKp : Q] qug/K,, = [k\ﬁ MLy : K]



iti) K/Q is said logarithmically unramified at p if &, = 1, which means K, C @
iv) L/K is said logarithmically unramified at p if ey, /k, = 1, which implies Ly C I/(E.
v) the degree of a prime p is fpp

Definition 2. Let’s define the following map

div: /[( — .@f[{

a= (o) —divia)= [ p**
place finie de K

The group of logaritmic divisors of K is: Dk = div(_fk)
The subgroup of logarithmic divisors of trivial degree is D/}, /K
The subgroup of principal divisors is: Plx = div(Zk)
The logarithmic class group of trivial degree is:
Clryx = Dk Plk

Definition 3. Let’s consider those definitions

o the logarithmic inertia subgroup associated to a prime p, denoted 1~“L /K p» 1S the subgroup of the decomposi-
tion subgroup of p which fixes the maximal logarithmically unramified extension of K

o Let’s consider the following set of the inertia subgroup fL/K ={oe leh/l( lf‘L/K?p such that leh/x o, =1}.

The fundamental theorem is

Theorem 0.0.2. The index of the group of defect [8]Th.3.1.1

Let L/K be a finite and abelian (-extension,

let %ZEZ be the kernel of the norm map Ny i : Clp — NL/K%ZEL

A/ the ideal augmentation of the Galois group of L/K

and &x = {x € Hx /v, (x) = 0} the group of logarithmic units, then we get:

A ~ % ~ A ~ ~
’FL/K|(=/VL/1< :NL/K%L) = (¢4, : %ELL/K)(CQK L 6k ﬁNL/K%L)
The main tool to prove this theorem is the logarithmic Hasse symbol [8].

Let’s now focus on applications of this theorem.

By [4, Section4], we have

1 ﬁgl( D~£K ngl{ l
Lo
1 pey Dty A H'(G,Pl,) —H'(G,Dly)

where j denotes the extension morphism.

Using the snake’s lemma, we thus get

1 — PEY JPty — DI Dty — G 1 §(Gtx) — H'(G,Pl) % H (G, Dly).



Proposition 0.0.1. Application [8]Prop.3.3.2

Let L/K be a cyclic {-extension of Galois group G, satisfaying the Gross’s conjecture, we get:

(Cg&( N CJZEL) B |fL/K|[LC : Kc]
- AVL/K - ~
/ [pere; dp(L/K) Tlpepp & (L/K) [Coker|

Another application of this arithmetic interpretation are the interesting relations we get if we assume that L/K is a
cyclic extension such that I /x| = 1:

Proposition 0.0.2. Application [8]Section 3.4

Let L/K be a cyclic {-extension such that |, k| = 1, then the previous theorem gives
S0t . PR (B . B —
(Gl €, ) (6 : Ex NNy xZL) = 1.
Thus, we obtain the following relations:

Gl =COY Gl =NyxCt, & C Ny

We will then, focus on an explicit example of this theorem.
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