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An odd positive integer k is called a Sierpinski number if k2" 4 1 is composite for every positive integer 7.
These numbers are named after Wactaw Sierpiiiski who discovered their existence in 1960 (see [7]). Shortly after,
in 1962, John Selfridge found the Sierpiniski number k = 78557, which is conjectured to be the smallest Sierpiniski
number (see [6]). This number was found by using the method of covering systems of congruences used earlier by
Paul Erdés in order to prove that there are infinitely many odd integers not of the form 2% + p with p prime (see
[2]). We review this method in Section 1.

Now, if k is a Sierpiriski number, it follows that 2"k # g — 1 for any prime ¢g. Since g — 1 = @(g), where ¢
is the Euler function, it makes sense to ask about Sierpifiski numbers k such that 2"k is in the image of the Euler
function. In this direction it is known the following (see [5, Theorem 1]): If k is a Sierpiriski prime and 2"k = @(N)
holds for some positive integers n and N, then k is a Fermat number. On the other hand, there exist infinitely many
Sierpiniski numbers k such that for each one of them, 2"k = @(N) holds for some positive integers n and N.

It is natural to ask whether or not we can fix both n > 1 and the number of distinct prime factors s of N and
still obtain infinitely many examples of such Sierpifiski numbers k. We shall be interested only in the case when N
is odd, because if N is even, then writing N = 29N with N odd, the equation

2k =@(N)=9(2°N1) =2"""o(Ny),

yields
2n7a+1k — (P(N1)7

which is a similar problem with a smaller exponent of 2 in the left—hand side. So, we assume that N is odd. Clearly,
if N has s distinct prime factors, then 2° | ¢(N), showing that, in order for the equation 2"k = ¢(N) to hold, it is
necessary that n > s. The following result shows that the answer to the above question is in the affirmative.

For all integers n > s > 2 there exist infinitely many Sierpifiski numbers such that
2"k = ¢(N)

holds with some positive integer N having exactly s distinct prime factors.

The case n = s = 2 was proved in [5, Theorem 1, (i)].



1 Covering Systems

Typically, the way to find Sierpifiski numbers is the following. Assume that {(a;,b;,p;)})_, are triples of positive
integers with the following properties:

cov for each integer n there exists j € {1,2,...,¢} such that n = a;b;;

ord pi,...,p; are distinct prime numbers such that pj\be' —1forall j=1,2,...,t.

Next, one creates Sierpinski numbers k by imposing that
2%k = —1p; for j=12,...1t. (1)

Since the primes p; are all odd for j =1,2,...,z, it follows that for each j, the above congruence sierl is solvable
and puts k into a certain arithmetic progression modulo p;. The fact that the congruences sierl are simultaneously
solvable for all j =1,2,...,¢ follows from the fact that the primes py, p»,..., p; are distinct via the Chinese Re-
mainder Theorem. Every odd positive integer k in the resulting arithmetic progression has the property that k2" 4 1
is always a multiple of one of the numbers p; for j =1,2,...,7, and if

k>max{p;:j=1,2,...,t},
then k2" 4 1 cannot be prime.

The original system of triples considered by Sierpifiski [7] (see also [3]) is
{(1,2,3),(2,4,5),(4,8,17),(8,16,257),(16,32,65537),(32,64,641),(0,64,6700417) }. 2)

In the following lemma, we exhibit a family of systems generalizing the above system of triples.

Given a composite Fermat number F;,, there exists a covering system of congruences {(a;,b;,p;) T:OI, such

that the solution k of the system of congruences 2%k = —1p;, j=0,1,....,m+1,hask=1 (mod p;) for j =
I,....mandk=—1 (mod py1).
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